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SUMMARY 


Modern economics demand a reduction in costs and prices, and this 
usually means reduction in the amount of materials used. The danger 
is that some of the insulation materials in use have a cellulose base, 
which means that their ageing may be endangered if the temperature 
is higher than the 110°C, since, above this temperature, the cellulose 
materials tend to change quickly their consistency and mechanical 
strength. 

Tt has been generally agreed that the life expectancy of electrical 
machines should be seven years when continuously under rated load. 
General equations for change in life expectancy with temperature have 
been experimentally and partly deductively found and presented by 
Montsinger and Bussing, and experiments show that the equations are 
correct for continuous loads. But when the load changes the heating 
and cooling periods must be taken into consideration. Short-circuits 
or heavy overloads can be very dangerous. 

Equations have been developed for load changes and for straight- 
line and exponential temperature changes, and it is shown that the 
cooling-off period especially can be very dangerous and take a very 
appreciable part of the life expectancy of the electrical equipment in 
question. Sample calculations on transformer and intermittent motor 
loads are included. 


LIST OF SYMBOLS 


A and k = Constants [see eqn. (1c)]. 
= )<B)— Constant [see eqn. (2)]. 
C = Constant [see eqn. (11)]. 
Co = Constant [see eqn. (12)]. 
D, = Variable factor [see eqn. (11a)]. 
D, = Variable factor [see eqn. (12a)]. 
h = Constant [see eqn. (16)]. 
T = Temperature, deg K. 
T) = Ambient or lowest steady-state temperature under 
load, deg K. 
T; = Final steady-state temperature under load increase, 
deg K. 
L = Life expectancy for temperature. 
Correspondence on Monographs is invited’ for consideration with a view to 
publication, 
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Lo = Life expectancy for temperature 4p. 
N = B/378 = Constant [see eqn. (3c)]. 
p = Percentage ageing factor [see eqn. (3)]. 
f— hime Sec: 
7 = Thermal time-constant of the machine. 
6 = Temperature, degC. 
6) = Ambient or lowest steady-state temperature under 
load, deg C. 
Oy = Final steady-state temperature under load increase, 
degC. 

A@ = Temperature rise, ic. (0, — 0), or temperature 
difference between two specific temperatures under 
consideration, degC or deg K. 

v = 378]/T, which is a variable [see eqn. (3c)]. 
a = t/7, relative time factor. 


(1) INTRODUCTION 


The latest developments in insulation materials for electrical 
machines make it possible to increase the maximum temperature 
and tend, therefore, to reduce the amount of material (copper 
and iron) used. This question is very important from the 
economic point of view, but it is not advisable to increase the 
maximum temperature too much and to reduce the amount of 
the materials used in such a way that the normal life expectancy 
of the equipment may suffer. 

All metal parts used in electrical machines, whether iron or 
copper, will withstand quite high temperatures; the most vulner- 
able part of the equipment is the insulation material. The actual 
changes that take place in the insulation material during the 
heating periods of electrical equipment are still under study by 
chemists, physicists and machine engineers. In order to obtain 
smooth temperature distribution within the machine and as few 
‘hot spots’ as possible the effective cooling of electrical equipment 
is of great importance, as is the proper construction and the 
general layout. Such hot spots tend locally to change the 
chemical structure of the insulation material, and it is there that 
we obtain the first sparking and damage to the material itself. 
There are two factors of great importance which tend to change 
the chemical consistency of the insulation material—first, the 
temperature of the hot spots and, secondly, the times of heating 
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and cooling. We shall see that the cooling period may be the 
more dangerous. It is therefore of great importance to provide 
adequate construction and design, in order to avoid hot spots 
and to shorten the cooling time. 

Both the above-mentioned factors tend to influence the ageing 
of the insulation material and thereby limit the life expectancy 
of the electrical machine in question. Many papers have been 
published on the subject, and many different insulation materials 
have been tested under varying conditions. It is obvious that, 
by permitting higher temperatures in the copper windings and 
the iron, we reduce the price of the equipment, but we endanger 
the insulation material and shorten its life expectancy. It has 
been agreed and accepted that, on the average, the life expectancy 
of any electrical machine should be seven years at continuous 
full rated load. 

Since the beginning of the present century formulae have 
been found, based mostly on experimental data, which enable 
us to calculate the life expectancy of electrical machines. This 
work was crowned by Montsinger!® in his law, which expresses 
the generally accepted view proved experimentally that increasing 
or decreasing the temperature above or below the normal by 
A@ = 8° Cwill halve or double the life expectancy of the machine. 
This means that for synthetic-enamel-covered wire, where the 
maximum permissible temperature is 0,,,, = 105°C, the life 
expectancy will change: thus 


i goes eae . ° . . . (la) 


According to the generally accepted rule Ljy; = 7 years and 
ANG S(O) 
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Fig. 1.—Life expectancy as a function of continuous temperature 


— Montsinger equation. 
re Bussing equation. 


(a) In years. (c) In days. 
(6) In months. (d) In minutes. , 


On half-log paper this equation is a straight line, as shown in 
Fig. 1. We usually transform this equation into an exponential 
since this is the more familiar form. We then have 

Le = Ejgse* °° . : DERG (1) 
from which 


Ly95 = 7 years 


—— | 


Sax Ete 45 ° ° 
A=—~Kp log2=9 1 as Onax = 105°C, AO = 8°C + (10) 


k = log 2/A@ = 0-087 


Latest tests and theoretical considerations by Stager, Hess an 
Bussing> © !4 show that eqn. (1) requires a correction, and th 
latest generally adopted equation by Bussing is 


| es Lag PTB) e ° . . . ( 


where B is 12500 for synthetic-enamel-covered wire and is 
function of the insulating material used. The maximum pe 
missible temperature for the enamel-covered wire is 


Tmax = 273 + 105 = 378°K 


The curves of the Bussing equation are also shown as dashe 
lines in Fig. 1. ' 

The above data were taken from various experiments ¢ 
synthetic-enamel-covered wire embedded in presspan insulatio: 
B will vary for other insulation materials, but this does n 
alter the main point of our-considerations. 


(2) VARIABLE LOADS 

Owing to the change in the load with time, the temperatu 
rise of any transformer or electrical machine will also chan; 
with time. We are obviously interested in calculating tl 
average life expectancy of the equipment in question, taking in’ 
consideration these changing load conditions. Assuming th 
the standard life expectancy under rated load is seven years, v 
have to evaluate the percentage factor of the machine under fl 
variable load conditions. This can be defined as 


t 


p= 10 | $f per cen ) Ie 
0 


where Lo is the life expectancy under the variable load conditio! 
during time ¢. Using eqn. (1) of Reference 10 we can write 


t 


dt 
P= 100 | Loe Der, cent”. ee 
0 


which means, for L,)9; = 7 years, that 
p= 14:3 [ea oe eee 
Using the life-expectancy equation of Bussing!* 
p= 14:3 [ exo—var . ci Aa 
(0) 


where N = B/378 = 33 for synthetic-enamel-covered wire at 
VSS) de 

In eqns. (3b) and (3c) the load and also the temperatu 
change with time. It is customary to adopt certain simp 
modes for such changes, i.e. linear temperature rise or fall | 
short duration or exponential temperature changes for long 
time periods. These two temperature-change conditions are tl 
most acceptable, but, as we shall see later, linear changes in los 
can also be evaluated. 


(2.1) Linear Temperature Changes 


Let us first assume that, owing to a short-circuit or a ve 
high overload, the temperature of the effected electrical machit 
will rise steeply during a very short time period. Obviously suc 
a temperature rise will be linear with time, i.e. in eqn. (3d), 


6={() ~a+ bt. 4 = cee 
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‘where a = 0) is the temperature of the machine before the 
overload and 


b= Cs a Oo) tn —s AG nl tn 


where 9, is the maximum temperature achieved before cut-off; 
this is reached at time ¢,, It means that the life-expectancy 
equation will be 


Le = Lyose4-#O (Sa) 
and the percentage ageing factor is 
tn 
p = 14:3 | eatbo—Ady (Sb) 
0 


Evaluating this integral equation, using the Montsinger!® base 
eqn. (1), we obtain the percentage ageing factor 


' 100 
| | P= FRG. !mllLem — 1/Le0) ee te) 


where L¢,, = Life expectancy for the continuous temperature @,,,. 


Leo = Life expectancy for continuous temperature 0p. 


Both of these are taken from Fig. 1. 

_ For higher temperature differences the Bussing equation seems 
to be more accurate, and using this base eqn. (2) or (3a) the 
percentage ageing factor is 


t 
p = 14-3 [ eNO—Yar 
0 


where v = 378/T 
and T=a + bt 
with a’ =273 +0) =T, (6) 


b= ks al To) [tm Fa (ye Do) [tn =k AG in I tin 


In spite of the fact that it is possible to evaluate such integrals, 
as we shall see later, the final equation is quite complicated, 
and we can choose a simpler method by assuming that 


an a 378/a’ 
1—v=1 — 378/@ + bt)=1 T+ tba’ 
and 1—v~l — = o-975(1 + 0-671) etd (7) 
a a 


using the well-known assumption that, for small values of 
m= 0-5, : 


1/0 + x) = 0:975(1 — 0-67x) (7a) 
and now 
o—1 —0-9752 and d = 0:975 x 0-67 x 2 x 5 (7b) 


The above simplification means that 
NC — v) = Nc + dp) 


We can easily evaluate the integral and the percentage ageing 
factor 
eetone1,,; 


p= 3100 Ko, 1H as 1/Leo) 


p = 0-0124a7 <2 (1 Len, — 1/Leq) ORE eg 


As an example, an oil-cooled transformer with percentage 
short-circuit voltage V, = 7:15% and rated current density, J, 
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of 4-3amp/mm? is working under full load at a constant tem- 
perature of 105°C. A direct short-circuit is cut-off after 5-5 sec. 
The current density rises to J,,, = J,,100/V,.°% = 60amp/mm2, and 
we can now calculate the maximum temperature rise after 5-5 sec 
for J2t, = 1°88 x 10+ to be AG,, = 158°C (see, for example, 
Fig. 53 of Reference 1), i.e..0,, = 263°C and T,,, = 536°K. 

Using eqn. (8), since, for high temperature difference, the 
Bussing equation seems to be more accurate, we can evaluate the 
percentage ageing factor, p, as 0:0042°%, which means 2:58 hours 
of the life of the transformer compared with 5-5 sec, the duration 
of the short circuit. This was expected since the maximum 
temperature 0, = 263°C was unusually high. 


(2.2) Exponential Temperature Changes 


It is well known that the temperature transient of electrical 
machines is an exponential function, the heating equation being 


= M% + (6, — A) T e—%) eet s, (9) 
The equation for the cooling period is 


9 = Oy + Om — Ao)e~% (10) 


where 0@,,, is the temperature at time ¢ = 0. 

Let us first calculate the percentage ageing factor of the 
machine for the heating period, which has an exponential tem- 
perature rise. 

We have to use the Montsinger!® eqns. (1) and (3b) for the 
variable temperature 0, and eqn. (9), and to evaluate the integral. 

This is shown in Section 6.1, and we obtain, as the final 
equation for the percentage ageing factor, 


p = 14:3ar7eCD, (11) 
where C = 0-087(6 — 105) 
and 
# al —e-*) a —e-) 
: RISC nica oul 
al i E732) 
Aeasnest wie oot, A) 
and a = 0-087(0, — 0) 


D, can be evaluated since, even for high temperature rises, 
up to a = 15-0, and for values of a?/nn! < 1-0 the series starts 
to converge very quickly. The factor D, has been calculated 
for different values of « as shown in Fig. 2. 


ey 


NS 
INN 


0-8 


INKN 
BN 


o2 


Fig. 2.—Heating-period factor. 
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The same procedure can be adopted for the cooling period. 
It now means, from eqns. (10) and (34), that for 


] ar 85 aig (On = Oo)e~* 


the percentage ageing factor will be (see Section 6.2) 


(PE oes Dey oe Re Se (ED 
where Co = 0:087(8 — 105) 
and 2 2 3 3 
4 al. — 659) 5 @0 6 eee 
ewe Ea (iki ek lin CRG La 
(12a) 
for a = 0:087(6,, — 9%) 


The factor D, is also convergent and can be evaluated for 
various values of «, as shown in Figs. 3(a) and 3(5). 

Whenever the temperature changes are 30°C or more it 
seems advisable to use the Bussing equation as the basis. For 
this purpose the integrals can be evaluated as shown in Sec- 
tions 6.3 and 6.4, the final percentage ageing factor for the 
heating period being 


p=14307reNA-378/)D, . 2 2. (13) 


where D, has to be taken from Fig. 2 for 


For the cooling period the percentage ageing factor is 
p= 14-3676" O—- Ri) D1. a eee (14) 


where D, is taken from Fig. 3(a) or 3(d) for 


Let us now use the above method to calculate the percentage 
ageing factor for the cooling period in the case of the above- 
mentioned transformer, assuming that the short-circuit was lifted 
immediately and the transformer was continuously loaded at 
the rated value, i.e. 9 = 105°C and Ty = 378°K. The thermal 
time-constant of the transformer is 7 = Smin (=9-5 x 107° 
years), and we assume that the total cooling has been effected 
for « = 5, i.e. after 25min. We calculate d’ = 13-7, and from 
Fig. 3@), D, = 12-5 x 103, 


Hey P= 14:3. x%.9-5 X< 1059x125 oc 10? 8 S57, 


and this means 8:5% of the standard seven years’ average life 
expectancy of the transformer, i.e. 7:12 months of its life at 
rated load. 

We therefore see that a direct short-circuit of the transformer 
can be very dangerous, not because of the heating period but 
because of the cooling one. This is quite obvious. The heating 
during short-circuit can be regulated by reducing the short-circuit 
time by means of sensitive automatic relays, but the cooling is 
a natural process and can be speeded up only by special design 
and forced ventilation. The actual short-circuit period is usually 
limited to 2-3 cycles, and therefore the maximum temperature 
will be much lower and also the percentage ageing factor for the 
cooling period. -We see how important it is to avoid short- 
circuits, especially direct short-circuits of transformers and 
generators and to use sensitive relays to switch off the overload 
very quickly. 


70 
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(d) 
Fig. 3.—Cooling-period factor. 
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(2.3) Linear Changes of Losses during the Heat-Transient 
Period 


Herczog and Richter?» + developed an equation for the slow 
temperature rise and cooling when the losses of the machine 
change linearly with time. The starting point is the standard 
equation for heat equivalence, used for all heating and cooling 
of electrical machines: 


Pdt = Aydt + Cd0 


| where P = Losses, watts. 

C = Heat capacity of the machine, watt-sec/deg C. 
A = Cooling surface, m2. 

y = Heat transfer factor, watts/deg C-m2. 


Until now we have assumed that, during the time in question, 
| the losses producing the heat effect are constant. Now P is not 


constant, but changes linearly with time. We have 
P,—P 
P= Py (15) 
tin 


Fig. 4 shows an average daily load curve of a transformer or 
generator together with the respective losses of the machine, and 


3 
= 
a 
a” 225 
: 
6 Ea 
g 1:5 ra 
= ro) 
6 Q 
g 
q 0-75 
ec 
Ee 


o) 
TIME, HOURS 
Fig. 4.—Daily load and loss curve of a transformer. 
—-+— Load curve. 
——-— Loss curve. 


it is shown that, when accuracy is required, it may be of advan- 
tage to apply this method, since the difference between the 
straight lines and the actual curve is very slight. 

Evaluating the final temperature difference for Py) for t = 0, 
we have A@o- = Po/yA, and the corresponding final tempera- 
ture difference for P; for t=t,, is A@¢;= P,/yA. The solution 
of eqns. (4) and (15) for variable losses during the period is 


Aé@ = Adje-* +3 (A6o ¢ = Aj = Sue) + he (16) 
where a = t/r and h = (AQ, ¢ — AOor)t/tm - (16a) 
Using eqn. (16) as the @ = f(r) in the Montsinger eqns. (1) 
and (3b) we can evaluate the integral. The actual solution is 
obtained on the lines shown in Sections 1 and 2. The final 
equation is 
@ 1 —g@-be 
Fim tll Coralie, 1h 
2a** 1 —e%-2) 
Wa ee ee 
Ce = Aor —h —~9-1 
a= Ad a Abor+h 
This equation can be used for the temperature rise and the 
cooling period, but the values of D,; and D, cannot be taken 


p=14-3rae Ee = Wi) 


| (17) 


h 
where (17a) 


and 
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from charts and must be evaluated for each value of 
h =(A6,-—A6o,)7/tm, which differs for each individual case. 
These elaborate calculations may sometimes be necessary, but 
they are very lengthy and in most cases the method described 
in Sections 2.1 and 2.2 will be sufficiently accurate. 


(3) CALCULATIONS 


(3.1) Life Expectancy of a Transformer with Changing 
Daily Load 


An oil-filled transformer of 1-5MVA rated size has afdaily 
load curve as shown in Fig. 4, which also gives the loss curve (see 
Fig. 5) due to the load in question. From transformer data we 


ey 
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Fig. 5.—Daily loss curve of a transformer. 


calculate the thermal time-constant, 7, as 10min. We divide 
the load periods into equal 2-hour stretches of constant load 
and assume that tx = 5t = 50min each time is the tempera- 
ture transient period, and during the remaining 70min the 
temperature is assumed to be constant. We take for granted 
that, for « = t/t = 5, the steady-state temperature has been 
achieved, and this is always the case. The percentage ageing 
factor has been calculated for each period (see Table 1), and 
the total percentage ageing factor during one day is 11-385 x 
10-3 per cent of 7 years, i.e. approximately 7 hours. This 
means that the life expectancy of the transformer with a daily 
assumed load distribution will be 7 x 24/7 = 24 years. 

From the same Table we can calculate the average temperature 
during the load period of 24 hours, and we find it to be 84°C. 
From Fig. 1 we see that the life expectancy for this average 
temperature is 33 years. This shows that the method of average 
temperature is incorrect, as has already been found by many 
workers. 


(3.2) Intermittent Loads of Electrical Motors 


Let us assume some kind of electrical drive with intermittent 
load, as shown in Fig. 6. Wecalculate the thermal time-constant 


TEMPERATURE 


RELATIVE TIME T=t/T 
Fig. 6.—Intermittent load of an electrical drive. 
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Table 1 
CALCULATION OF THE PERCENTAGE AGEING FACTOR FOR A TRANSFORMER 
The load distribution is as shown in Fig. 5. 


84° C average temperature over the cycle. 


Average percentage ageing factor during the transient period of 50 min, p;.. 
Average percentage ageing factor during the steady-state period of 70 min, p2 


Percentage ageing factor during 24 hours’ load cycle, p =p; + p2 .. 


4-257 x 10-3 
7-128 x 10-3 


10385 One 


Table 2 


CALCULATION OF LIFE EXPECTANCY ON INTERMITTENT LOADS 


(a) 
AOy = 80°C Ty = 388°K dj = 4:40 N(1-378/Ty) = 8 Dj =0-:075 p; = 0-023 x 10-33% 
AG, = 61° T= = 369°K dj=7:95 N(1-378/To) = —7:6 D,;=550 pz =0-030 x 103% 
O37 Ct Pa = S38 ——-—-- 
P=, + p2 = 0-053 x 10-3% 
i.e. 32 years 
(b) 
AOe = 95°C Ty = 403° K di =4:°85 N@ -378/Tr) =+2:0 Dzy=0-060 p; = 0-060 x 103% 
eae = 71°C. .Ty= 379°K.... dy =)9+35..AN(1-378/To) = — 7-6 DZ =1530 p2 = 0-083 x 103% 
Ads = 32°C T= 340°K —_—___—_—— 
Pp =pi + po = 0-143 x 10-3% 
i.e. 12 years 
(c) 
AOg= 110°C Ty=418°K dj =5-15 N(1-378/Ty) = + 3-1 D’=0-040 p; = 0-120 x 103% 
Ag, — 84°C qT Sana PM Ky Bea | N(1-378/To) = — 7-6 D;=8100 pz =0-0465 x 103% 
(NOF = 8s Cetin —346 ass —— 
P=P+p2=90:1665 x 103% 
i.e. 2-95 years 
and interpolating 
(d) 
AOe = 102°C Tr = 137°K for 7 years’ life expectancy 
NG eT Ot ee = Ll 
IN BEG. 


T2 = 243°K 62 = 70°C 


of the motor as 7 = 5 min, the motor being under full rated load 
for 5min (a, = 1-0) and under no load for 4min («, = 0:8), 
9min (« = a, + « =1-8) being the total recurrent cycle. 
From Reference 1 we calculate the steady-state maximum and 
minimum temperature differences 


1 ert 
AG, = ;— =, A6, 
(18) 
Cer 
and Aé, = 1—e-% Ad, 


where A; is the final temperature rise for continuous load equal 
to the load during «,, the load period. 
Using the modified Bussing eqns. (13) and (14) we calculate 


the percentage ageing factor for different values of AG, Le. 
for different loads of the same motor or for different motor 
sizes as the case may be, and from the interpolation we evaluate 
6, = 112°C and @, = 70°C for seven years’ average life expec- 
tancy. This means that we are permitted to overheat the winding 
by 7°C only (above the standard 0,,,, = 105°C for synthetic- 
enamel-covered wire) in spite of the fact that the lowest tem- 
perature is 70°C. As mentioned previously, the cooling period 
is dangerous. 

Calculating the same case in accordance with the until now 
accepted method, i.e. using the r.m.s. value of the current dis- 
tribution, the average temperature would be 93-5°C and the 
life expectancy approximately 18 years instead of 7 years as 
calculated above. 
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(3.3) Short-Cycle Loads 


For short-cycle loads, where « = t/7 < 1-0, straight-line 
temperature rise and cooling can be assumed. In such cases 


| the accepted method, using the r.m.s. value of the current distri- 


bution for temperature calculations, should be sufficient. 


(4) CONCLUSIONS 


Our knowledge of the heating effect in electrical machines is 
still in its infancy. It is obvious that, under normal conditions 
of daily work, the loading curves change from day to day and 
even from cycle to cycle. On the other hand, it has not been 
proved that the maximum temperatures suggested by standards 
committees in Europe and the United States are correct for the 
different materials used for insulation purposes. We must be 
grateful to the members of these committees for fixing very low 
maximum permitted temperatures, since it is clear that present 
methods of calculation are very inadequate and we obtain life 
expectancy figures some 40% above the ‘true’ ones. 

Extensive chemical, physical, mechanical and electrical tests 
should be carried out for different insulation materials and for 
different combination of insulation materials used in trans- 
formers and machines under various intermittent load conditions. 
The theory suggested by Bussing!* and others should be followed 
up and extended, but, on the other hand, better and more 
effective cooling methods should be developed. 
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(6) APPENDICES 


(6.1) Evaluation of the Percentage Ageing Factor from the 
Montsinger!° Equation for the Exponential Heating Period 
From the Montsinger eqn. (3b) the percentage ageing factor is 


()-t 


p= 14:3 e@-Aat (36) 
0 
and f(t) = By + (8; — A) — e-9 (19) 
where a = t/7 and Ad; = 6; — 8 
Le f(t) = 6, — (6, —— Oy)e—% (20) 
and now p = 14-37 | exp (k0,—kApe-* — Adar. (21) 
0 

andassuming C=k0;— A = 0-087(6; — 105) (22) 


to 4 4 
p= 14-37 | EC —kKAbse— “gy, = 14-37e¢ | e—ee-“da (23) 


0 0 
Taking —e—* = x and da = — dx|x 
we can find the integral 
ax ax ax? ax3 
O dx = Se a Sls, 24 
| Sa eX Teil axa 3x st (24) 


[see, for example, Dwight’s Tables of Integrals—eqn. (568.1)], 
and by integrating from « = 0 to « we obtain the final equation 


p = 14-3a7eCD, (11) 
where 
Rae al —e-% a1 — se) 
: AeOdexeh vaca. x 2x2! 
a(i — @— 34) 
eo eee ae Sees —.. 11 
eas Se ve ihe) 
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a= kA, = 0-087(6; = 8) 


and the series converges quickly for a/n < 1:0. 


‘for 


(6.2) Evaluation of the Percentage Ageing Factor from the 
Montsinger Equation for the exponential Cooling Period 


In similar way eqn. (35), 


t 
ie. p= 14:3 | et O-Aar (38) 
0 
can be used for the cooling period, where 
f(t) = % + On, — Oe~* (25) 
in which kOy) + kAO,,e—* — A = kAO,,E—% + Co (26) 


It is assumed that 
a’ =kA6,, AO, = 9m — 9% Co = 0-087) —105) (27) 


ie. for 0) = 105°C being the final cooling temperature for 
Cy =0°C. Now 


a 
De 14-3760 | etee- “do (28) 
0 
and using the same method as above 
Pp — 143 7TECnD Me). aso 2 (29) 
where : ; 
“J a(1—eée-*%) a’? — €- 7%) 
Dy x1 KALI 
a3 Fe} e732) 
aanost +... (30) 


This series converges quickly for a/n < 1-0. 
It should be noted that, for the heating period, a = 0-087 
(6; — 09) and for the cooling period a = 0-087 (8,, — 9) 


(6.3) Evaluation of the Percentage Ageing Factor from the 
Bussing Equation for the Heating Exponential Period. 


From the Bussing eqn. (3c) 


t 
pe 14-3 [ eNO—vat (3c) 
0 
where 
N = B/378 = 33 and v = 378/f(t) . (31) 
Now 
(O=To PCy = Tp) eS) =F — GC — Fert 62) 
and as AO, =Tr—To =O;—0) (33) 
and usually h = A6,,/T; < 1-0 (34) 


we can assume 
v = 378/f(#) = 378/T;(1 — he-%) ~ (1 + he-9)378/T; (35) 
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We evaluate the integral 


Ae 4 
p = 14-3reN0-3781T) | ede" (36) 
0 
378 378 A@,, 
where ahs ere = NT, Tr (37) 
We obtain 
pr=14:307reN C32 Dd, Cale (13) 
where 
D 1 di—e-% . di —«e-*%) 
i a1 KAYO Ae X62 031 
@A1 —e-34) 
a ae ear eet = tae (13a) 
and can be read from Fig. 2 for 
= 378 Bn 
oF ie Yana 


(6.4) Evaluation of the Percentage Ageing Factor from the 
Bussing Equation for the Exponential Cooling Period 


In similar way, from eqn. (3c), 


s t 
ie. ee 14-3 | eNU—Wey 68 
0 
where, for the cooling period, 
f{@) = T = Ty) + (7; — Th)e-* = Ty + AGE * (G8) 
and 
v = 378/f(t) =378/(To + AO,,€~%) = (1 —hge~*)378/T, (39) 
where ho = AO,,/ To 
and now p= 14-3reN(t—378)70) | et d’é~ “oy . (40) 
2) 
gta, 378 sist BTS MNON 
where d-=N T, hog = N T, To (41) 
The final solution can be found in similar way as above 
P = 14-37aeNU—378/To) D, (14) 
where 
dA —e-*%  d’*(1 — e—*%) 
Pe RPS TIE “a x2 x2! 
d3(1 — e—32) 4 
tt Sarg hag T5505) + «-a0\) 44a) 


and can be taken from Fig. 3 or 3(a) for d’ = ae Dann, 
Ty T) 


ae 
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SUMMARY 


Transformation matrices relating two adequate systems of simple 
network co-ordinates such as node-pair voltages or link currents 
belong to the class of unimodular or E-matrices. The paper makes a 
distinction between the matrices corresponding to such voltage and 
current transformations, and different sets of necessary conditions are 
derived for each type. 

Since the loop- and cut-set-to-branch incidence matrices are closely 
related to transformation matrices, the discussion proposes new sets of 
necessary conditions for incidence matrices corresponding to systems 
of node-pair voltages or link currents. Examples are given of matrices 
which whilst representing a voltage transformation cannot represent 
a current transformation and vice versa. Another example shows an 
E-matrix which can represent neither a voltage nor a current 
transformation. 


(1) INTRODUCTION 


In a recent paper (see Reference 1, Section 2) it has been 
shown that transformation matrices relating two adequate 
systems of node-pair voltages or link currents necessarily have 
all their subdeterminants (and the elements among them) equal 
to 1, —1 or 0. Such matrices are called unimodular? or 
E-matrices!:? and one may ask whether any non-singular 
E-matrix represents some transformation of voltage or current 
co-ordinates of a network and whether there is any difference 
between matrices representing voltage and current transforma- 
tions. These questions are answered, and it is shown that not 
every voltage transformation matrix may represent a current 
transformation and vice versa. Moreover, there exist E-matrices 
which can represent neither a voltage nor a current trans- 
formation. 

The interesting point is that the loop- and cut-set-to-branch* 
incidence matrices for links and node-pair systems, respectively, 
are submatrices of such transformation matrices. The necessary 
and sufficient conditions for such matrices are well known! but 
they are, in general, difficult to apply» The following discussion 
offers a new set of necessary conditions which give additional 
information on the structure of those matrices and may be 
helpful in some instances. 


(2) INCIDENCE CONDITIONS FOR TWO ADEQUATE 
SYSTEMS OF NODE-PAIR VOLTAGES 

Consider some connected network N with ¢ nodes and 5 
branches and choose on it two adequate systems of s( = t — 1) 
node-pair voltages U; and V; (i= 1, 2, . . . s) forming the 
vectors U and V. 

If each voltage of such a system is regarded as a fictitious 
branch joining the nodes of the corresponding pair, the system 
is represented by a tree on the network, although, of course, the 
network branches which correspond to all or some of these 
voltages need not exist. 

* For the definitions of the basic topological concepts see Reference 5, Chapter 1. 

Correspondence on Monographs is invited for consideration with a view to 
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In the following the elements of the vectors U and V will be 
referred to, somewhat indiscriminately, as either voltages or tree 
branches. 

Let ESV A UREA so ea ern O), 


be the relation between U and V involving the non-singular s x s 
matrix A. The same state of the network may be considered as 
being caused by s voltage generators, U, applied to the node- 
pairs of the U-system or by s voltage generators, V, defined 
by eqn. (1) and applied to the node-pairs V. Let the vectors 
of currents supplied by the generators U and V be I and J, 
respectively. The relation between I and J corresponding to 
eqn. (1)—the so-called contragredient transformation*—is 


WERAS Dial eh ive tee oul amon as, 01) 


In the further discussion the inverse relations corresponding to 
eqns. (1) and (2) 
Wp tA Va, Boe, foe e A, 10 ee (8) 


and NE (Asia Lites ee Oe Jb Ge* ee (4) 


will sometimes be used. 

The non-zero elements of some row of A (or A~!) correspond 
to the branches of the set U (or V) which build an arch spanned 
by a branch of V (or U), whereas the relation between the 
currents is somewhat more complicated. However, if some k 
branches of one system meet at one node a single branch of the 
other system, the current of that branch is equal to the algebraic 
sum of the currents of those k branches. In this case the corre- 
sponding row of the matrix A’ or (A’)~! contains exactly k 
non-zero elements. 

Consider the incidence conditions between the nodes of the 
network and the branches of both systems U and V. Since the 
branches U and V form trees on the network, each node is 
necessarily incident with at least one branch of each system. 
But both trees U and V comprise together 2s branches based on 
t =s-+1 nodes. These branches have 4s ends and therefore 
the ‘mean’ incidence number of branches meeting at one node is 


4s 


EEO rr See aS), 


Thus in the network there are necessarily some nodes where 
only two or three branches meet. Let the minimum number of 
such 2- or 3-branch nodes be found. Denoting by k, and k3 
the numbers of nodes with 2 and 3 incident branches, respec- 
tively, and by p the number of branches incident with those 
nodes (the p’s not necessarily all different), 


p= 2k ++ 3k; . . ° . : . (6) 
The remaining mean incidence number at other nodes, 
we 4s — p 
s+1— (kk +3) 


is necessarily not less than 4, so that 2k, + k,;< 4. Evidently 
the minimum number of deficient nodes corresponds to the 
equality sign, and Table 1 may be obtained by putting k, = 0,1, 2. 


(7) 
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Table 1 


MINIMUM NUMBER OF DEFICIENT NODES 


Dp = 2k2 + 3k3 


12 
8 
4 


If a node is incident with only two branches, then necessarily 
one, U,, belongs to the set U and the other, V,, to V. Con- 
sidering some state of the network as being caused by the 
currents I or J, one realizes that the magnitude of the gth 
component of I is equal to the magnitude of the rth component 
of J. Since this is true for arbitrary excitation conditions, it 
follows from eqn. (2) that the gth row of A’ has a single non-zero 
element located in the rth column, and similarly from eqn. (4) 
that the rth row of (A’)~! has a single non-zero element located 
in the gth column. 

If a node is incident with three branches, this triplet may be 
composed of one branch U and two branches V, or vice versa. 
In the first case the matrix A’ has only two non-zero elements 
in the corresponding row and in the second case the same is 
true for the matrix (A)~!. It may be remarked that it is 
impossible to predict how the number k; is subdivided between 
the triplets of both kinds. To demonstrate this, three different 
cases with k; = 4 have been shown in Fig. 1. The node-pair 


(a) (6) (C) 


Fig. 1.—2-tree networks, each having four 3-branch nodes. 


(a) Two 3-branch nodes of each kind. 
(b) Four 3-branch nodes of the first kind and none of the second kind. 
(c) One 3-branch node of the first kind and three of the second kind. 


voltages U and V have been shown with full and broken lines, 
respectively, the ‘physical’ network branches being omitted as 
irrelevant to the discussion. The nodes of the first kind have 
been denoted by circles and of the second kind by squares. It 
can be seen that there are in (a) two nodes of each kind, in (0) 
four nodes of the first kind and none of the second and in (c) 
one node of the first kind and three nodes of the second. This 
implies that the further discussion need be related only to the 
pair [A’, (A’)—!] or [A, A~!] rather than individually to each of 
the matrices. 


(3) E-MATRICES REPRESENTING VOLTAGE 
TRANSFORMATIONS 
Consider the pair of matrices (A, A~!). Since each node 
incident with only two branches corresponds to a column with 
a single non-zero element in both A and A~!, whereas a 3-branch 
node corresponds to a column with two non-zero elements in 
only one of the matrices, Theorem 1 follows readily from Table 1. 


Theorem 1.—If A is a transformation matrix from one system 
of s independent node-pair voltages to another (s> 2), the pair 
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of matrices (A, A7!) has at least four columns, each with not 
more than two non-zero elements. 


Consider the case of a 2-branch node. Since this node is } 
incident with only one branch of each system it is an end-node 
for each voltage tree. Let it be removed together with the two 
branches incident with it leaving two connected graphs of s— 1 | 
voltage branches based on s nodes. Assume that these two 
branches be the first in their respective systems. In that case — 
the first columns of A and A7! have each a single non-zero © 
element which is the first element of those columns. Thus 


Ae ie oy Amie a m1 | 4 Om 

0 Ay 0 Ay 1 ‘4 

where a;, b; are 1 x (s — 1) row vectors and A, is a square } 
non-singular matrix of orders — 1. Let thereduced(s — 1) x 1 | |} 
voltage vectors by U and V.~From egns. (1), (3) and (8) it | 
follows that 2 2 4 
V =/AyUL 09 |) 9 ee 


Tw =A7V (10) 


Thus the matrix pair relating the reduced vectors U and V 
may be obtained simply by crossing out the rows and columns 
corresponding to the deleted branches. Such a combined opera- 
tion on a graph and on the transformation matrix will be referred 
to as an «-operation. Of course, since the reduced matrix pair 
(A,, Ay) relates two sets of s—1 independent node-pair 
voltages based on s nodes, the Theorem 1 is valid for it as well. 

In the case of a 3-branch node, assume that this node is 
incident with the first of the U-system and with the first two 
branches of the V-system, as shown for node B in Fig. 2(a). 


and 


(a) (6) 


Fig. 2.—Removal of the 3-branch node B. 


(a) Original network. 
(b) Reduced network: branches V; and V2 are replaced by Vj. 


Node B is an end-node for graph U but not for graph V._ It may 
therefore be removed together with branch U, leaving both graphs 
connected if the two branches V, and V, are replaced by one 
branch V,, as shown in Fig. 2(6). The orientation of V; may 
be chosen arbitrarily; let it, for instance, be directed with relation 
to the node previously incident with V, as was the removed 
branch Vj. 

Since V; = V; + V>, according as the quantities a>, a,,, of 
unit magnitude, are of the same or opposite sign, these changes 
of the graphs lead to the following changes of the transformation 
matrices. In the matrix A the first row needs to be augmented 
by the second row multiplied by —a,,a5,, and the first column 
and second row should be deleted. The transformation of the 
matrix A~! amounts to deleting the first row and second column. 

For general indices this procedure may be summarized as 
follows: In the graphs of two independent node-pair voltages U 
and V let U;,, V,, and V, be the three branches meeting at some 


| 


Pi 


i 


_ node. 
explained above results in 


| multiplied by —a 
| pth row, and 
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The removal of this node from the graph in the way 


(a) deleting the kth column of matrix A and adding the pth row 
mkAp, to the mth row, followed by deleting the 


(6) deleting the &th row and pth column of matrix A7!. 
If the triplet consists of V,, U,,, and U, the procedures applied 


to A and A~! are reversed. 


Such a combined operation on both graphs and corresponding 


| matrices caused by the removal of a 3-branch node will be 
| referred to as a B-operation. 


After performing an «- or f-operation on two graphs of s 


independent node-pair voltages one is left with two graphs of 
iis — 1 independent node-pair voltages based on s nodes. 


Thus 


least four columns with not more than ive non-zero elements 


and the «- and f-operations may be performed further until one 


arrives at two graphs consisting each of one branch based on two 
nodes with the transformation matrix equal to [+1]. 
It may be shown that, although a 3-branch node incident, say, 


i | with U;,, V,, and V, corresponds necessarily to the case that in 


7 


a 


| 
| 
| 
| 


i 
i | 


the kth column of A the only non-zero elements are in the mth 
and pth rows, the inverse statement is not necessarily true. As 
shown in Fig. 3(a) the second column in matrix A does not 


(a) 


(6) 


Agate arid | 0 
@a-[o 1 | (b) A -[9 1 = 
(On -Op 4 Oe wee 


correspond to a 3-branch node incident with the branches Up, 
V, and V>. A closer inspection reveals that this follows from 
the fact that the same matrix A corresponds to the network 
shown in Fig. 3(6), where the branches U3, V,; and V, in fact 
form a triplet. Such a situation may, however, arise only if 
besides a 3-branch node there also exists in the network a 
2-branch node [the node incident with the branches U, and 
V, in Fig. 3(@)]. Thus the reduction process of a matrix needs 
at any stage to give preference to an «- before a B-operation. 

Moreover, since every non-singular submatrix of A may be 
interpreted as a transformation matrix relating two adequate sets 
of independent node-pair voltages,! each such submatrix neces- 
sarily shares with A the above properties. Thus the following 
theorem is true: 


Fig. 3.—Two pairs of voltages (U, V) related by the same matrix A 
( AU). 


Theorem 2.—The necessary conditions for a matrix A to be a 
transformation matrix relating two sets of s independent node- 
pair voltages based on a network with s + 1 nodes are that: 


(a) Matrix A is a non-singular E-matrix. 

(b) The matrix-pair (A, A~*) can be reduced to the elementary 
form ({+1], [+1]) by a sequence of «- and B-operations. 

(c) At each stage of the reduction process (with the evident 
exception of the last stage) the pair (Aj, Aj!) has at least four 
columns with not more than two non-zero elements. 

(d) The reduction process may proceed by any of the «- or 
B-operations possible at the given stage with the preference given 
always to «-operations. 
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(e) Every non-singular submatrix of the matrix A shares with 
A properties (b)-(d). 


Let all square or rectangular E-matrices whose non-singular 
submatrices of order m > 2 satisfy the above conditions be, for 
brevity, called E;-matrices. Thus according to Theorem 2 every 
transformation matrix between two adequate systems of node- 
pair voltages is necessarily a square non-singular E,-matrix. 


(4) CURRENT TRANSFORMATION MATRICES 


Consider two adequate systems of link currents I and J 
corresponding to trees T; and Ty, respectively. Since the network 
has 6 branches and ¢ (= s + 1) nodes, each of the systems con- 
sidered consists of f{(= b — s) link currents. 


Let Je— 6s (11) 
be the relation between I and J involving matrix B which is a 
non-singular E-matrix of order f- 

The trees T; and Ty; may have some m branches in common. 
Let these common branches be short-circuited and the ‘new’ 
network be called N,;. N, has t — m nodes and the link systems 
I and J on N, correspond to trees Tt and Ti which have no 
branches in common. Evidently eqns. (11) have not been 
influenced by the above operation. 

The systems I and J may as weil have some p links in common. 
Let p new nodes be created, one in the middle of each of the 
common links. The ‘new’ network having t — m+ p nodes 
and b — m + p branches may be called Nj. The tree T{” on 
N; may be now augumented to form a tree T?’ on N2 by adding 
to it p new branches each of which is a eae of one of the p 
common links. The other tree, T§, is augmented by the 
remaining parts of the common links to form the tree Tf) on Np. 
The corresponding link systems may be called I and J, 
respectively. 

The trees T() and T{2) and the link systems I and J are, of 
course, alien to each other. However, since each branch is 
necessarily either a tree branch or a link, the links I are the 
branches of the tree T? and the links J are the branches of the 
tree Ti). This shows “that N, represents a 2-tree structure. It 
may readily be recognized that eqns. (11) remain valid if I and 
J are replaced by I and J, respectively. ar a 

The system of current generators, I, placed in the I links 
generates a system of voltages U across these links, and the 
system of equivalent current generators, J, placed in the J links 
generates an equivalent system of voltages V. The (contra- 
gredient) relation between U and V is given by 

Ur BY (12) 
But U and V may be looked on as systems of tree voliages. 
Hence B’ necessarily satisfies the conditions of Theorem 2 and 
is a non-singular E,-matrix. Let the transpose of an E,;-matrix 
be called, for brevity, an E,-matrix. Thus the above results 
may be summarized as follows: 


The necessary condition for a matrix B to be a transforma- 
tion matrix relating two adequate systems of link currents is 
that B be a non-singular E>-matrix. 

An interesting property of a matrix B satisfying this is that the 
composite 2f x f matrix 

B 
Lb 


has necessarily at least four rows with not more than two non- 
zero elements. 
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(5) NODE-PAIRS AND LINKS INCIDENCE MATRICES 


The above results may be applied to the incidence matrices 
corresponding to adequate systems of node-pairs or links on a 
network. 

It has been shown! that the transpose of the incidence matrix 
of an adequate system of node-pair voltages may be identified as 
a submatrix of a transformation matrix relating two adequate 
systems of node-pair voltages. This shows that such an incidence 
matrix is necessarily an E>-matrix. 

Dually, the transpose of the incidence matrix corresponding to 
an adequate system of link currents is a submatrix of a trans- 
formation matrix between two adequate systems of link currents. 
Thus this incidence matrix is necessarily of the E,-kind. This 
may be summarized as follows: 

The incidence matrices of adequate systems of link currents or 
node-pair voltages are necessarily E,- or E,-matrices, respectively. 


(6) EXAMPLES 
Some examples of various kinds of E-matrices will be given. 
Example 1.—Fig. 4(a) shows the eight nodes of a network and 
two systems of seven independent node-pair voltages based on 


(Cc) 


Fig. 4.—8-node network of Example 1. 


(a) Original network. 
(b) Network reduced by removal of the 3-branch node A. 
(c) Network (5) reduced by removal of 2-branch node B. 


these nodes. The systems U and V have been shown with full 
and broken lines, respectively. The square non-singular matrix 
A corresponding to the transformation from the system U to 
V(V = AU) is an E;-matrix. 
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CEDERBAUM: VOLTAGE AND CURRENT TRANSFORMATION MATRICES 


In the matrix pair (A, A~!) there are no columns with a single | 
non-zero element and exactly four columns with two non-zero | 
elements, namely columns 4, 6 and 7 of A and column 6 of A~}, : 
which correspond to the 3-branch nodes, A, E, G and B, respec- | 
tively. The matrix pair may be accordingly reduced in four 
different ways by f-operations, e.g. by deleting the node A. | 
This leads to the network shown in Fig. 4(6), and the reduced | 


pair is 
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In the reduced pair we find two columns with a single element, 
namely columns 1 of A; and 5 of Aj!, and two columns with 
two elements, namely columns 5 and 6 of A,, which correspond 
to nodes B, E and G of the reduced network in Fig. 4(5). 
Further reduction may be achieved by an «-operation or by one 
of two possible B-operations. The «-operation is achieved by 
removing the node B and leads to the network shown in Fig. 4(c). 
The reduced matrix pair is 
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Here we find four columns with two non-zero elements, and 
further reduction may proceed by applying one of four possible 
B-operations. 


Example 2.—The square non-singular matrix A’ corresponding 
to the current transformation, I = A’J, in Fig. 4(@), being the 
transpose of an E;-matrix, is an E,-matrix. 
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As may be seen in the pair [A’, (A)~!] there is no column with 
less than three non-zero elements. This shows that A’ is not 
an E,-matrix and that A is not an E>-matrix. 


Example 3.—Consider the E-matrix 
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‘The matrix pairs (A, A~!) and [A’, (A)~!] both have four 
‘columns with only two non-zero elements and they may both 
_ be reduced to the elementary form by one f- and one «-opera- 
‘tion. Thus A and A’ are both E,- and E,-matrices. This 
|proves that the conditions for E,- and E,-matrices are not 
mutually exclusive. 


Example 4.—Take the sum A + A’,* where A is the matrix 

of Example 1. This matrix, according to Reference 3, Section 2, 
is an E-matrix. However, it cannot be either an E,- or an 
| E,-matrix, since after reducing, for example, A by a- and 
B-operations A’ is left which cannot be further reduced. This 
|shows that there are E-matrices which are neither E,- nor 
'E,-matrices. 


* The direct sum A ae B of two matrices is defined by 
5 AO 
A+B= & 3 


Bt 
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From the above examples it follows that E-matrices can be 
subdivided into four (non-empty) groups: 


(a) E,-matrices which are not E-matrices. 

(b) E,-matrices which are not E;-matrices. 

(c) Matrices which are E,- and E,-matrices. 

(d) E-matrices which are neither E,- nor E,-matrices. 
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THE STABILIZATION OF CONTROL SYSTEMS WITH BACKLASH USING A 
HIGH-FREQUENCY ON-OFF LOOP . 


By E. A. FREEMAN, B.Sc., Ph.D., Graduate. 


(The paper was first received 26th June, and in revised form 29th September, 1959. It was published as an INSTITUTION MONOGRAPH 


in February, 1960.) 


SUMMARY 


The paper introduces a method of stabilizing control systems which 
have backlash m their control sequence. The technique described 
employs an auxiliary loop to drive the motor across the backlash 
whenever the motor and load tend to separate. Requirements of the 
auxiliary loop are deduced and a phase-plane analysis is developed 
for a second-order position-control system with this loop operative. 
Analysis shows that the system with backlash is effectively linearized. 
It is also shown that impacts between motor and load are avoided. 

To establish the feasibility of the method an analogue computer 
study is presented. Results from the analogue show that the tech- 
nique leads to considerable improvement in the step-function response. 
Variation of the system damping and of the ratio of inertias is also 
investigated. It is found that the system stabilized by the technique 
behaves essentially as a linear system. 


LIST OF PRINCIPAL SYMBOLS 


% = Amplitude of step-function disturbance. 
8,7, = Angle of backlash referred to the output shaft. 
0, = Output position of load indicated by resetter. 
644 = Position of the motor. 
a = Gain of auxiliary-loop amplifier. 
f(s) = Frequency-dependent part of auxiliary-loop amplifier 
transfer function. 
T, = Phase-advance time-constant of auxiliary loop. 
T,(M) = Torque developed by the motor. 

Ing = Moment of inertia of motor. 

Kyy = Viscous friction coefficient for the motor side of the 
backlash. 
K, = Tachogenerator output velocity feedback constant. 

K = Normal-loop amplifier gain. 

0; = Demanded output position from normal loop. 

n = Ratio of the amplitude of the input step applied to the 
auxiliary loop to the amplitude which just causes 
saturation. 

I, = Moment of inertia on resetter side of backlash. 

I = In, + I, = Total moment of inertia. 

Ky, = Viscous friction coefficient for the resetter side of the 
backlash. 
Ky = Kym + Ky + IE 


K 
n= a Pe Undamped natural frequency of servo mechanism. 


b= 
Wy, 
o = w,¢ = Logarithmic decrement of transient oscillations. 
ow = w,\/(1 — @) = Angular frequency of damped oscilla- 
tions. 
r, p = Polar co-ordinates of point on the phase-plane 
trajectory in the wv-plane. 
Cr = Kyz/2o,I,. 
7 = Period of separation or transit time. 


= Damping factor of servo mechanism. 


Correspondence on Monographs is invited for consideration with a view to 
publication. 
Dr. Freeman is at Sunderland Technical College. 


(1) INTRODUCTION ; 

The occurrence of backlash in the gearing or linkages present 
in many control systems generally gives rise to certain undesirable 
performance characteristics. It may, for example, lead to sus- 
tained oscillations of the-~output, an excessively oscillatory 
transient response or-a positional error greater than that of the 
linear system. To overcome these disadvantages a method of 
stabilizing servo systems with backlash, namely divided reset, has 
been suggested and examined by certain workers.!?_ It has been’ 
indicated that if the positional reset, taken partly from the motor 
side of the backlash and partly from the load side of the back- 
lash, is divided in the ratio of inertias the transient response will 
be the same as that of the linear system. Experimental work 
by Liversedge! does not, however, verify this theoretical conclu- 
sion. Ina recent paper by the author? it has been shown that 
the presence of friction on either side of the backlash invalidates 
the theoretical conclusion and that, if the coefficients of friction 
for the two sides of the backlash are not in the ratio of inertias, 
it is not possible to obtain a transient response identical with 
that of the linear system. In such cases the transient response 
may be ‘linearized’ if divided velocity-feedback is employed for 
stabilization.2 However, servo systems stabilized in this manner 
still suffer two principal drawbacks. 

First, positional error is increased because all of the reset 
signal is not taken from the load or output side of the backlash. 
Secondly, the increased mechanical wear, occasioned by the 
repeated impacts between motor and load which take place 
during each oscillatory transient, is reduced but little. 

An alternative method of stabilization, transient divided reset, 
has the advantage that under steady-state conditions there is no 
positional feedback from the motor side of the backlash. This 
would seem to imply improved positional accuracy. However, 
according to Liversedge! the static stiffness of such servo systems 
is low, and this gives rise to larger errors under constant load- 
torque conditions. / 

The paper presents a new method of improving system per-. 
formance which results in dynamic characteristics almost 
identical with those obtained in the absence of backlash. 
Furthermore, because positional reset may be taken entirely 
from the output member, the steady-state accuracy is not 
impaired. Finally, the technique is such that impacts between 
motor and load are avoided, which gives rise to an appreciable 
reduction in the wear of mechanical parts. 

An understanding of the method is best gained by considering 
its application to a second-order position-control system. The 
phase-plane method of analysis may then be used to derive the 
important characteristics of the step-function response. 

Experimental work is carried out on an analogue computer. 
Transients thus recorded provide a means of understanding the 
technique and of assessing the improvement in performance 
effected. In concluding the paper some of the difficulties 
experienced in realizing the technique in a practical position- 
control system, employing a type 73 split-field motor with field 
control, are discussed. 
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(2) TRANSIENT RESPONSE WITH BACKLASH 
In order to deduce the requirements of the stabilizing tech- 
iique we shall first examine the response of a position-control 
system, shown schematically in Fig. 1, which has backlash. 
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Fig. 1.—Position-control servo system with backlash in the gearing. 
| 


The backlash is assumed to occur in the gearing connecting the 
output measuring device, or resetter, to the motor. We shall 
suppose that the ratio of friction force to moment of inertia 
for the resetter side of the backlash:is finite. This means that 
the resetter will cease to be driven by the motor whenever its 
deceleration, caused by friction, is less than that of the motor. 

The waveforms of Fig. 2 illustrate the response of the servo 
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Step-function response waveforms of position servo system 
with backlash. 


Fig. 2. 
system when subjected to a step-function disturbance of ampli- 
tude ys. It is assumed that the system is initially at rest with the 
output at an angular position — ys, and that the motor and resetter 
are in contact through the gearing. Application of the step tends 
to drive the output to the zero position. 

Fig. 2 shows that as the motor accelerates it maintains contact 
with the resetter; this is evidenced by the velocity waveforms 
showing the velocities of the motor and resetter to be equal. 
When the output approaches the zero position, however, the 
motor starts to decelerate. During this period of deceleration 
the resetter maintains contact with the motor because frictional 
forces attempt to cause a greater resetter deceleration. Even- 
tually, the deceleration of the motor exceeds that of the resetter, 
point A in Fig. 2, at which point the two members lose contact. 
The motor then continues to move relative to the resetter whilst 
the latter coasts towards standstill. When the distance moved 
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by the motor relative to the resetter is equal to the backlash 
angle, 0,;, the motor makes contact with the resetter and an 
impact takes place. 

It is assumed that the two members move on together with a 
common velocity after this impact (Fig. 2). The entire cycle of 
events is then repeated. 

As the oscillation proceeds and the amplitude of the overshoot 
falls the torque driving the motor across the backlash during a 
period of separation decreases and hence the period of separation 
increases. This effect eventually allows the resetter to be brought 
to rest during a period of separation. As a result, the maximum 
overshoot persists for a prolonged period. Ultimately the ampli- 
tude of overshoot is so small that the deceleration of the motor 
never exceeds that of the resetter and the two only become 
separated when the velocity of the motor changes sign. Under 
these latter conditions the half periodic time of the transient 
becomes extremely large, so that the peak overshoot persists for 
a prohibitively long period.* 


(3) REQUIREMENTS OF THE STABILIZING TECHNIQUE 

In this Section we shall deduce the requirements of the method 
of stabilization. To this end let us examine the effects which 
backlash has had on the transient response just described. 

First, it may be seen from Fig. 2 that backlash increases the 
amplitude of the first overshoot of the response. This increase 
is caused by the increased velocity of the resetter during the first 
period of separation. Clearly, reducing the period of separation 
will minimize this effect. 

Secondly, had we assumed the motor to be on the wrong side 
of the backlash at the instant of applying the step the response 
would have shown an initial delay, the delay being the time taken 
for the motor to cross the backlash. 

Thirdly, as the error in the system is reduced the frequency of 
the transient oscillation falls and eventually low-frequency sus- 
tained oscillations may exist. This low-frequency oscillation, 
transient or otherwise, is made possible because of the lag 
between the resetter position and the motor position (Fig. 2). 
The lag is greater the longer the period of separation. 

Finally, it may be observed that an impact takes place during 
each half cycle of the transient. The magnitude of the impact 
depends on the relative velocity of the two members. 

It will be apparent that all four effects stem from the lack of 
control of the output member during a period of separation, and, 
as the backlash prevents control of the output, one is naturally 
led to thinking of controlling the position of the motor in some 
beneficial way during a period of separation. First thoughts 
may suggest that one need only increase the acceleration (or 
deceleration) of the motor when a separation commences and 
so race the motor across the backlash. This would certainly 
reduce the period of separation but, since additional energy 
would then effectively be given to the system during each half 
cycle of the transient, the possibility of sustained oscillations 
would be aggravated. In addition, a greater impact at recontact 
would take place and therefore wear and fatigue due to mech- 
anical shock would be increased. 

Thus the requirements of the stabilizer are twofold. It must 
race the motor across the backlash in a minimum of time whilst 
also ensuring that the motor comes into contact with the output 
member with zero relative velocity. These requirements are 
suggestive of an auxiliary control loop, to be actuated only for 
the period of separation and to be supplied with input informa- 
tion to enable the above requirements to be satisfied. 


(3.1) The Auxiliary Control Loop 


The requirements stated above imply that the auxiliary loop 
should control the position of the motor and should be in 
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equilibrium with the motor on either side of the backlash. An 
input step applied to this auxiliary loop at the instant of separa- 
tion must then disturb the equilibrium position of the motor 
from one side of the backlash to the other. Also, if the motor 
must traverse the backlash in a short time, the natural frequency 
of the auxiliary loop must be high compared with that of the 
normal loop. This means that the auxiliary-loop gain must be 
comparatively high. 

Consider now the arrangement shown schematically in Fig. 3. 
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Fig. 3.—Schematic of position servo system using the auxiliary-loop 
method of stabilization. 


The amplifier and motor receive signals from the auxiliary loop 
via a switch S which is closed only for the period of separation. 
An auxiliary-loop amplifier having a transfer function «f(s) is 
supplied with a voltage signal 0,, — 0) and one which changes 
by an amount @,, at the instant of separation. The sense of 
this step-change is such as to cause the motor to move to the 
required side of the backlash. 

We shall now assume that the basic system is of second order 
and that f(s) is, in this case, given by f(s) =1+ 57). The 
equations defining the position of the motor during a period of 
separation, with switch S closed, are therefore 


T,(M) is Ligh + Kee0 wa . . . (1) 
coulomb friction having been neglected, 
and T,(M) = K[(0; — 4) — K,9u1] 


\~— 
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Auxiliary loop signals 


In eqn. (2) the lag in the motor field has been neglected and 
the + sign associated with the term @,, is included to indicate 
that either sense of step may be applied. The system will, of 
course, select the correct sense. 

If the auxiliary amplifier gain, ~, is made large the auxiliary- 
loop signals will predominate and the normal-loop signals may 
be neglected without introducing much error. 

The equation defining the response during a period of separa- 
tion is then obtained from eqns. (1) and (2) as 


; A d 
Im 9ut+ Kymom = — Ke (1 oF a) [x —9%) £91] ©) 
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which may be written in the form 
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If we now make the reasonable supposition that the term 
U1 Koo is very nearly zero in the steady state, the steady- 
state solution of eqn. (4) is 


Ou, = 99 + On, - . . . . . 


Go 
(1 + Kyy/KaT,) 


This means that, when the steady state is reached, the motor has 
moved across the backlash and is travelling with virtually the 
same velocity as the resetter. The shape of the transient leading 
to this steady state is most important, for we must ensure that 
the motor never exceeds the position 0) + 9, during the entire 
transient; if it did it would attempt to pass through this position 
with a velocity greater than @) and an impact would take place. 
The desired form of response is shown in Fig. 4. 
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Fig. 4.—Step-function response waveforms showing the effect of the 
auxiliary loop. 


In the case of a linear second-order system, critical damping 
of the auxiliary loop would give the required result. However, 
the requirement of minimum backlash transit time, and hence 
high gain, results in saturation of the power element and, if 
the gain is increased too much, the response exhibits overshoot 
even with critical damping.> Accordingly the damping of the 
auxiliary loop must be greater than critical. 

Fig. 5 gives a comparison between the calculated and measured 
values of the damping factor and transit time as a function of for 
a second-order system. The servo system used for the measure- 
ment employed a type 73 servo-motor with field control, and 
backlash of 3° amplitude was introduced intentionally. The 
theoretical curves were obtained from a phase-plane analysis 
which took account of coulomb friction and saturation.© It 
should also be pointed out that the noise in the system was pur- 
posely increased by using poorly filtered position signals from 
synchro receivers. This procedure was adopted to introduce the 
effect present in higher-order systems which have lags in the 
power-amplifying stages. Such systems may be stabilized by 
electrical networks inserted before the power amplifier, and the 
noisy signal, fed into the first power stage, is filtered but little 
before reaching the saturating element. 

It has been deduced® that the discrepancy between the cal- 
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Fig. 5.—Comparison between the calculated and measured auxiliary- 


loop step-function response time and damping factor for zero 
overshoot. 


culated and measured curves of Fig. 5 is due to the presence of 
noise. The curves do show, however, that with very large values 
of n sensibly practical damping factors prevent overshoot. 
Nevertheless, it is apparent that the presence of noise prevents 
any appreciable reduction in the transit time. Even so, a transit 
time of 0-1sec with the large backlash angle of 3° is quite 
satisfactory for this servo system whose normal-loop natural 
frequency would be about 1-2c/s. 

Reduction of the transit time may not, therefore, be the 
deciding factor in choosing the gain of the auxiliary loop. This 
must also be chosen so as to make the auxiliary-loop signals 
predominate during the periods of separation. If this is not 
achieved the response during a separation period becomes 
dependent on the position and velocity of the resetter, and the 
transit time then depends on the amplitude of the overshoot of 
the normal loop. When examining the technique on the test 
rig it was found possible to satisfy this condition, and recordings 
of the transit response showed that the transit time was inde- 
pendent of the normal-loop signals. In the analysis which 
follows we shall assume, therefore, that the transit time is 
constant and a function-only of the auxiliary-loop design. 
Transit times for a practical servo system will be deduced later. 


(4) PHASE-PLANE ANALYSIS OF A SECOND-ORDER POSI- 
TION-CONTROL SYSTEM USING THE STABILIZING 
TECHNIQUE 

From the discussion given above it may be observed that the 
suggested technique will minimize the last three effects attributed 
to backlash in Section 3.1. In this Section a phase-plane analysis 
will be outlined with the object of determining how well the tech- 
nique reduces the overshoot of the servo mechanism, For this 
purpose we consider the second-order position-control system 
shown schematically in Fig. 3, stabilized partly by output 
velocity feedback and partly by viscous friction applied to the 
motor and resetter. Positional reset is taken from the load side 
of the backlash as shown. 

When the motor is in contact with the load and resetter 
through the gearing, the equation defining the system is 


16) + Ky99 + KO) = KO, al eas 
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If 0; is a step-function input of amplitude 4 which reaches zero 
at time ¢ = 0, eqn. (7) becomes 


by + Ky8o + KO) =0 (8) 
The solution of this equation is well known and is 
8 es ue et csp ie B/E —&)coswit] (9) 
: VE) 
OF, 
and 6, = pele aa sin wt 10 
Va) fee 
If we now make the substitutions 
v = Oolwn (11) 
9p 60 4 
and “= + A 12 
i tT WV Bo Vb we 
btai Cie! i (13) 
we obtain v= > SN wt 
4/( 1 £7) 
peo 
and u= — —.— = cos wt (14) 
a-& 
LOCUS OF THE Vv /LOCUS OF THE 
POINTS OF \ if POINTS OF 
SEPARATION / RECONTACT 


TRAJECTORY 
DURING 
SEPARATION 


Fig. 6.—Phase-plane trajectories in the wv-plane for the linear system 
and the system with backlash using the auxiliary loop. 


Thus, if we plot the trajectory representing the transient in 
the uwv-plane, as in Fig. 6, the polar co-ordinates of any point 
(u, Vv) are 


r= /(w + v?) (15) 

and p = arc tan (v/u) (16) 
so that from eqns. (13) and (14) we have 

eink 5 E lar — | i 

REARS pan eS WP 


Eqns. (16) and (17) represent a logarithmic spiral in the 
uv-plane. 


(4.1) Points of Separation on the uwv-Plane 


Eqns. (16) and (17) describe the motion of the output so long 
as it maintains contact with the motor. During the period of 
deceleration a point is reached when the deceleration of the 
motor exceeds that of the resetter. At this point the two 
members separate. 

The decleration of the motor just before separation is obtained 
from eqn. (8) as 

Ky9) + K% 

I 


ge (18) 
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The motion of the load and resetter during a separation is 
defined by 


185 + Ky) = 0 (19) 
Thus the load deceleration is given by 
pee wn ay (20) 
I, 


At the point of separation the deceleration of the motor just 
equals that of the load. Thus the instant of separation is 
obtained by equating eqns. (19) and (20). Therefore 


—Kyr Ky + Ko 


A he 7 


(21) 
for a separation. 

By transforming eqn. (21) through eqns. (11) and (12), points 
of separation in the uv-plane are characterized by 


, va-2, 
a bal sital 


where the subscript s indicates the beginning of a separation. 
The point of separation on any particular trajectory occurs at 
the intersection of that trajectory with the locus defined by 
eqn. (22) (point B, Fig. 6). 


(22) 


(4.2) Points of Recontact in the uv-Plane 


We have already seen that, provided that the gain of the 
auxiliary amplifier is made sufficiently large, the period of separa- 
tion is constant. After this fixed period of separation, 7, there- 
fore, the auxiliary loop is switched out of circuit and the trajectory 
in the wv-plane is once more defined by eqn. (8). The initial con- 
ditions to be substituted into eqn. (8) are those existing at the 
instant of recontact. Since the motor is brought into contact with 
the load with zero relative velocity the initial conditions are the 
velocity and position of the load at the end of the separation 
period. These conditions are obtained by solving eqn. (19). 
They are 0, and 0,, and are given by 


B50 aa bos exp (—2f,w,7) 
26, an(Bo¢ <r 8,5 aT pe a Doc 


where the subscripts c and s indicate the instants of contact and 
separation, respectively. After transforming eqns. (23) and (24) 
through eqns. (11) and (12) and eliminating the initial conditions 
by substituting from eqn. (22), the relation between v, and u, 
may be simplified to give 


(23) 


and (24) 


26/0 — @u, 
(222, — 1 + exp 2f,w,7)(1 + 407 — 4007)] 


Points of recontact occur where the trajectory (eaeente the 
motion during a period of separation intersects the locus defined 
by eqn. (25).. A more direct method of determining the point 
of recontact is to use eqn. (23) to obtain 


(25) 


Upc 


UV, = U, exp (—2f,w,,7). (26) 
and then by measuring v, from the trajectory to compute 2,. 
This value of v, must then lie on the locus of the points of recon- 
tact. Having thus plotted the trajectory up to the point of 
recontact (point C, Fig. 6) the trajectory from C to the next 
point of separation can be drawn, since it takes the form of a 
logarithmic spiral. Fig. 6 shows the complete trajectory and 
also the trajectory obtained in the absence of backlash. 
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(4.3) Overshoot of the ‘Transient Oscillation 


In this Section we shall be concerned with the question: how 
closely does the overshoot approach that of the linear system? 
Maximum overshoot occurs when 6) = 0, or in the uv-plane 
shown in Fig. 6, when v = 0. Thus the overshoot of the non- 
linear system is OD whilst that of the linear system is OD’. 
Now both trajectories, C’D’ and CD, turn through the same 
angle in moving from the locus of the points of recontact to the 
axis v = 0 and both are logarithmic spirals with the same decre- 
ment; therefore 

OD OC 

OD’ OC’ 
OC = (02 + BB) = 1eV/(1 + 03/22) 
Using eqn. (23) we obtain 


OC =v, exh (—2hre,zW/d + RD) 


(27) 


Now . (28)% 


(29) 


The ratio u,/v, depends only on the system parameters and may 
be calculated directly from eqn. (25). 
Using eqn. (17) we have 


OC’ = OB exp oo v(m mice a (30) 
where B = arc tan (v,/u,) — arc tan (v,/u,) 
But OB = (v2 + 02) = 19/0 + 12/02) (1) 
a = 8 
Therefore OC’ = v, exp Fe Tre | JU + 12/0) (32) 


The ratio u,/v, may be calculated directly from eqn. (22): 


pie (— 2f,w,7)>/(1 + u2/v2) - G3) 


exp r= al VU + v2 /v2) 


Eqn. (33) defines the ratio of the percentage overshoot for the 
non-linear system to the percentage overshoot for the linear 
system. It will be apparent that this ratio, I’, is dependent on 
system parameters and, in particular, on the transit time, T. 
Before going on to discuss the ratio I’, therefore, it is necessary 
to make an estimate of the value of t obtainable in practice. 


OD 
OD’ 


(4.4) Estimating the Transit Time 


The transit time depends on the gain of the auxiliary loop. 
Increasing the gain reduces the transit time provided that the ~ 
power element does not limit. Ultimately, saturation prevents 
appreciable reduction in transit time, and the minimum time is 


obtained with virtually ‘hard-on, hard-off’ control. Under these 
conditions 7 is given by’ 
Teel 
Tin = 2a] (FE) G4) 
qmax 
where 7jnax is the maximum torque available. If we now 


assume that a step of amplitude 6, demands maximum torque 
we have 


Tomax = K6, (35) 
and therefore 
te. Iu BL 
Fra = ay ( KO, ; 


r to saturate the motor when the step ore is applied to the 


| auxiliary loop. This means that 
KeOp, = KO, . (37) 


| If we examine the transient response of a reasonably well-damped 


| response time is approximately 3/w,. 
_ of the auxiliary loop is 


Hence the response time 


| Tmax 3/wy . (38) 
| where wy is the natural frequency of this loop. 
Kal it) 
ag ot = / f Sao) 
which, on substituting for « from eqn. (37), gives 
| 
/) Rerrespaheranua 6! 
oH 4) (7 5) one G2) 
Thus meses oa (=) Sn (40) 


Comparing 7,,,., and 7,,;, it is seen that varying the auxiliary- 
loop gain over the entire practical range does not give appreciable 
change in the transit time. Thus we shall assume a value for 7 of 


uD Ee Der 


when calculating the overshoot. Furthermore we shall assume 
that Ing = I, > T/2 and 0, = 200 pr. 

This latter assumption means that a step of 20 times the 
backlash angle just causes saturation of the normal loop. With 
these assumptions, w,7 = 0:4. Fig. 7 shows how the ratio [’ 
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Fig. 7.—Comparison of overshoot of servo system with the auxiliary 
loop and that of the linear system for the case where ¢€, = 0 
and w,t = 0-4. 


varies with ¢ for the worst possible case, namely £, = 0. It may 
be seen that the overshoot of the non-linear transient is never 
appreciably greater than that exhibited by the servo mechanism 
without backlash. Furthermore, since I is independent of over- 
shoot the non-linear transient is identical with a linear transient 
with slightly smaller damping. For example, suppose ¢ = 0-5 
and ¢, =0. Fig. 7 shows that I. = 1-106. A linear system 
showing the same overshoot would have a damping factor 
¢ = 0-48. In other words, the method of stabilization linearizes 
the step-function response but results in very slightly reduced 
damping. 


(5) ANALOGUE COMPUTER STUDY 


The servo system examined with the computer is one in which 
the friction/inertia ratio for the load side of the backlash is very 


é 
7 
; 
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large. This implies that the motor and load separate only when 
the velocity of the motor changes sign. Such systems receive 
no assistance from the motion of the load when transporting 
the motor across the backlash. Accordingly they present the 
most difficult conditions under which the auxiliary loop has to 


operate. Fig. 8 shows the schematic arrangement of the addi- 
=: 4k 
B(8y7 8) [aIGH=GAIN|_|, [HIGH-GAIN ; 
AMPLIFIER] AMPLIFIER 


BI-STABLE 
CIRCUIT 


DOUBLE 
DIODE 
CLAMPING 
CIRCUIT 


ADDING 
AMPLIFIER 


© &(O,- ©) 


TORQUE SIGNAL 
APPLIED TO THE 
MOTOR FIELD 
AMPLIFIER 


Fig. 8.—Schematic of circuit-elements employed by the 
auxiliary loop. 


tional circuits required for the auxiliary loop in the analogue 
study. The circuits have also been used to realize the technique 
on a test rig. 

Separation is detected by feeding a signal BO — 6,) into 
a high-gain amplifier. Pulses thus produced are supplied to 
bistable and monostable circuits. The bistable circuit pro- 
vides the step output «0,, whenever a pulse is received, the 


sense of the step being determined by the sense of - Ou - 6,). 


By adding this output to signals o(@,, — 0;) and B(@,4 — @,) the 
error signal for the auxiliary loop is obtained. The monostable 
circuit provides the gating waveform for the auxiliary-loop error 
signal; its recovery time-constant being adjusted so that the gate 
is opened for the time taken by the motor to move across the 
backlash. 


(5.1) Transient Response from the Analogue Computer 


Waveforms showing the transient response of a second-order 
linear system, the system with backlash and the system stabilized 
by the auxiliary loop are shown in Figs. 9(a), (6) and (c). The 
most undesirable features of the response with backlash are the 
increase in rise time and settling time. It may be recalled that 
settling time is increased because the motor takes longer to 
traverse the backlash when the overshoot becomes small. With 
the auxiliary loop correctly adjusted, the separation period 
remains constant and the transient response is thereby improved. 
Measurement of the transient also indicates that the overshoot 
with the auxiliary loop is the same as that of the linear system. 

Examination of the motor-velocity waveforms reveals that, 
at the instant of separation, the motor velocity rises instan- 
taneously and then, as the motor approaches the other side of 
the backlash, falls to become almost equal to the load velocity. 

The instantaneous rise in motor velocity is effected by 
stabilizing the auxiliary loop with derivative of error. Had 
output-velocity feedback been used, the rise in motor velocity 
would have been more gradual and thus the time to cross the 
backlash would have been increased. 

In a practical system, saturation of the power element limits 
the rate of change of velocity still further. 

Another interesting possibility in practical systems is that of 
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when the increase in the backlash is equal to the amount likely | 
to cause oscillations in the absence of the auxiliary loop. In} 
any event the simple re-adjustment of the signal «0g, will com- | 
pensate for changes in the amplitude of the backlash. 

Comparison of Figs. 9(a), (6) and (c) will also show the | 
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Fig. 9.—Transient response with the auxiliary loop, illustrating the 
effect of reducing the amount of backlash. 

Ir/Ly = 1-36; V/Ozr = 1-64. 

(b) Ky/onI = 0-73. (©) Kyp/onI = 1-06. 


All velocity feedback from the motor. 
(a) Ky/wnI = 0-34. 


changes in the amount of backlash present. The effect of 
reduced backlash, the worst case, is illustrated in Figs. 9(a), (d) 
and (c). Itis apparent that, if the backlash decreases sufficiently 
without adjustment of the auxiliary loop, sustained oscillations 
may result. Fortunately, backlash in practical systems tends to 
increase with time, and, in this case, oscillations will only result 


improvement in response obtained when the low-frequency loop 
damping is increased. It is apparent that, whilst the response | 
with backlash is not improved satisfactorily, the auxiliary loop | 
results in the same improvement as is shown by the linear servo | 
system. 
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All positional reset taken from the load. 
All velocity feedback taken from the motor, 


Finally, Fig. 10 illustrates the effect of varying the ratio of 
inertias. It may be seen that the auxiliary loop removes the 
dependence of the step-function response on this ratio. It 
should be borne in mind that the analogue computer gives 
only an approximate representation of the actual system, for 
it assumes that separations take place as the motor velocity 
changes sign. However, it has been shown? that the analogue 
computer gives a pessimistic estimate of the servo system’s 
transient response. 


(6) DISCUSSION AND CONCLUSIONS 


A method of stabilizing control systems with backlash has 
been introduced which requires an auxiliary control loop. This 
drives the motor across the backlash, in the appropriate direc- 
tion, whenever the motor and load tend to separate. It has been 
shown that the method improves the step-function response to 
that of the servo mechanism without backlash. Also, since the 
motor is always controlled to one side of the backlash, the 
dead space is effectively removed and the positional accuracy is 
thereby improved. Mechanical wear is reduced because the 
auxiliary loop minimizes the impacts which tend to occur 
between motor and load. 

The analogue computer study has illustrated the degree of 
improvement effected, and it has been shown schematically how 
one may realize the desired switching sequence. Certain diffi- 
culties encountered in the practical application have been 
omitted from this introduction, however, for the sake of a clear 
presentation of the basic idea, a simplified though adequate 
analysis and the requirements of the auxiliary loop. Some of 
the difficulties experienced when realizing the technique on a 
test rig of a second-order position-control servo mechanism will 
now be outlined. 

The first problem arises in the accurate measurement of the 


difference between motor position and output position in servo 
| systems with small amounts of backlash. For, if we suppose that 
|the servo system will be satisfactory when the backlash is virtually 
reduced by a factor of ten, we require that the inaccuracy in the 
. measuring instrument shall not be greater than 9,,/10. Since the 
|most accurate synchro has a maximum error of about 3’ the 
|minimum amount of backlash that can be overcome is 30’. In 
large servos this restriction may be eased by using highly accurate 
| instrument gears to amplify the difference position, although it 
jis 4s well to point out that, when the amount of backlash present 
is small, dry friction, inherent in many servo systems, tends to 
|damp out small-amplitude oscillations. 

| Coupled with the measurement difficulty is the detection of 
‘the instant of separation. Differentiation of the difference- 
| position signal provides a suitable voltage from which to derive 
the pulse indicating separation. However, with this method, 
if the motor should start from rest in the middle of the backlash 
| the first separation is not detected. To overcome this, detection 
may be achieved by interruvting the light incident on a photo- 
transistor with two toothed discs mounted on both the driving 
‘and driven shafts. Any relative motion between the two shafts 
then produces a pulsed output from the photo-transistor. 

A further complication may arise if the backlash present is a 
function of the angular position of the gear wheels. Such a 
dependence may be caused by variations in the dimensions of 
| individual teeth or eccentricities in the gear mounting and shafts. 
| The former of these causes is not so important, for the variations 
| tend to decrease as the gears arerunin. The latter, however, is 
| more serious because the step applied to the auxiliary loop at 
\the start of a separation may be greater than the actual 
| backlash for that particular angular position. As a result, 
an increased impact may take place and, because the auxiliary 
loop has not removed all of the additional energy given to the 
| system at separation, sustained oscillations may result. These 
| oscillations can only be excited for certain angular positions of 
| the output. Figs. 9(a@), (6) and (c) from the analogue com- 
puter study illustrate this possibility. This drawback may be 
' overcome by making the step applied to the auxiliary loop 
_ dependent on angular position, using a function generator 
supplied with 0) or 6,4 to generate the appropriate value of 
the step Op,. 

The transient response of the auxiliary loop is of fundamental 
| importance to the method, and the design of this loop may prove 
| difficult in higher-order systems. The test rig used by the author 
is basically second order with a field lag. Saturation, noise and 

the presence of coulomb friction limit the response time of the 
/ auxiliary loop. : 

A phase-plane analysis based on the assumption that a 
phase-advance network cancels the field lag may be used to 
design the auxiliary loop for zero impact.® The response time 
and damping factor thus obtained compare favourably with 
| measurements from the rig. Discrepancies arise because noise 
and saturation prevent complete cancellation of the field lag and 
also reduce the effective gain of the loop. 

In higher-order systems it is probably more expedient to 
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derive the best damping by a combination of describing-function 
analysis® and test-rig measurement. However, although it may 
be possible to design the auxiliary loop so as to prevent impact, 
the time of response may be so impaired that the improvement 
effected does not justify the extra equipment except when mech- 
anical wear is the prime consideration. An estimate of the 
degree of linearization for the step-function response may be 
made from the analysis already given, once the response time 
of the auxiliary loop is known. Further, because of the nature 
of the technique, the system behaves as a linear one for any 
type of input. Measured frequency/response characteristics 
compare with those from the rig without backlash and with 
reduced damping. 
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SUMMARY 


In the present Part an attempt is made to determine the nature of 
the dissociative action which accompanies the passage of a current 
through a barium-strontium-oxide matrix at 1020°K. Two identical 
oxide systems operating at a common temperature and passing the 
same quantity of electricity but at different rates might be expected 
to suffer the same mass of oxide dissociation. Experiment shows, 
however, that such is not necessarily the case and that dissociation 
mass is determined by rate of application of electricity rather than by 
the total quantity of electricity. 

The products of dissociation are shown to be in ionic form, and 
experimental arrangements are made for the separate collection of the 
ions in chemical form on a relatively massive scale. 

A working hypothesis is offered in explanation of the experimental 
observations. 


(1) INTRODUCTION 


The present Part examines the circumstances under which a 
passage of current causes the chemical dissociation of the barium- 
strontium-oxide matrix. That such dissociation occurs has been 
known since the earliest days of the art, and it has long been 
assumed that the phenomenon is a solid-state electrolytic one 
determined in magnitude by the laws of Faraday. Following 
the contemporary view of the cathode as two parallel conducting 
elements—one solid and the other vacuum—it would seem that 
the electrolytic phenomenon must be associated with the solid- 
conduction phase and be largely independent of the vacuum 
flight of electrons through the matrix. Until recently the authors 
would themselves have held this conventional view, but as a 
result of experiments to be described in the present Part, they 
now have reservations as to the basic nature of the dissociation. 
According to the evidence set out in the paper it would seem 
that the dissociation is not of a Faradaic nature, is associated 
primarily with the vacuum passage of electrons through the 
porous matrix, and is markedly dependent on electron flight 
velocity. Such an action cannot be appropriately described as 
electrolytic, and it is for this reason that an apparently prolix 
sub-title has been chosen for the paper. 


(2) EXPERIMENTAL PROCEDURE 
(2.1) Development of an Experimental Method 


The primary object of the present exercise is to demonstrate 
first in direct and convincing fashion the act of current-dependent 
dissociation, and then to see whether the Faradaic law of 
proportionality between quantities of current and dissociated 
oxide is obeyed. 


The paper is a continuation of Monographs Nos. 221 R and 243 R, published in 
February and June, 1957 (see 104 C, pp. 316 and 496), Nos. 268 R, 269 R and 289 R, 
published in December, 1957, and February, 1958 (see 105 C, pp. 183, 189 and 374), 
No. 317 R, published in November, 1958 (see 106 C, p. 55) and No. 347 E, published 
in October, 1959 (see 107 C). 

Correspondence on Monographs is invited for consideration with a view to 
publication. 
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Fig. 1 shows a typical conductivity/temperature characteristic 
for an oxide matrix held between parallel plane electrodes. At 
the conventional operating temperature of 1020°K conduction 
is partly by way of a solid conductivity, o,,), and partly by wa: 
of a parallel vacuum~conductivity, oy... Where Oye > Fol 
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Fig. 1.—Typical conductivity/temperature characteristic. 


Both of these conductivities have been shown to obey Ohm’s 
law in their current/voltage relationships. For any applied 
voltage V4 it follows that 


Vsa= Toil sol = death Ovac 
or Dyacl Leo = Ovacl Oso] = constant 
oF Tso1 oe Tac y 


The current, J,,;, carried by the contiguous chains of solid 
particles is therefore always proportional to the current, Jyoe, 
passing vacuum-wise through the hollow pores. Furthermore, 
since I,,, > I, we can write I,,,; °C I, without sensible error, 
where J, is the total current carried by the matrix, measured with 
an external ammeter. 

Suppose now that J,,; has an electronic component J, and 
an ionic component J; in fixed ratio to each other. Then 


yell, +]; 
oc I; 
oc m 
where m is, by Faraday’s law, the quantity of oxygen or barium 
liberated per second at the appropriate electrode by J;. At 
constant temperature, therefore, the rate of dissociation of the 


oxide matrix should be proportional to the current J, traversing 
the matrix. In other words, a certain quantity of electricity will 
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‘ate at which it is applied. 
|| Fig. 2 shows two identical S-assembly systems working at a 
/ommon temperature T°; one system carries a current J4, for 


TIME t, TIME ty 


Fig. 2.—Representation of the basic experiment. 


ime ¢; and the other a current [4 for time ft, such that both 
“systems pass the same quantity of electricity, Q, i.e. 


OQ = Lgyt) = Iyahr 


On the assumption that the oxide matrix does indeed possess an 
ionic conductivity at temperature T°, the total quantity of oxygen 
delivered at each anode will be the same—as, of course, will be 
the total quantity of barium metal at each cathode. All that is 
‘now required is a means of storing and subsequently comparing 
the quantities of oxygen delivered to the anodes. If the same 
jend can be achieved with barium delivered to the cathodes, so 
much the better—although this is not essential. In respect of 
‘oxygen released at the anodes, the most convenient method of 
storage is chemical in the form of black oxide of nickel, NiO, 
of Ni,0O3. Barium metal released at the cathode can be stored 
in platinum as a solid solution or alloy. 

__ The experimental plan can thus be summed up in the following 
\terms. Two identical systems (Fig. 2) are run at the same tem- 
\perature and pass the same total quantity of electricity but at 
different current levels. The products of matrix dissociation 
are stored at the electrodes by either chemical or alloying action. 
By comparing the quantities stored in the two cases it is hoped 
‘that a conclusion can be reached as to the nature of the dis- 
sociative action. 


(2.2) Experimental Arrangements 


A schematic of the experimental valve is set out in Fig. 2 
and this is seen to be a standard S-type assembly* with certain 
additional facilities. Each electrode is-provided with an indi- 
‘vidual thermocouple and the insulated internal heaters for each 
core are brought out of the vacuum envelope separately. The 
‘cores may be both nickel, both platinum or one nickel and one 
‘platinum, according to the requirements of a particular experi- 
‘ment. The valves are vacuum-processed in the standard manner 
described in Part 1 of the paper, except that carbonate decom- 
position is effected rather more slowly to avoid a tendency to 
|core oxidation by carbon dioxide. After activation to bring the 
/ matrix resistance at 1020°K down to the minimum Ry level, the 
_valves are ready for the proposed experiment. 

__ In order to set up a valve for measurement, certain essential 

precautions are necessary, and these will be described. Suppose 
that it is decided to conduct an experiment at a constant tem- 

‘perature of 1020°K. A valve is set up with I,, = 0 and its 

: * Specification of standard S-type assembly: ‘ ‘ 

Cores: Active nickel or pure platinum. 

Matrix: Co-precipitated equimolar barium-strontium oxide. 

Matrix density: About 1:0. 

Matrix thickness: 150. 


Matrix Area: 0:25 cm?2, 
Erratum: In previous Parts the area has been quoted in error as 0°45cm?2. 
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two heater inputs adjusted individually to give Toy = T4; = 
1020°K. The current 4; is now increased from zero to its 
predetermined value by adjusting a voltage V, between the 
electrodes. This current flow immediately alters the individual 
electrode temperatures in the manner described in Part 4 of the 
paper. By simultaneous adjustment of V, and the two core 
inputs Pyc and Py, the system is brought back into the desired 
temperature condition To; = T4; = 1020°K, while carrying the 
required current I4;. This condition is held for time ¢, to 
complete the passage of a quantity of electricity Q = J4;t;. A 
companion is next taken and adjusted in the same way but to a 
different current level, I4, with Te, = Ty = 1020°K and held 
for time f, such that QO = Iyyt; = I4ot>. This completes a 
single experimental run and the pair of valves are now ready 
for comparison of the quantities of dissociated ions on a pair 
of electrodes. 


(2.3) The Basic Experiment 


In a system with both cathode and anode cores of nickel, it is 
possible only to collect and store oxygen. The bulk of effort 
has been put into this system. In a typical experiment two 
identical valves are set up for the following condition: 


Common temperature, T = 1020°K 


Lay = 50mA 
t,; = 40 hours 

L402 — 500 mA 
t, = 4 hours 


Q = Lyi iS Lats = 2000mAh 


The two valves have now passed a common quantity of 
electricity at a common temperature, but at rates of transfer of 
charge differing by a factor of ten. After the valves are opened 
the four electrodes are carefully lixiviated with distilled water, 
dried and laid out for comparison. 

The two cathodic cores C, and C, are identical in appearance, 
with their working surfaces showing a light grey colour with the 
usual etched finish. The anodic core A,, which has received 
50mA for 40 hours, is hardly distinguishable in appearance from 
the two cathodic cores C; and C,. The anodic core Ay, which 
has carried the higher level of current, is, however, strikingly 
different and is coated with a layer of dense black oxide of nickel. 
The difference in appearance of A, and A, is, in fact, so marked 
that any anticipated difficulty in comparison does not arise. If 
the A, core is, for example, wiped with a wet filter paper, the 
outer layers of oxide are removed as a black smear on the paper. 
This description covers the basic experiment of the paper, and 
it has been repeated ten times with unvarying result. 

The basic experiment can now be summed-up in the following 
terms. The mass of the matrix dissociated by a fixed quantity 
of electricity at a fixed temperature is dependent on the rate of 
application of electricity. The rate of variation of dissociated 
mass with magnitude of current is great and comfortably within 
the sensitivity range of the black-oxide method of detection. 


(2.4) Dissociation Modes 


Let the mass of matrix dissociated per second by a current 
1mA be denoted by M. Then the observed mode of matrix 
dissociation can be compared with the Faradaic mode in the 
following terms: 


Faradaic mode: M = Constant and invariant with I4. 
Observed mode: M = f(I4). 


The two modes are therefore essentially different, and the 
observed matrix dissociation cannot be regarded as being due to 
electrolysis in the accepted sense of the word. 
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The manner in which M varies with I, can be appreciated in a 
qualitative way by observing the change of density of the black 
oxide over a range of J, at constant temperature and constant 
charge quantity Q. The relationship appears to take the general 
form shown in Fig. 3, in which the Faradaic mode is included 
for comparison. 


DISSOCIATION RATE, M 


FARADAIC MODE 


M=CONSTANT 


ce) 100 200 400 


CURRENT, I,, mA 


300 


Fig. 3.—Probable form of the relationship between dissociation rate 
and current. 


(2.5) Dissociation at Low Current Level 


At a current of less than 50mA at 1050°K there is no visible 
oxidation of the anodic nickel core in 2000mAh. The rate of 
dissociation has fallen either to zero or to a magnitude that is 
too small to give rise to any observable anodic oxide film. This 
lack of sensitivity of the detection method can be overcome to 
some extent by increasing Q, and experiments to this end have 
been undertaken. Keeping I, = 50mA at 1020°K the value 
of QO has been extended from 2000 to 80000mAh, whereafter 
it is just possible to recognize a black oxide film on the cooler 
parts of the anode core face. This experiment seems to have 
extended the method to its useful limit. The impression thus 
gained by the authors is that, within the context of the 
experimental method, the dissociation rate is vanishingly small 
with I,<50mA but increases with progressing rapidity 
as I, increases. The current density at 1, = 50mA is about 
0-2amp/cm?. 

(2.6) Working Hypothesis 


It will be useful at this stage to set out the working hypothesis 
which the authors have adopted to explain the mechanism of 
the dissociation. At constant temperature the S-type assembly 
is ohmic in character and we can therefore write 


M = f(I4) 
ras F(V 4) 


where V’, is the voltage across the electrodes. This change gives 
a distinctive property to the electron—its speed of passage 
through the matrix. 

The basic assumption of the hypothesis is that of the current 
elements in the equation 


[4 °S Trae ale Teor = Tyae 


it is the vacuum element, J,,,, which causes the dissociation. 
This element is emitted thermionically at the cathode core face 
and proceeds vacuum-wise through the matrix on a start-stop 
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basis, with electrons dissipating energy in the form of heat | 
successive non-elastic collisions with the impeding oxide particle 
It is a basic assumption of the hypothesis that these collisio 
are the sites at which dissociation occurs. 

Consider an idealized matrix of thickness d and consisting 
uniformly spaced identical oxide particles of separation / sui 
that d= nl. During passage of a current J, under a potenti 
V4, each electron will make vacuum flights of length / and sufi 
n non-elastic collisions with the impeding oxide particles. If 
is the power delivered to each particle and there are a total of 
particles in the matrix, P = V,,1,|N, and this accession of pow 
will cause each particle to rise in temperature until it comes in 
equilibrium with its surroundings. It will be supposed now th 
as the electron bombardment power P is steadily increased the 
comes eventually a critical temperature, T,,;,, at which a partic 
dissociates and its ions separate in the electric field V4/d. Tt 
is our elementary model, and in its present state it clearly suffe 
from two defects, namely 


(a) The onset of dissociation is sudden and complete at sor 
critical value of Z4 corresponding to Tori: in practice there is ; 
critical value of I4. 

(b) The model will work only if its temperature as a whole 
allowed to rise to Torit, Whereas in practice dissociation is shown 
be a function of Z4 at constant temperature. 


The first defect of the model is readily overcome by rearrangi 
the distribution of particles. Suppose in one part of the matt 
the particles have a spacing 2/ in the direction of electron fic 
instead of the standard spacing /. Electrons passing throu; 
this low-density section will make only n/2 flights and collisio’ 
and will in consequence deliver twice the power P to ea 
bombarded particle. Assuming uniform current density in t! 
matrix, it is then clear that the lower-density section will arri 
at the critical temperature T,,;, before the high-density sectio 
There will thus be two critical values of I, at which dissociatic 
will occur. If now the process is taken to the limit and t 
separation distance / made random, then, so far as the matt 
as a whole is concerned, the critical condition is eliminated a1 
M will become a continuous function of J4. The general conce 
will be clear from Fig. 4, which shows a matrix cross-section Wi 


ELECTRON FLOW, I, 
—=— 1 CONSTANT ——» | =—— 1 VARIABLE ———+ 
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Fig. 4.—Model of cross-section of the matrix, showing the distributic 
of oxide particles. 


dots representing oxide particles. Under a steadily increasir 
value of J, the column of particles marked 1 will be the first 
reach the critical temperature and to dissociate. Columns 2- 
will follow at discrete intervals of 7, and columns 8-14 wi 
disintegrate simultaneously shortly after the disappearance « 
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2olumn 7. Assuming a permanent separation in the electric 
field of the dissociated ions, the model obviously implies the 
altimate disappearance of the matrix. 

| The randomization of the particle-separation distance, /, gives, 
not only the required form of continuous relationship M = f(,), 
but also avoids the temperature difficulty mentioned in (6) above. 
The matrix as a whole can now be kept at a constant mean 
temperature while allowing small numbers of individual particles, 
sited at the end of long electron runs, to come up to the critical 
temperature. In other words, the condition 


Torn > To = T4 = 1020°K 


iS quite compatible with the conditions under which the basic 
sxperiment of Section 2.3 was performed. 

Further consideration will now be given to an individual 
9article which is about to arrive at the critical temperature. As 
[, and V, are steadily increased the core temperatures, JT; and 
[,, can each be maintained at 1020°K by adjustment of the 
sore heater inputs Pyco and Py,4. Somewhere within the 
andomly arranged reticule of particles will be a longest electron 
un and the particle at its terminus will be the one to receive 
sombardment power at the fastest rate. As the particle reaches 
he critical temperature its constituent ions separate in the 
lectric field, with the negative oxygen ions migrating to the 
inode and the positive barium ions to the cathode. The picture 
0 far images the disintegration of the particle as a whole, but 
uch a large-scale event is not essential. A stream of high- 
felocity electrons may strike one particular oxide molecule of a 
yarticle, giving to it sufficient vibrational energy to dissociate in 
he field. Such a piecemeal destruction is perhaps more credible 
han disintegration of the particle as a whole. In other words, a 
mall finite point on a particle may come up to the critical tem- 
erature without the necessity for bringing the particle as a whole 
ip to the required temperature. The relative functions of L, 
ind V, emerge clearly from the picture: below some critical 
ralue of V, there will be no dissociation, but above this value 
he rate of dissociation will increase with increase of both 
V4 and J, ‘Ae 

(2.7) Bulk Separation of the Ions 


A return will now be made to experimental observation. A 
roup of standard S-type assemblies is prepared with pure 
jlatinum cathode cores and active-nickel anodic cores. One 
uch valve is operated at 800mA for 4 hours, and then opened 
or examination of the core surfaces. After removal of the 
arium-strontium-oxide matrix by lixiviation in distilled water, 
he two cores are dried and laid out for inspection. The nickel 
modic core is coated with the usual layer of black nickel oxide, 
jut interest now centres on the platinum core. The working or 
urrent-carrying surface of the platinum is quite distinctive in 
jppearance compared with the non-working surface. It shows 
lo signs of crystal boundaries, is of a characteristic matt finish, 
nd is very hard compared with the non-working surface. At 
his stage the platinum core is washed in dilute hydrochloric 
cid, refitted with a new interior heater and remounted in a glass 
nvelope. After the usual vacuum-processing the valve is sealed 
rom the pump and the core set at 1400°K for 70 hours. At 
he end of the experimental run the glass wall of the envelope 
ypposite the non-working surface of the rectangular core is quite 
lear, showing a negligible evaporation of platinum metal, but 
he glass wall opposite the working surface is covered with a 
lense black metallic deposit of sufficient thickness to obscure 
ll sight through the wall. When the envelope is opened to 
itmosphere the black deposit disappears instantly, leaving a 
vhite film which is found by spectrographic analysis to be a 
nixture of barium and strontium radicles. 


In another experiment a tube is run at 1100°K with a cur- 
rent of 170mA for 2000 hours. After opening the tube the 
platinum cathodic core is lixiviated in dilute acetic acid to 
remove the matrix from the inner current-carrying surface and 
the outer non-working surface. Photographs at a magnification 
factor of 200 show the typical appearances of the two surfaces. 
The non-working surface, which has been covered with barium- 
strontium during the test run, is shown in Fig. 5 and the crystal 


Fig. 5.—Non-working surface of platinum cathode core (x 200). 


Fig. 6.—Working surface of platinum cathode core (200). 


boundaries of the platinum core are clearly visible. Fig. 6 shows 
the working surface, with its characteristic matt finish covered 
with irregularly spaced promontories of barium-platinum alloy. 
Fig. 7 is a cross-section of the core wall with a magnification 
of 1000 and gives an idea of the magnitude of the alloy pro- 
montories in relation to the thickness of the core wall. Fig. 8 
is a cross-section with a magnification of 1000 at a point where 
barium alloying has been particularly deep. Over areas of the 
working surface where substantial alloying has occurred it is 
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Fig. 7.—Cross-section of working surface of platinum core (x 1000). 


Fig. $8.—Cross-section of working surface of platinum core showing 
area of deep alloying (1000). 


observed that mechanical buckling is present. This is doubtless 
due to a bimetallic-strip action with the alloy developing a 
different coefficient of thermal expansion from that of the under- 
lying pure platinum. 

The two experiments taken together show ion separation on a 
relatively massive scale. 


(2.8) Oxygen Action on the Matrix 


The behaviour of a standard S-type assembly fitted with 
platinum cathode and anode cores was studied in some detail in 
Part 2 of the paper. Under direct-current flow at 1020°K it 
was shown that the system has an inherent tendency to self- 
deactivation and that this tendency increase’ with increase of 
current level. The phenomenon is explained in terms of a 
current-dependent matrix dissociation with concurrent loss of 
barium by solution into the platinum cathode core. Since the 
oxygen ions find no chemical ‘sink’ at the platinum anode, the 
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gas tends to accumulate in the vacuum pores of the ma 
which suffers progressive deactivation: 


RG 


Pt 


Suppose such a platinum system is operated at 1020°K at: 
constant current of 100mA. The resistance of the device rise 
from the initial value Rp ~ 20 ohms to some maximum valu 
in the range 200-500 ohms, where it is held for a period ¢ 
20 hours. At the end of the test run the valve is opened and th 
two core pieces are separated with as little disturbance to th 
matrix as possible, i.e. each working core face is left with it 
white coating adhering to it. The cathode-core coating ha 
changed little in appearance and retains its original whit 
opaque powdery characteristic. The anode-core coating, how 
ever, is strikingly different-and a proportion of the coating ha 
apparently disappeared. What remains of the coating has los 
its opaque and powder-like quality and is now translucent an 
glittering in appearance. Under a magnification of 300 th 
particles appear fused and glass-like in character. 

An explanation of the change in matrix structure in the layet 
adjacent to the anode core must clearly be based on some inte! 
action between the discharged oxygen atoms and the matri 
itself. The most obvious reaction is the formation of bariun 
strontium peroxide, which could reasonably be expected to fus 
at the operating temperature of the system. 


(3) CONCLUSIONS 


The following conclusions may now be drawn from th 
experimental evidence: 

(a) At 1020°K a dissociation of the oxide matrix occurs fc 
current densities greater than 200 mA/cm2. 

(b) The mass of oxide matrix dissociated is not proportional t 
the quantity of electricity passed through the matrix. The dissocii 
tive action is therefore dissimilar to a classical electrolytic action. 

(c) At constant temperature the rate of dissociation is a dire 
but complex function of current density. 

(d) The products of dissociation are in ionic form. 

(e) Negative ions of oxygen can be collected in bulk as blac 
nickel oxide on a nickel anode. 

(f) Positive ions of both barium and strontium can be collected i 
bulk in solution or alloy form in a platinum cathode. 


The observations are explained in terms of a model in whic 
isolated oxide particles are brought up to some critical ten 
perature, 7;,,,. at which they dissociate thermally into the 
constituent ions. After this thermal dissociation the ions dri 
apart in the applied electric field. The increase in temperatut 
of particular particles is due to their acceptance of impa 
energy from a stream of free-flying electrons, and preferre 
particles are probably those lying at the termini of long ele 
tron runs. 
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RADIATION FROM DISCONTINUITIES IN STRIP-LINE 


By L. LEWIN, Associate Member. 
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SUMMARY 


_A method of calculation, which should be adequate for strip-lines 
of small spacing, is proposed for the evaluation of the radiation of 
line-above-ground configurations. It is shown that an open-circuit is 
appreciably worse, from the point of view of radiation loss, than a 
short-circuit with a right-angle corner at an intermediate level. The 
radiation from a matched post is slightly worse than from the short- 
circuit, but it should be capable of considerable improvement by the 
use of a terminating frame antenna. Formulae are also given for the 
effects of reactive posts, with applications to a simple resonator. 


LIST OF SYMBOLS 


E = Electric field. 
f = Geometric form factor for strip-line characteristic 
impedance. 
F = Radiation factor (= Radiated power for unit incident 
current wave divided by 60(k?)). 
F, = Radiation factor for open-circuit. 
F, = Radiation factor for matched termination. 
F; = Radiation factor for general termination. 
F, = Radiation factor for short-circuit. 
F; = Radiation factor for general parallel stub. 
F = Radiation factor for reactive parallel stub. 
F, = Radiation factor for two-stub resonator. 
F, = Radiation factor for right-angle corner. 
Fy = Radiation factor for compensated matched ter- 
mination. 
i,, iy, i, = Unit vectors. 
J = Strip-line current. 
J; = Frame-antenna current. 
J, = Post current. 
I, = Effective polarization current. 
J = Current density. 
k = 2n/A. 
k' = kv/e. 
L = Loop perimeter. 
p = Frame-antenna parameter. 
P = Radiated power for unit incident current wave. 
QO = Resonator Q-factor. 
ro = Distance between current and field points. 
r = Radial distance from origin. 
R, Re/¥ = Current reflection coefficient. 
t = Dielectric thickness. 
T = Current transmission coefficient. 
V = Voltage. 
w = Strip width. 
X = Stub reactance. 
x, y, zZ = Rectangular co-ordinates. 
Z, = Strip-line characteristic impedance. 
Z,; = Frame-aerial characteristic impedance. 
Z = Post impedance. 
€ = Effective permittivity. 


Correspondence on Monographs is invited for consideration with a view to 
publication. Feet ‘ 
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e’ = Permittivity of spacing material. 
= Free-space wavelength. 
Il = Hertzian vector. 
¢ = Current co-ordinate in z-direction. 
6, 6 = Spherical co-ordinate angles. 


(1) INTRODUCTION 


The use of line-above-ground printed-circuit configurations 
for microwave applications is limited by a number of factors, 
including line attenuation due to metallic and dielectric loss, 
breakdown effects at high power levels and radiation from dis- 
continuities. The latter constitutes one of the major limiting 
features at the higher frequencies, and, in order to permit the 
extension of the technique into this range, it is necessary to 
understand, and ultimately to control, this radiation. The 
purpose of the paper is to explain a method of calculation which 
should contain all the essential features of strip-line radiation. 
Its application to any particular case is then mainly a matter of 
evaluating the appropriate expressions, which may be done 
analytically or by numerical calculation. The method is 
illustrated by a variety of examples. 


(2) METHOD OF CALCULATION 
(2.1) Field Under the Strip 


Fig. 1(@) illustrates a strip-above-ground configuration located 
along the z-axis of a co-ordinate system. The strip, of width w, 
is spaced a distance t from the ground-plane, or, alternatively, 


(a) 
AIR 
(0) 


Fig. 1.—(a) Strip above ground and co-ordinate system. 
(b) Lines of electric force under the strip. 


a distance 2t from its image therein. The spacing material has 
a permittivity ¢’. 

Fig. 1(6) shows the lines of electric force in a cross-section of 
the strip-line. Immediately beneath the centre of the strip they 
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pass uniformly to the ground-plane. Near the edges they bow 
away somewhat, and a small fringe field ‘leaks’ into the air 
surrounding the upper part of the strip. If it were not for this 
leakage the wave under the strip would be of the transverse 
electromagnetic type. In fact, such a field form is a close 
approximation to the actual strip-line mode and is commonly 
used for most theoretical investigations on strip-line. This 
approximation will be adopted here. Its main shortcoming is 
the incorrect propagation velocity which it predicts. The 
measured effective permittivity as determined by the strip wave- 
length is about e« = 2-25, whereas the measured permittivity of 
the spacing material (Teflon-impregnated fibre glass) is about 2-8. 
This discrepancy can be allowed for by using for the permittivity 
the empirically determined value rather than the material per- 
mittivity. This same value also occurs in the formula for the 
wave impedance of the strip, since the voltage and current are 
related by 0V/dz = — jwI, and the z-differentiation introduces 
into the formula the quantity k’ = ky/e (where k = 27/A and A 
is the free-space wavelength). Accordingly we write for the 
wave impedance of the strip 


= BL Pa ae eat 5.0) 


where e€, as indicated above, is the empirically determined or 
effective permittivity and fis a geometric factor, different from 
unity because of the bowing out of the lines of force near the 
edges of the strip. For a tin strip with ;¢in strip-ground 
spacing its numerical value, as determined by measurements of 
the strip impedance, is about two thirds. Since Z, is inversely 
proportional to capacitance per unit length, f is equal to the 
voltage/charge ratio divided by the same quantity for an assumed 
uniform field concentrated under the strip. 


w/2 
[aw ot J obey 
Hence Prin eee Secs 64 07) 


aay oe xx = 0d [orae 


where o£, is the uniform field under the strip and equals —V/t, 
minus the voltage divided by the spacing. Eqn. (2) simplifies to 


f= —wvt | Eds ig eh te Wet) 


where E is the field normal to any equipotential of which ds is 
an element. 


(2.2) Dielectric Polarization 
Maxwell’s second equation for the magnetic field can be 
written as 


Curl 7 = pee = 


ae -# ike — 


1) 

300- * Fe tre 1207 Me De Fae le C) 
This equation shows that the dielectric polarization acts as an 
impressed current of density jk(e — 1)E/1207. Applying this 
to the field around the strip we see that, for 0 << x < £, € is the 
material permittivity, whilst, above the strip, the contribution is 
zero. If we take instead € to be everywhere the effective per- 
mittivity, as defined earlier, the contribution below the strip is 
under-valued and that above is over-valued. As an approxima- 
tion this may be justifiable, and it becomes increasingly more 
correct the closer is the strip-ground spacing. 
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If we integrate the polarization over the cross-section we 
the effective impressed current, J,, per unit length of strip. Itis 


__ 2jk(e = 1) 
b= a | aS. . . . . ¢ 


where dS is an element of area of cross-section. The factor 2 
arises from the positive image of the polarization currents in 
the ground plane. E in eqn. (5) is a vector with E, and E, 
components. The £, components are due to the bowing out 
of the lines of force and are oppositely directed on either side 
of the strip. Moreover, their images in the ground plane are 
also oppositely directed. There is therefore a high degree of 
cancellation of effects, and the E, components will henceforth 
be ignored. The integral in eqn. (5) i is accordingly replaced by 
J [J E,dxdy and approximately equals the integral tf Eds 
appearing in eqn. (3). If the two are identified, eqn. (5) 


simplifies to 
Sykes Daw 
1, 1200 7 (6) 
Moreover, the voltage V and the strip current J are related by 
V = Z2d1/dzG/k) =f ee eqn. (1) 


Substituting in eqn. (6) we have 


th = i . . . . . . (7) 


This formula will henceforth be used for the effect of the 
polarization of the dielectric under the strip. It is not rigorous. 
but it becomes so in the limit of very close strip-ground spacing 
in terms of the strip width. Although it seems very difficult 
to assess the numerical errors introduced it appears likely that 
good order-of-magnitude results can be obtained from eqn. (7). 
The approximations used are as follows: 


(a) TEM transmission. 

(b) Uniform dielectric in the neighbourhood of the strip, equal in 
magnitude to the value empirically determined from the meas 
propagation coefficient. 

(c) Neglect of the radiation from the E,-component of the bowed 
lines of force near the strip. 

(d) Identity of geometric form factors for the wave impedance 
and for the radiation from the E,-component of field near the strip. 


A further approximation, used in the subsequent analysis, is 
that ¢ is much less than the free-space wavelength. This will be 
so for all practical strip-line arrangements. Hence the radiated 
field from eqn. (7) will be proportional to t. This field will se! 
up a further dielectric polarization in the thin dielectric covering 
of the ground-plane, causing a radiation field proportional to 7 
This effect will be ignored, so that the calculations may be 
expected to give the field correct to the order ¢, and therefore 
the power to the order 7”. 


(2.3) Hertzian Vector 
In terms of the Hertzian vector 
_ = pe oy 7 
ant: c 
(dz is an element of volume) the electric field is given by 
E = grad div IT + k II 


For the strip-line configuration the integration with respect tc 
dz can be replaced by an integration over the cross-section anc 
an integration with respect to dz. The cross-section integratior 
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gives a current from the current density J, which is either the 
current J, of eqn. (7) or the strip current J. These are directed 
in the x and z directions, respectively. Moreover, associated 
with / is its negative image in the ground plane. For an infinite 
\strip-line the Hertzian vector is accordingly 


| mela 


k —a Io € 


__ 730i, a o ernst =. mt 


where i, and i, are unit vectors in the x and z directions, € is the 
variable of integration and 


m=ViP ty +e- I 
noa=VvVierPt+yY+e-O 
ro + fdro/dx if t is small 
=o + tx[ro 
Let us put r = +/(x? + »? + 2), the radial distance from the 
origin, so that, sufficiently far from the strip, we can put 
fo ~ r — 2(/r = r — C cos @ where @ is the angle between z and 


r (this is the usual far-field approximation). The integrals in 
eqn. (8) both involve 


epee pl 


Per 


2 


co 
Jo = [ eni'koosMdl LL) 
—-ca 
Since J = e—J*= for an assumed current wave from the left of 
the origin. Because the radiation from an undisturbed or 
infinite strip-line should be zero, it is necessary to see how eqn. (9) 
is to be interpreted. We assume that the dielectric is very 
slightly lossy, so that there is a small attenuation coefficient. 
Putting k’ — k cos 6 = ¢ for brevity, we get 


= ae Bee 
Jo = 8-¥]— je| > eke 
\-2 


This is infinite if c contains a small negative imaginary part 
corresponding to the strip-current attenuation. 

The reason for this result is as follows. Seen from the origin, 
the strip current in the negative direction appears to increase 
exponentially with distance, the integration to € = — L giving 
an infinite contribution in the limit. Since it is commonly 
assumed that the infinitely distant parts of the line can have no 
physical effect at the origin, it has been customary in analyses 
of this sort to ignore this contribution as being physically 
meaningless. This procedure is not, however, satisfactory, and, 
in the case of strip-line, it actually gives wrong results. 

If the limit is taken only to € = — L it is apparent that the 
Strip-line cannot be excited unless a generator is provided there. 
This could take the form, for instance, of an impressed current 
across the line at € = — L. The current will radiate in its own 
Tight, giving a term of the form e/*’—£/7, and, together 
with the contribution from the integral at € = — L, gives the 
radiation at the feed. With an enclosed system this radiation 
vanishes, so that a proper consideration of the conditions at the 
input can, in fact, justify the neglect of the contribution of the 
integral at the lower limit. (This aspect is pursued in more 
detail elsewhere,* where a similar situation occurs in the analysis 
of the radiation from an open-ended waveguide.) In the case of 
Strip-line the system is not enclosed and the impressed current 
of the feed merely augments the contribution of the integral to 
give the radiation from the input. 

Anticipating the results of Section 3.2, where the radiation 


* Lewin, L.: ‘Advanced Theory of Waveguides’ (Iliffe, 1951, p. 137). 
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pattern of a matched coaxial termination is investigated, it is 
apparent that the feed radiation will take a similar form (depend- 
ing on the details of the input), and will not therefore be 
negligible in its effect. For example, suppose that we have a 
strip-line 20m long with an attenuation of 1dB/m, and we are 
interested in the radiation 2m from the origin. The radiation 
from the feed will be reduced by a tenth due to the distance 
factor, but increased ten times because the current there will be 
ten times larger. Thus the two radiations are of comparable 
magnitude. This is an unusual situation because such long 
lengths of strip-line are not normally used: it is discussed here 
mainly to show how the attenuation factor can be responsible 
for a non-negligible feed contribution to the radiation. 

In practice the lengths are very much shorter, so that the 
exponential factor hardly enters, but the distance factors will 
then be comparable. Therefore, as workers in the field are well 
aware, the feed radiation can be a problem, and the design of 
transitions from waveguide or coaxial to strip-line with reduced 
radiation characteristics has been one of the problems to be 
solved in the utilization of the strip-line medium. 

If the feed radiation is significant, what could be the justifica- 
tion for ignoring it? The radiation of two aerials, as a function 
of their distance apart, varies rapidly when they are in close 
proximity, approaches its asymptotic value when the distance is 
about one quarter to one half a wavelength, and thereafter 
fluctuates with ripples of smaller and smaller amplitude about 
the asymptotic value as the distance increases. For distances 
in excess of about one to two wavelengths the mutual impedance 
of two aerials can usually be neglected. This means that they 
radiate substantially independently so far as the power output 
is concerned, although the shape of the radiation pattern will 
depend, of course, very markedly on the details of the arrange- 
ment. Thus, for strip-line configurations other than those in 
which the element of interest is extremely close to the feed, it 
may be assumed that the feed radiation, although of non- 
negligible magnitude, is independent of, and does not affect, 
the radiation of the component under investigation. It may 
therefore be investigated without the complication of adding on 
the feed field. Since this comes from the contribution of the 
integral at € = — L, the latter may therefore also be neglected. 
This really amounts to ignoring the attenuation factor altogether, 
and treating the contribution at infinity of exponentials with 
imaginary arguments as zero. This will now be done. 

We therefore return to eqn. (8), which can now be simplified to 


hse = aaet aC i 55 of — i, ke sin 8 cos $1) 


ike cos 0gf 


he = 


(10) 


Here sin 6 cos 6 = x/r, which is the cosine of the angle between 
the x-axis and the radial vector from the origin. The approxi- 
mation in eqn. (10) refers to the far field, and we have taken 
ge Jkt ~ 1 — jkt. 

To find the electric field the vector operator (grad div + k*) 
must be applied to the Hertzian vector. It is readily found, 
using spherical co-ordinates, that E, = 0 to the far-field approxi- 
mation, whilst the @ and ¢ components are 


Ea = k? (cos @ cos 11, — sin 611, } 
E; = —F sin OIl, 


again to the far-field approximation. 

In order to evaluate the radiation in any particular case it is 
therefore necessary to calculate I], and II,, substitute in 
eqn. (11), form the Poynting vector, which is proportional to 
|Fe|? + |£5|?, and integrate over a hemisphere. The method 
will be illustrated by a number of examples. 


(11) 
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(3) APPLICATION TO SOME STRIP-LINE CONFIGURATIONS 
(3.1) Open-Circuit 

The arrangement is shown schematically in Fig. 2(a2). We 

consider the Hertzian vector in eqn. (10) but take the upper 

limit to € = 0 instead of infinity. The current is e/*’S — e/*’6, 

corresponding to a wnit current wave reflected at the open- 

circuit. (The incomplete reflection of the current due to the 


90° 
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M fe) 


(a) (6) 


Fig. 2.—(a) Strip-line open-circuit. 
(6) Field pattern in plane of strip. 
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radiation from the open end constitutes only a second-order 
correction and is ignored.) The integration is readily carried 
out, and substitution in eqn. (11) gives 

= je 120Kt 


cos 6 | 


Ee 
as (12) 
jer 120kt ¢ —1 
Es ip be red oe TO Asin d | 


The radiated power is 


1 nl2 2% 
= Dylied 
P= J ae ik |E|2r? sin 040 


and on putting cos @ = ¢ and carrying out the ¢ integration 


we have 
Dee? tt ce — 1)? 
P= 60 | eo dc 
= 60(kt)?F,(€) (13) 
Ae 
where F,(e) = Sates! sxe og ss eS (14) 


In order to assess the meaning of these formulae, consider first 
the radiated power. The factor 60(k/)? is common to all the 
configurations we shall examine. For example, when ¢ = 7;in 
and the frequency is 4Ge/s its value is about 1 ohm, the strip 
impedance being about 50 ohms. Thus, if F, is unity, we can 
say that 2% of the power incident on the open-circuit is 
radiated, and, according to the values reached by the radiation 
factor F, we can judge the radiation of the configuration. F will 
henceforth be evaluated at « = 2-25, the value of F, being 
actually 1:07. Since Z, oc ¢ (apart from a small correction due 
to the geometric factor f discussed in Section 2.1) the fractional 
radiated power will be approximately proportional to t—at least 
for small thicknesses of dielectric. 

The £ field in eqn. (12) is similar to that of a magnetic dipole 
or frame aerial. From the ¢ component it is seen that the 
vertical field (i.e. perpendicular to the ground-plane) in the plane 
of the strip is of figure-of-eight form, the loops being circular 
for large permittivities, and progressively more elongated as 
e—1. It is shown in Fig. 2(d) for the case « = 2-25. 

A power loss’ of 2% of the incident wave means that the 
reflection coefficient (current or voltage) is 0-99, so that the 
voltage standing-wave ratio is 200: 1. Line attenuation will, 
of course, reduce this value in practice. 
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(3.2) Matched Co-axial Termination 


The arrangement is shown in Fig. 3(a), the strip terminating in 
a short post of height ¢. Hither the post is lossy, of resistance 
equal to the strip-line impedance, or it could enter a coaxial 


(a) (2) 


Fig. 3.—(a) Sttip-line matched into coaxial cable. 
(6) Field pattern in plane of strip. 


S 


line. In the latter case it is assumed that the coaxial line is 
matched and that the termination matches the strip. In either 
case the strip current is J = e~/*’S and a current of unity value 
flows in the negative x-direction down the post. There are there- | 
fore two contributions to the Hertzian vector. Eqn. (10), with 
the upper limit at € = 0, gives one part. The effect of the 
current in the post together with its image in the ground plane 
gives 
: g—tkr 

Ix 
k r 
The total electric far field becomes 


— jet 
ee eet | 


as the other. 


Eo = 


r € 
jew a aarut i 
oy r  /e\v/e —cos8 — ve) sn? 
The radiated power is P = 60(kt)*F,(e) where 
e—1, wvWe+1 
F,(e) = 1 aaJe log 7s (16) 


When ¢ = 2°25, then F, = 0:33. This gives rise only to a third 
of the radiation compared with that from an open-circuit. To 
some extent, however, this reduction may be a question of 
definition. From eqn. (15) it is seen that Ze is half that given by 
eqn. (12), and the absence of a reflected wave is mainly the cause. 
In the open-circuit case, owing to the reflected wave, the maxi- 
mum voltage and current are double those from the matched 
termination. If we compare the radiation, not for the same 
incoming current wave but for the same maximum, eqn. (14) 
would need to be quartered and the matched termination would 
then appear to be the heavier radiator. 

The identity in form of Fg in eqns. (12) and (15) is surprising. 
Both are as from a frame aerial, although the form taken mathe- 
matically depends on a number of contributions of different 
functional dependence. The same result also follows in some 
further examples. 

The vertical component of field in the plane of the strip is 
shown for the case « = 2-25 in Fig. 3(4). It is of figure-of-eight 
form with unequal loops, the fatter loop being in the direction 
opposite to the propagated current wave. 


(3.3) Mismatched Termination 


If a general termination is used, with a reflection coefficient 
Rei? to the current wave, then J = eJ*’S + RejteJk’S and a 


‘current 1 + Re/¥ flows in the negative x-direction in the 
|termination. The calculation is similar to that of Section 3.2 
and gives 


’ 60kt ) 


ae = — Rel’) cos d 


B= io Mel eee ee 
oe op «Je 7 any 


: —1 
Rej¥ aS eile i 
i (37; + cos @ ve) i s| 
Eqns. (15) and (12) follow as the special cases R = 0 and R = 1, 
y=. The radiated power is P = 60(kt)?F;(e) with 


i; = 1 a. — Ife) 


= ve) L a7 


J 


a ie (18) 


2 
RENe ley + R? + Roos ¥(1 + 1/2] a, 
When R = 1, & = 0, the arrangement is a en as shown 
in Fig. 4(a). The radiation factor is then 


eee e+1 
ens cee 
and takes the value 0-25 when « = 2-25. In this case compari- 
son with an open-circuit gives rise to no ambiguity, whichever 


basis of comparison is used, and the short-circuit radiates some- 
thing less than a quarter that of the open-circuit. 


(3 + 1Je)- . (19) 


F, = 3 —1/e — 
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(a) 


Fig. 4.—(a) Strip-line short-circuited to earth. 
(b) Field pattern in plane of strip. 


From egn. (17) Eg is identically zero for the short-circuit and 
E, becomes 


oe sin? 0 sin d 
: € — cos? 


The vertical field in the plane of the strip is shown in Fig. 4(d) 
for the case « = 2:25. The forward and backward radiation is 
zero, and there is a slightly unsymmetrical loop on either side of 
the strip. 

As a matter of interest, eqn. (18) has a minimum (for e = 2-25) 
at R = 0-62, ys = 0, when F,,,,, takes the value 0-2. 


Ey= —j (20) 


(3.4) Parallel Post 


The short-circuit, treated in Section 3.3 as a particular case of 
a general termination, can also be considered a particular case 
of a general parallel impedance or post, as shown in Fig. 5. 
The post may be purely reactive or it may contain a resistive 
component. In either case the current to the left will be of the 
form I = ek’ + Re/*’S, and to the right it will be of the form 
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Fig. 5.—Post in parallel across the strip-line. 


I= Te—#*’©, with the difference current, J, = 1 + R — T, flowing 
down the post in the negative x-direction. The current reflection 
and transmission coefficients are related, from circuit considera- 
tions, by 


T=1—R 
Re 1 
jit 22/2, (21) 
pern2Zle, 
1 + 22/Z, 


Z is the impedance of the post, and equals /X if the post is purely 
reactive. The Hertzian vector is made up from three parts, two 
being as in eqn. (10) with limits € = — 00 to 0, and £ = 0 to 00 
respectively, and the third, as in Section 3.2, coming from the 
current in the post. 

The E, field takes the same form as in eqn. (17) but with a 
coefficient 1 — R—T. In view of the first of relations (21) 
it is therefore identically zero. The Ey field becomes, on using 
this same relation, 


sin? 6 sin d 


Ey = — 1201 R55 - 


(22) 
and is of the same form as eqn. (20), apart from the multiplying 


coefficient R. Hence the radiation is given by F, in eqn. (19) 


multiplied by | R|?. 


1 2 
d igri Cede ate i errant O28) 


poe ; F 22]z. 


If the post is a reactive one this becomes 


tn Aeraetgy 
1+4x2/z2z 4° 
Eqn. (19) is recovered by putting X = 0 (short-circuit). In the 
absence of the post (X = ©) F, becomes zero, confirming the 
absence of radiation from an undisturbed line. 


Fe = (24) 


(3.5) Resonator Formed by Two Parallei Posts 
Two posts, each of reactance X and spaced apart a distance L, 


given by tank’L = —2X/Z,, behave like a resonator of 
Q-factor, as loaded by the line, given (approximately) by* 
Q = 1Z3/4X? (25) 


In this equation X is assumed small, so that the Q-factor is high, 
and the spacing will be nearly half a wavelength in the line. 


—+ i Maye 
H 


Fig. 6.—Two-post resonant cavity. 


Resistive and radiation losses are ignored. The device is shown 
in Fig. 6. 

Each post, and the strip-line in its neighbourhood, will radiate. 
This radiation can be calculated in detail using the preceding 
methods, but the analysis is quite unnecessarily lengthy if order- 


W. W.: ‘Maximally Flat Filters in Waveguide’, Bell System Technical 
OE 1948, 37, p- 684, Eqn. (A13). 
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of-magnitude results only are needed. The radiation of two 
antennae, as a function of their separation, undergoes slight 
fluctuations about the asymptotic value for infinite spacing, 
except when the spacing is very close (say less than an eighth 
of a wavelength), in which case the radiation decreases to zero 
or increases to double, depending on the relative phase. In the 
present case, with a separation of half the strip-wavelength, or 
about one-third of the free-space wavelength, the value attained 
at large spacing should be quite an accurate measure of the 
radiation. We will therefore consider the radiation of one post 
in isolation, and double it for the complete resonator. In this 
way the results of Section 3.4 can be utilized with very little 
extra labour. 

Let us consider the currents at the first post in more detail. 
If the resonator is on tune, a unit current will be incident on the 
left, there will be no reflection at the post, and to its right there 
will be a current incident towards the post and a reflected 
current. These latter will both be rather large, since they are 
the currents in the resonator. A similar set of currents occurs 
at the second post, the unit current wave leaving it being the 
current transmitted past the resonator. 

The situation at the first post is practically that of Section 3.4 
if the sign of j is reversed. A current wave of magnitude T is 
incident on the post without reflection, and past the post is an 
incident wave of magnitude R and a wave leaving of unit mag- 
nitude. If all the currents are increased in the ratio 1 : 7, the 
incident wave becomes of unit magnitude and the resonator 
condition is realized. 

Hence if eqn. (24) be doubled (for the two posts) and divided 
by |7|? the radiation factor for the resonator results. 


Fy = (Z2/2X) Fy (26) 


In this equation we can put Z2/X? in terms of Q by means of 
eqn. (25), giving 
Fy = (20/n)F, . (27) 


The significance of this equation can be seen more readily if 
numerical values are inserted. Thus, with a 50-ohm line at 
4Gc/s using a ~sin spacing, and an effective permittivity of 
2:25, we find that a fraction, Q/300, of the power is radiated. 
Of course, the formula breaks down as soon as an appreciable 
amount of power is lost, but it reveals in a striking way the 
penalty to be paid for a high-Q-factor cavity of the type described 
in strip-line. And since open-circuits radiate more than short- 
circuits, a similar limitation is also to be expected there. 


(3.6) Right-Angle Corner 


Configurations in which the strip-line itself changes direction 
are difficult to analyse, and the right-angle corner is the only 
one for which it proved possible to obtain a simple result. The 
arrangement is shown in Fig. 7, with the second leg of the corner 
along the y-axis. In terms of spherical co-ordinate angles 0 and 
¢, the cosine of the angle between the x-axis and the radial 
vector from the origin is sin @ cos ¢, and for the angle between 
the y-axis and the radial vector, it is sin @ sin ¢. The Hertzian 
vector consists of two parts, from € = — © to 0, as from 
eqn. (10), and a similar part for the contribution along the 
y-axis. It is assumed that there is no reflection of the current 
at the corner. 

After calculation it is found that, far from the origin, 


yee BT heSi 1 1 
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Fig. 7.—Right-angle corner in strip-line. 


which gives rise to field components 


_ — jew 60kt cos 8 
Eo Ola + ag | cos 4 Ca 
__ jew 60kt 
OAS Ze 
(e—1)sing _ ec (30) 
a/e — cos 8 ve —sinOsind : 


The field-pattern formulae are more complicated than those 
encountered previously. The vertical component in the plane 
of the strip is shown in Fig. 8(a) for the case « = 2:25. Fig. 8(6 
shows, in the xz-plane, the Zs and E, components. 
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Fig. 8.—(a) Field pattern in plane of strip for right-angle corner. — 
(6) Field pattern in xz plane for right-angle corner. 


The calculation of the radiation factor is somewhat involved 
It is outlined in Section 6 where it is shown that P = 60(kt)?F 
where 


Fz = F() — Fe — 1) 
e+1. veti}. . nn 
PY Pi Sy | 


Fs, takes the value 0-61 when ¢ = 2-25, so that the corne 
radiates about twice as much as a matched termination. 

Because of the logarithmic singularity at e = 1, eqn. (31) doe 
not indicate, as might have appeared at first sight, a lack o 
radiation in the absence of a dielectric. The limiting value a 
e—1 is Fg = 2log2=1-4. For large permittivities Fy — 
4/@Ge), which is a form that holds to a fair degree of approxima 
tion over the entire range. 


F(6) = 


(4) APPLICATIONS 
(4.1) Comparison of Radiation Levels 


The possible applications of the preceding results, apart from 
their acting as a guide to probable radiation levels, do not seem 
| Yery numerous. Other things being equal one would choose a 
| short-circuited line rather than an open-circuited one for a 
| Teactive element. Information on circular bends is not yet 
| forthcoming, but when it is, a comparison with the right-angle 
corner can be made. High-Q-factor elements must be made 

from other than open- or short-circuited lengths of line. These 
_ trends seem fairly definitely indicated by the formulae. More 
| speculatively, one might consider configurations in which the 
_ radiation from the discontinuity is reduced or cancelled by some 
: compensating element. Bearing in mind that the discontinuity 
is there for a purpose, the possibility of doing this appears to be 
_ severely circumscribed. However, the matched termination 
appears to be suited to this treatment. In the next Section a 
possible solution is outlined. 


(4.2) Matched Load with Compensating Frame Acrial 


The radiation of the matched termination itself is given by 
eqn. (15), and the radiation factor by eqn. (16). It is seen that 
the Fe field is as from a frame antenna. In fact, this form of 
£ field is common to most of the arrangements examined. A 
compensating frame is suggested, and if this can be located at 
the same position as the entry to the load from the strip, and 
fed with a current of the correct magnitude and phase, a sub- 
stantial cancellation may be envisaged. The cancellation will 
not be complete because of the form of the Ey component—a 
frame antenna giving a field proportional to cos @ sin fd. How- 
ever, a partial cancellation would occur with this form, provided 
that the correct current amplitude could be obtained. 

At will now be shown that, if the feed for the frame is taken 
directly from the strip-line, the phases of the currents are suitable 
for cancellation, and a variation of frame perimeter will then 
enable the currents to be adjusted as desired. 


(a) (6) 


Fig. 9.—(a) Matched load with compensating frame antenna. 
(6) Remnant field pattern in plane of strip. 


Fig. 9(a) shows the termination and frame. The frame and 
load are assumed to be matched as a combination. This means 
that somewhere (not shown), but possibly within the coaxial 
line, matching elements are inserted. The strip current, of unit 
magnitude, will not be reflected, a current J; entering the frame 
and 1 — J; the post to the coaxial line. Noting that the 

current — J; flowing down the post is equivalent to a current + J, 
flowing up it, this part of the post current completes the ‘missing’ 
part of the frame antenna, corresponding to the dielectric thick- 
ness. If the frame perimeter is L and its wave impedance is Z, 
the relation between the voltage at the feed point and the frame 


current is 
Ty = V((GiZ; tan kL) (32) 


VoL. 107, Part C. 
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Since V is the strip voltage for unit current wave we have simply 
V = Z,, and if we take tan AL = kL for an assumed small frame 
perimeter, eqn. (32) simplifies to 


I = Z,[GKLZ;) (33) 


We now assume that the frame is twice as long as its height, so 
that, with its image in the ground-plane, it appears as a square 
frame. Accordingly, the effective vertical current element pro- 
duced by the frame is 


2-(L/4)[1 — eVkLcos 0/2] ~ — (jk L? Ip cos 8)/4 
= — Loos &(Z,/4Z,) 


Similarly the equivalent horizontal current is L sin 0 cos ¢ 
(Z,/4Z;). Both formulae assume that kL < 1 and that ¢ can 
be neglected with respect to L. If the contribution of these 
currents is added to eqn. (15) we get 


E i Nl 3 
oR iar t Ae cos f (34) 
_e Jkr 60kt e—1 j 
Ey =i— Te (aye eos ~ VE ~P 086) sin g 
_ Lez, 
where mee par (35) 


The parameter p measures the strength of the radiation of the 
frame relative to the strip-line. Since we have, very approxi- 
mately, \/<Z, = Z,, provided that the frame is made from a 
conductor of the same width as the strip, and not too far 
removed from the ground-plane, we see that p= 1 when 
L ~ 8t. This is the condition for complete cancellation of the 
Eg component, and for near cancellation of the , component. 
It is subject to some slight modification as a result of the approxi- 
mations made, but it gives a good order-of-magnitude estimate 
of the necessary perimeter. For ¢ = 7sin and A= 7:5em L 
is about one eighth of a wavelength. The mismatch is a draw- 
back for broadband work, but a combination of series capaci- 
tance in the line and shunt capacitance at the entry of the post 
into the coaxial line can be used partially to compensate for the 
inductive effect of the frame. 
The radiation factor of the modified termination is 


2p? 2p e«-—1 Ve+1 
Reg mag linte Bots rao Sass Fe Ae) OG; ea (36) 
When ¢ = 2°25 and p = 1, then Fy = 0:07. The minimum is 
actually at p = 0:945 with Focniny = 0°067, but it is fairly broad. 
It is concluded that the radiation can be cut to one fifth in this 
way, since F, = 0-33 for the uncompensated termination. 
Fig. 9(b) shows the remnant (with p = 1) of the vertical com- 
ponent of field in the plane of the strip. For comparison the 
uncompensated field is shown dotted. 


(4.3) Experimental Confirmation 


In general, it is difficult to obtain a reliable estimate of the 
total radiation from a strip-line discontinuity. What can be 
measured with slightly more facility are the relative fields of 
different configurations in various directions. Unfortunately 
reflection from nearby objects complicates matters, and if the 
line already contains a discontinuity in the form of a feed, the 
separation of the contribution from a second radiating region is 
not too straightforward. Qualitatively the open-circuit is found 
to radiate more than the short-circuit, in confirmation of the 


prediction made in Section 4.1. 
7 
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A compensated termination as described in Section 4.2 has 
been tested for radiation. A reduction in the Ee field of 
between 8 to 16dB was achieved, showing a considerable degree 
of cancellation. However, no absolute measurements of radia- 
tion loss have, as yet, been made. 
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(6) APPENDIX 
The radiation factor for the corner is found to be 


ee cos 8 
== a a{(1 + — sin 6 sin rand) cos? $ 
3 (Cee (Cie nang vesntos' sp 
a/e — cos 0 Ve —sinOsin d 
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The ¢ integration is first carried out using the result 


i mle dd 7 
Tyan. ees 
where g is a constant parameter. 


Similar results are obtained either by algebraic manipulatio; 
or by differentiating with respect to g. A typical one is 


fi cos? d sin ddp _ =| _ 2-8? | 
-rj2(l+gsin¢d) 9g? V(l — 287) 

The result of the ¢ integration, on changing the variable t 
c= cos @ is 


_l-e« e+1 a/e 
manlhuy 6 + Ve-142 
gis peg SS ie) 
[ € ce <a ¢ 


The integrations are now straightforward, +/[(«—1+c?)/(e—c?) 
being taken as a new variable in the third term. Egn. (31 
follows after some simplification. 
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SOME OBSERVATIONS ON WAVEGUIDE COUPLING THROUGH 
MEDIUM-SIZED SLOTS 
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1960.) 


Ly SUMMARY 
A quasi-static transmission-line method, as used in antenna theory, 
and modified to take into account effects of radiation damping, is 
| applied to the problem of waveguide coupling through slots which may 
_ be large enough to exhibit resonance effects. It is shown that the 
| “waveguide environment significantly alters the value to be used for the 
slot characteristic impedance, although this quantity cannot itself be 
| calculated by the present analysis. The method is applied in detail to 
| al case of axially-coupled waveguides and to guides coupled, via a 
_ common broad wall, through crossed slots. It is shown that a narrow 
pot needs to be very near resonance to give a coupling as large as 
“that from a circular hole of comparable dimensions. 


LIST OF SYMBOLS 
G0 — Rectangular-waveguide cross-sectional dimen- 
sions. 
Large rectangular-waveguide cross-sectional 
dimensions. 
A, B (Section 4) = Forward and reverse wave amplitudes. 
t C, = Capacitance per unit length of wire aerial. 
; = Capacitance per unit length of slot aerial. 
x [eqn. (23)] = Radiation damping-field component for slot 
aerial. 
G C, [eqn. (32)] = Radiation damping field components for 
slot aerial. 
_ C, D, E, F = Functions defined by eqn. (36). 
a C_ [eqn. (48)] = Forward and backward scattered field 
amplitudes. 
Difference and sum of normalized scatter 
amplitudes. 
Co, Do (Section “Ne Values of C and D obtained from eqn. (48) 
in the absence of radiation damping. 
Ce, C_ = Side scattered field amplitudes into cross guide. 
= (A,/2a) cos (7/4). 
c = Velocity of light. 
E = Electric field strength. 
£, = Antenna radiation field strength. 
= = Impressed electric field on antenna. 
= Incident electric-field amplitude. 
ne Reflected electric-field amplitude. 
E,, E, eqn. (21)] = Dominant-mode electric-field components 
at slot. 
£E = Evy, z) = z-component of prescribed electric field. 
 €, = €,(z) = Fourier component of E(y, z). 
_ Fy G,, [eqn. (40)] = Functions determining Fourier coefficients. 
_F= FQ, z) = y-component of prescribed electric field. 
Sf, = £,(z) = Fourier component of F(y, z). 
| (8, $) = Function defined by eqn. (35). 
' H = Magnetic field strength. 
| H; = Impressed magnetic field on slot antenna. 


a B (Section 3) = 


c D (Section 4) = 


__ Correspondence on Monographs is invited for consideration with a view to 
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H, = Slot radiation field. 
Hyo, Ho [eqn. (58)] = y and z components of magnetic field 
calculated in the absence of radiation damping. 
I= Aerial current. 
= Aerial-current maximum (zero-order approxi- 
mation). 
k = 2m/A (free-space propagation coefficient). 
k’ = 2n/A, (rectangular-waveguide propagation coefti- 
cient). 
K = Large rectangular-waveguide propagation coeffi- 
cient. 
7 = Slot length. 
1, = Wire-antenna length. 
L, = Inductance per unit length of wire aerial. 
L, = Inductance per unit length of slot aerial. 
M, N, P [eqn. (33)] = Slot voltage components. 
n = Mode number. 
r = Wire-aerial radius. 
s = sin (7r7/a). 
S = Slot co-ordinate. 
i—siime: 
V = Aerial or slot voltage. 
Vo = Impressed voltage amplitude. 
w = Slot width. 
w’ = Average slot width. 
x, y, z = Rectangular co-ordinates. 
X,, X_ = Slot reactances [eqns. (27) and (56)]. 
X, Y [eqn. (37)] = Slot reactance and susceptance components. 
Z, = Impedance of free space. 
Z, = Wire aerial wave impedance. 
Z, = Slot aerial wave impedance. 
Z,», Zap = Rectangular-waveguide characteristic impedance, 
for dimensions a, b and A, B, respectively. 
Z, = Normalized terminating impedance. 
B [eqn. (40)] = Variable of integration. 
I’, = Propagation coefficient of nth order made. 
A = Free-space wavelength. 
A, = Rectangular guide wavelength. 
6, 4, %s = Electrical angles associated with the slot. 
7, © = Running co-ordinates in the slot. 
Cn = Maximum value of €. 
w = Angular frequency. 


(1) INTRODUCTION 


Bethe,! in a classic paper, produced a number of very general 
formulae for coupling through small slots. The essence of the 
method is to treat the slot as a small perturbation in an otherwise 
perfectly conducting and infinite plane boundary, and to express 
the effect of the slot in terms of the fields which would have 
been present in the absence of the slot. The problem is reduced 
to an electrostatic or magnetostatic one by ignoring retardation 
effects in the neighbourhood of the slot, and the results are 
expressed in terms of lumped constants known as ‘polariza- 
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bilities’, which can be obtained from the solution of known 
electrostatic problems for a few simple shapes like circular holes, 
or long elliptical slots as an approximation to rectangular slots. 

At the other extreme, Stevenson? set up rigorous equations 
for the fields in the guides and slot for a waveguide arrangement 
in which the size of the slot is not restricted. An integral 
equation, similar in nature to Hallén’s integral equation for a 
cylindrical antenna, is obtained, and the usual iteration procedure 
of antenna theory is used to obtain approximations to the solu- 
tion. The problem is complicated by the waveguide environ- 
ment, which, from the antenna point of view, produces a doubly 
infinite series of images, and which, from the point of view of 
the mathematics, introduces awkward double infinite series into 
an already difficult analysis. Ordinary antenna theory and 
design would have been severely circumscribed if there had not 
existed some intermediate procedures between the infinitesimal 
dipole analysis, on the one hand, and Hallén’s rigorous formula- 
tion on the other. In fact, workers in the field have long utilized 
a transmission-line approach, with various refinements according 
to circumstances, and some such approach is obviously desirable 
to handle the numerous slot-coupling arrangements which can 
arise from time to time in waveguide technique. It is the purpose 
of this paper to indicate how a usable intermediate process can 
be achieved. 


(2) ANTENNA IN FREE SPACE 


Since the methods to be expounded have some affinity to 
those used with antennae, we shall begin with a few introductory 
remarks on the latter. 

A straight cylindrical rod, fed at the centre, is the simplest 
type of antenna from the point of view of the transmission- 
line approach. It is characterized by a wave-impedance Z, 
given approximately by the ae 


Z, = 0 (log —1) Cane 


where /, is the total length of the antenna and r is its radius 
(the subscript a refers to the antenna). Alternative forms of 
eqn. (1) exist according to approximations made in the theory, 
the above form being valid for a short antenna. For a long 
wire the asymptotic form is 


mn 
Z, = 60 (logs— + 0-116) . ee} 


A being the free space wavelength, and is the preferred form 
when the length is about half a wavelength or more. At a 
quarter wavelength the two formulae are in error by about the 
same amount, the constants in the two cases being too large by 
about 0-18. In general, this indeterminacy amounts to the 
introduction of only small errors, and merely reflects the 
approximations inherent in the method. Further details are 
given by Schelkunoff and Friis.? 

In a later Section, we shall be using Babinet’s principle,* which 
relates to the interchange of a slot and a strip antenna of equal 
size. To relate a strip and cylinder we use a result> according 
to which a strip of width w has the same inductance as a cylinder 
of radius r = w/4. Hence, for a short strip, eqn. (1) would give 


Z, = 60 (log “* — 1) ora eager (3) 


Surdin® gives results for a short elongated elliptical slot of length 
J and (maximum) width w involving a factor log (4/,/w) — 1. 
The breadth varies along the length, on account of the elliptical 
shape. If we define an average breadth w’ by 


1 
log w’ = [toe [w/(1 — x?)]dx 


then w’ = 2w/e. (The ordinary linear average would have given) 
w’ = 7w/4, which does not differ significantly from the above)” 
result.) Substituting for w in Surdin’s formula gives a form|) 
log (8//w') — 2, differing from eqn. (3) by having the additive} 
constant doubled. It might have been expected that agreement 
between the two methods would have been closer than this, but)” 
the discrepancy is not large, and will be ignored in what follows, 

After this preliminary discussion on the characteristic impe-\ 
dance of the antenna, we note the following pair of equations) | 
for the voltage, V, and current, J, on the line 


OV ol i 
Sond +  @ 
ality aia a 
Sone ye 


L, and C, are related by-Z, = »/(L,/C,) and c = 1)/\/(L,C)a9 
Eqn. (4) relates the potential drop, dV, in a short length, dx; 
of line with the reverse voltage —(L,dx)d1/dt arising from the} 
rate of current change in the inductance L,dx. In a simila i 
way, eqn. (5) relates the change of current, dl, with the rate of} 
change of charge, —(C,dx)dV/0t, due to a changing potential] 
in a capacitance C,dx. If there is an impressed electric field E, 
the voltage and current in the line distribute themselves to give 
a field —ZE, at the surface of the antenna, and eqn. (4) is) 
modified to i 
OV ol | 

Fal Las, +E - i ec giant, SC | 

Eliminating V between eqns. (5) and (6), expressing L, and C,} 
in terms of Z, and c, and putting jw = 0/dt, we have j 


oF + RI = — jC, | 

= —jkE|Z,, .» 4 

where k = 27/A. \ 
When £; is constant and the antenna is free from end loading,|, 
so that J (x= = + 1,/2) = 0, the solution to eqn. (7) is 


— jE; [cos (4k1,) — cos (kx)] 


(8)| 


ties kZ,, cos (4kl,) 
When the length is very small, an approximation to eqn. (8) is | 
I = (KE, [2Z,)(2/4 — x2) . . . . Ge 


Eqn. (8) fails when J, ~ A/2, since the denominator becomes zero.} 
The reason is that the field produced at the surface of the antenna, 
in addition to the externally impressed field E;, should also con- 
tain the radiated field of the antenna itself; which is proportioné | 
to J. This can often be neglected, but near resonance, when the} 
current becomes large, it makes itself felt. There are two com-} 
ponents of this field—an in-phase component, responsible for} 
the antenna radiation, and a quadrature component, whose main) 
effect is to alter the tuning length slightly from the half-wave} 
position. If this antenna field is denoted by E,, eqn. (7) | 
be modified to | 


YI 
x2 =p k2J= — jk(E; + IBAA. . . . (10), 


The solution is found by assuming a sinusoidal current, 
calculating E,, inserting this value into eqn. (10) and solving) 
that equation for the current. As an indication of the method,} 
take the case of a dipole fed by an impressed voltage Vo at the 
centre. Then E;= — V d(x). We first ignore Z, in eqn. (10). } 
The sinusoidal approximation i is readily found to be 


jV_ sin (k|x| — $k) (11) 
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A | 

i’ The input impedance is —Vo/J(x = 0) = — j2Z, cot (4kl,), or 
0 \just the impedance to be expected from a transmission line of 
llength 47, and characteristic impedance 2Z,. The correction to 
|the impedance to take account of radiation requires the calcula- 
\tion of £, from a current of the form given by eqn. (11), its 
|insertion into eqn. (10) and the solution of eqn. (10). The 
{rigorous process is quite lengthy and will not be pursued. 
| However, as an indication of what can be achieved by quite 
|approximate methods, let us take the case of the half-wave 
| dipole and use Reference 3 [eqn. (18), Chapter 13) for the field 
|produced. ‘The real part of this radiation field is the source of 
‘ the main correction sought, and this field is fairly constant over 
the length of the wire. Its value at the centre of the antenna 


"| is found to be E, = — 240J)/A, and eqn. (10) becomes 
wr — jk 
4 | sa teI= I- VoS(x) — 240K/A] . . (12) 
‘| A 
| which has the solution 
la ; 
a aa {2401p 
q i= az, sin k\x| + Ze + Ip cos kx (13) 
E At x = 1,/2 = A/4 we require I = 0, whence Jy = — 1Vo/240. 


si | Apart from a small reactive term (which vanishes for large values 
‘of Z,), this current gives an input impedance —Vo/I) = 240/7 = 

| 76 ohms, compared with the accurate value of 73 ohms for a 
half-wave dipole. Since the main objection to eqn. (11) is the 
| absence of any limit to the current at resonance, it is seen that 
“a simple consideration of the real part of the radiation field can 
|| supply an adequate correction. (A more detailed analysis would 
also give the end correction for tuning, but this aspect will not 
_ be pursued in the paper.) 


i} (3) SLOT ANTENNA IN AN INFINITE PERFECTLY 
| CONDUCTING PLANE 

4 | _ Fig. 1 shows a slot of total length / and width w. Babinet’s 
| principle asserts that the distribution of electric and magnetic 


Ix+dx 


RIGHT-HANDED ROTATION 
FROM Hj TO DIRECTION 
__|OF VOLTAGE DROP 


1 
2 Vv 


Ix -Ix4ax tH, dx +Cdx av/dt 


Fig. 1.—Current and voltage relations for slot in an infinite plane. 


fields can be obtained from that of the corresponding strip 
antenna if electric and magnetic quantities are interchanged and 
the fields rotated through a right angle. This means a voltage 
V exists across the slot, with a variation along the length of 
the same character as that of the current in the strip antenna; 
whilst a current J in the plane, flowing parallel to the slot, will 
| correspond to the antenna voltage. 

Analogously to eqns. (5) and (6) we have 


\ ey’ 


See a (14) 
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and, corresponding to eqn. (7), 
02V s F 
7 + k*V = jkii;,Z, (16) 


In eqn. (15) we use the convention that a right-handed rotation 
takes the direction of magnetic field to that of the voltage drop. 

Z, [= V(L,/C,)] is the characteristic impedance of the slot, 
and it is related, through Babinet’s principle, to the characteristic 
impedance of the corresponding strip antenna by 


Z Dip (Zol2)* 


where Zp (=1207 ohms) is the impedance of free space. 

Eqn. (14) states that the change in potential across the slot 
in a length dx is equal to the back voltage due to the change 
of current in an inductance L,dx. Similarly, eqn. (15) states 
that the change in current flow in the plane, parallel to the slot, 
is equal to the difference between the charge stored at a voltage 
V in a capacitance C,dx and the current needed to cancel at 
the slot the impressed current Hjdx arising from the driving 
field H;. H,; is the field, parallel to the slot, which would have 
existed in the absence of the slot. As with eqn. (10), it needs 
to be augmented by a field H, arising from the radiation of the 
slot itself. As in the case of the antenna, this additional field 
has the two main effects of limiting the resonance voltage and of 
altering the tuning length. The former effect is the more impor- 
tant, and can be catered for by approximate, though adequate, 
means without involving long and complicated analyses. Like 
the antenna current, the slot voltage has to be zero at the ends 
of the slot. 

However, there are some differences between the strip antenna 
in free space and the slot in an infinite plane. In the former the 
incident field is usually taken as that of a freely propagating 
wave, whilst in the latter, in the absence of the slot, the wave 
will be completely reflected, doubling the magnetic field at the 
boundary. It is this doubled field which appears in eqn. (15). 
Similarly the field H, due to the slot itself consists of two fields, 
due to the excitation by the slot of the two sides of the plane. 
The currents on the two sides will be the same, and hence the 
associated magnetic fields are equal but of opposite sign. Since 
the currents are primarily of concern here, it is the difference 
in the two magnetic fields which is used to augment H;. With 
these alterations the analyses of Section 1 may be used for the 
slot, utilizing eqn. (17), in conjunction with eqn. (3) or an 
equivalent, for Z,. 

The following Sections provide examples of this method. 
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(4) SLOT COUPLING OF AXIALLY ALIGNED GUIDES 
(4.1) General Equations 


Fig. 2 shows a waveguide of dimensions a and 6 abutting 
axially and symmetrically to a guide of dimensions A and B 


Lek noo 


Fig. 2.—Slot-coupled axially abutting rectangular waveguides, 
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through a common end-wall with a slot of dimensions / and w. 
The incident electric field is reflected at the end-wall, giving rise, 
in the absence of the slot, to a field 


(E;), = Egle t#* — eik2) sin (my/a) dis 
(Hi)y = Egle + eik"2\(K'JkZp) sin (mya) J” 


k! = 2nJA, and A, = AJL — 27/40?) 


H, (with z = 0) is the exciting field, for insertion into eqn. (16), 
which, in the present instance, takes the form 


nd 


where 


5 + kh*V = jkZ, | 26 sin (ary/a) + x,| - (19) 


A ve V over a slot of width w corresponds to an electric 
field strength over the slot of E = — V/w, and this radiates into 
the two waveguides waves whose amplitudes can be determined 
by Fourier analysis. For z < 0 the dominant mode is 


E, = e! sin (ary|a)(2/ab) | (Vf) sintrpladdedy | ae 
H, = — Ek'|kZp) 


For z > 0 the sign of z, and of H,,, is reversed, A and B replacing 
aand b. K=AJ/(1 — A?/4A?)'? replaces k’. Now H, is the 
difference between these magnetic fields, and therefore it takes 


the form 
H, = — E\k'|(kZo) — E,K/(KZo) (21) 


where £, and £, are the fields at z = O given by eqn. (20) and 
its equivalent for the second guide. Eqn. (21) represents actually 
the contribution to H, from the dominant waves only, but 
assuming that these are the only ones propagating, this is all 
that is needed to account for the radiation component from the 
slot. The remaining (evanescent) part of the field determines the 
slot reactance and tuning length, but if these are to be examined 
it is better to proceed with the rigorous analysis, as on page 88 
of Reference 7, where the case of two equal guides is treated 
in detail. 


(4.2) Equal Guides 
Returning now to eqn. (19) we consider first the case of equal 


guides. The equation is 
YV/dy? + k2V = 2k’ sin (ry/a)(Ey — Cy)Z,[Zy . (22) 
where Cy = Q2]ab) (—Vyw) sin (ary]a)dxdy (23) 


A simple case, for which a known solution exists, is the capacitive 
diaphragm, for which the slot extends right across the guide. 
In this case a solution of eqn. (22), zero at the ends of the slot, is 
V = Vo sin (zy/a) with 


(k' PV = 2jk'(Ey — Co)Z,/Zo (24) 
where Cy = — Vo/b from eqn. (23). 
Solving eqn. (24) for Vo and introducing Z, = (Zo/2)?/Z, 
from eqn. (17) we have 
(Zo/Z,)E 
es 4j(ZolZ)Eo (25) 


k' — $j(Zo/Z,b) 
From eqn. (20) we deduce the field radiated by the slot back into 


the guide. From eqn. (18) the total reflection coefficient is given 
by adding —£) to this field and dividing throughout by Ey. The 
result of the calculation is 

E, Vo —1 

—>—=— == — tf —_— — 
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A normalized reactance jX, across the guide would cause a reflec-| 
tion given by the formula —1/(1 + 2jX,), and on comparison 
with eqn. (26) we have 


X, = —42Z./Z,k'b (27)) 
The known solution (see Reference 7, page 72) can be put in} 
the above form if, for Z,, we take i 


Z, = 60 log cosec 4arw/b (28)} 
From a comparison of this with, say, eqn. (3), we see that the} 
form for Z, is somewhat different from that of the equivalent} 
strip antenna in free space. In fact, the dominant length) 
involved is b rather than a, showing that the images of the slot) 
in the waveguide walls are all-important in determining the} 
effective characteristic impedance. It is, perhaps, a shortcoming} 
of the present analysis that it introduces the quantity Z, in an 
extraneous way, rather than producing it as a consequence of} 
the calculations. Of course, in the limiting case of very small) 
values of w all the forms are equivalent, but in many applications} 
it is intermediate values of w which are of consequence, and the} 
differences between the various formulae, though not excessive, | 
are not so small that they can be overlooked entirely. Until) 
this situation is remedied perhaps the best we can do is to make} 
contact with known solutions at various points, as in eqn. (28),| 
and in this way to obtain some guide as to the appropriate} 
values to use. It should be noted that the full form for the} 
impressed magnetic field, properly augmented by the slot radia-| 
tion, was needed in order to get the form of eqn. (26) for com-j 
parison with other solutions. 


(4.3) Unequal Guides of Same Width 


A case of unequal guides in which a = A but b+ B can be} 
solved in a similar way. In eqn. (23) instead of the factor (2/ab) 
we now have 1/ab + 1/aB. The rest of the calculation proceeds} 
as before, eqn. (26) becoming 

ee 

Eo 1+ + d/B)jx, | 
where X; is as in eqn. (27). This reflection is precisely the form | 
to be expected from a reactance across a guide of characteristic 
impedance proportional to b feeding into a guide of impedance 
given by B. When the slot width is equal to the width of the 
narrower guide, b say, the arrangement becomes simply an 
E-plane step with a known solution. The reactance is then very 
close to half the ha oer capacitive diaphragm as seen by 
the broader guide,’ which suggests the following general forme 
for the wave impedance in this arrangement: 


Zz = 30 log [cosec (47rw/b) cosec (477w/B)] (30) 


(4.4) General Unequal Guides 


Finally, we consider the very general case of a central slot of 
length / in an end-wall between two unequal guides. Instead of 
eqn. (22) we have, on introducing a co-ordinate S$ = y — a/2) 
measured from the centre of the slot, 


22V]dS2 -+ k2V = (2jk'Z,] Zp) (Eq — Cy) cos (arS]a) 
+ (4K Z,JZN—Cy) cos (mS]A) 31) 
1/2 

where C; = (1Jab) Ic (—V) cos (mS}a)dS ‘ 


(32) 
C, = (1/AB) ic V) cos (mS/A)dS 


—, ig 


‘The total reflection coefficient into the first guide is —1 +2C,/Ey 
whilst the transmission coefficient in the second is similarly 
'2C,/Ey. A solution of eqn. (31) is 


V = Mcos (7S/a) + Ncos (mS/A) + P cos (KS) . 


(33) 


“where 
M= (2jZ,|k'Zp) (Eo = 
N = (2jZ,/KZ)(—C) 


C1) } 
(34) 
P = — sec (4k1)[M cos (al/2a) + Nos (al/2A)] 


The last equation comes from the requirement that the voltage 
is to be zero at the ends of the slot. 
From eqn. (32) we have 


# =(— -24ab)[ 6 cos (77S/]a)[M cos (7S/a) + N cos (7S/A) 
+ P cos (kS)|dS 


C, = (— -214B)| cos (7S/A)[M cos (77S/a) + N cos (7SA) 
P + P cos (kS)]dS 
| 

The integrations involved are all elementary, and after sub- 
stituting for M, N and P in terms of C; and C, from eqn. (34), 
| C, can be eliminated from the resulting equations, and C,, and 
hence the reflection coefficient, can be calculated. The algebra 
|is rather lengthy, though quite straightforward. We introduce 
‘the angles 0 = q//2a, 6 = wI/2A and % = ki/2 = wl/X. The 
integrations involve the functions 


sin(0+ 4) , sin(@ — ¢) 
o> ppg eS (35) 
in the following combinations 
C = (0, 0) — (0, &) cos 0 sec & 
D = (0, ¢) — £0, ) cos d sec (36) 


E = {(0. $) — f(4, #) cos 6 sec ob 
F = f(¢, ¢) — f(¢, ) cos $ sec ys 


“If the reflection coefficient is put in the form (Z, — 1) [(Zy+ 1), 
then Z, is the (normalized) terminating impedance for the first 


| guide. Introducing, for brevity, the notation 
= IZ,|k'abZy ), 
= sp 0 ; ( 3 7) 
Y = KABZ,|IZ, 
: Z, can be written in the form 
ek aa —j(XDE|F) 
ee oP) j(XDE|F)|(XYDE|F?) ee) 


The interpretation of this expression is fairly straightforward. 
Z, consists of a reactance /X(DE — CF)/F in series with an 
impedance consisting of a further reactance —jXDE/F in 
parallel with a resistance XYDE/F?, all normalized with respect 
to the first guide. We expect, for the resistive term, a contribu- 
tion Z4,/Z,, = (B/b)(k’a/KA), and if we extract this form, the 
Temaining factor is DE(KA/Fk'a)*. This factor respresents the 
radiative coupling from one guide to the other through the slot, 
and is given in eqn. (5.8) of Reference 7 for the simplest case of 
the H-plane step. The slot, in addition to presenting a reactance 
to the guide, acts as a transformer with a ratio as given above. 
When a = A, then 0 =¢ and all the expressions in eqn. (36) 
become equal. The transformer ratio is then unity, the series 
Teactance vanishes, whilst the parallel reactance becomes simply 


- 


i 
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—jXF. For a slot equal in length to the guide width, F = 1, 
and we recover the case leading to eqn. (29). Thus eqn. (30) 
for the characteristic impedance of the slot seems to be indicated, 
at least for slots which are not too short. 

Although the above calculations may appear a little compli- 
cated, the point to be stressed is that a solution by elementary 
means has been found for a relatively intricate waveguide con- 
figuration. To have provided a rigorous solution would have 
been quite a formidable task. About the only aspect not com- 
pletely resolved is the value to be used for the characteristic 
impedance for short slots, the free-space value of Surdin’s 
formulation presumably needing some minor modification for 
the waveguide environment. 


(5) SLOT COUPLING THROUGH THE BROAD WALL 
OF A WAVEGUIDE 


(5.1) Field from an Arbitrary Wall Source 


In order to solve problems involving broad-wall coupling it 
is first necessary to have an explicit formula for the field in the 
guide generated by a prescribed field over the guide surface. 
Fig. 3 shows a waveguide with a hole in which impressed fields 


[ —D 


¥ 


Fig. 3.—Rectangular waveguide excited by arbitrary electric field in 
broad wall. 


E and F in the z and y directions are excited. (Excitation by a 
normal component of electric field is also possible but is not 
considered in this Section.) In the guide a field with electric 
components E,, E,, and E, will be produced, and this will 
satisfy the following conditions: 


BE, = £E,=0aty=0,a 
E, = E,=0Oatx=0 
E, = E, E, = Fatx=b 
div E= 0 
V2 + k? = 0 for E,, E, and E, 


(39) 


Expressing the fields as a sum of modes in the broad dimension, 
the following forms can be written in terms of as yet undeter- 
mined functions F,, and G,,. 


20) ods (xT, F,(B) — Gn(P) 
=e x sin (n7ry/a) J 2 Bz ae aa 


++ sin (ry/a)(Ae*’? + BeJk’2) (40) 


© ° sin (xI’,) G,(B) 
= p> cos (n7ry]a) [ sin (oT, nla dp (41) 
, sin (xI’,) F,(P) 
Ea > sin Grmyfay |e! ie in OF) Je dB . (42) 


where I\, = (k? — n?x7?/a* — f?)"/? and fB is a variable of 
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integration. It is readily verified that these forms satisfy 
div E = 0 and the wave equation, and all the boundary con- 
ditions (39) except that relating to the prescribed fields at 
x =b. This condition can be met by determining F,, and G,, 
by a Fourier analysis and Fourier integral inversion. 


If E= EQ, z) = >) sin (nzy/a)e,(z) is the prescribed field in 
1 


the z-direction, then 


é,(Z) = A E(n, z) sin (nay/a)dn 
0 
and F,(p) =" | eMe(Dydt 


Boe a oar 
= es) ie Ssin (nmn/a)E(n, Cdndl (43) 


on substituting for e,. 
ioe) 
Similarly, if F(y, z) = >) cos (uzry/a)f,(z) is the y-component 
0 
of the prescribed field, then 


GB) = 2] | ei cos aanlarn, Odnde . (44) 
0°--« 


The m = 0 term is anomalous and has G,()/(n7/a) replaced by 
G,(8) where 


A ie ees? 
GP) = 52a) | Fen Oana (45) 


From these expressions the dominant mode contribution arising 
from the integral in eqn. (40) is 


cos (xI",) Fy(8) — Gi) ag 
sin (6]";) T; 


foe) 
E, = sin (my/a) | ei (46) 

= 60) 
From eqn. (43) we see that F,(8) involves the integration of 
é 4° over an infinite range of C; but if E(n, f) is limited in range 
to some maximum value ,,,, say, the dominant contribution for 
large values of B cannot exceed some constant multiplied by 
éJ@em, Hence, from eqn. (46) we see that, for z> ¢,,, the 
coefficient multiplying 8 in the exponent is positive imaginary, 
so that, if the contour is deformed into the upper half of the 
complex plane, the real part of the exponent becomes negative, 
and the integrand vanishes if the deformation is taken to the 
semicircle at infinity. Hence the integral in eqn. (46) for large 
values of z becomes equal to the sum of the contributions from 
the residues in the upper half of the complex plane. 

In a similar way it may be shown that, for large negative 
values of z, the integral is the sum of the contributions from 
the residues in the lower half of the complex plane. Of all these 
residues, for a guide possessing only a single propagating mode, 
all except two occur on the imaginary axis and correspond to 
evanescent waves. ‘The residues corresponding to the dominant 
mode occur at values of 8 given by I’; = 0, or k? — 7?/a* — 
fp? =0. Hence B equals +k’. If the medium in the guide 
possesses a very slight attenuation, so that k contains a small 
negative imaginary part, the pole at B = — k’ will lie above 
the real axis and that at 8 = + k’ below it. This determines 
which pole contributes in each part of the plane. 

The evaluation at the residues is quite straightforward, and 
gives, after some calculation, 

E,, = sin (ry/a)(Ae*? + Betk’? +. Cy eA) (47) 
where 
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eee - J gik't | sin (nla) 
0--% ; 
— Per eos canla)| dyndl,z>0 


S (48) 
eg Sk E sin (77/a) | 


+ Per cos ornla)| dyndl, z <0 


(5.2) Parallel Guides. Small Slots 


Let us consider the case of the reflection due to a small crossed 
slot, as used in the crossed-slot directive coupler. If the slot is 
small enough, a number of approximations can be made. Thus 
in eqn. (48) the functions sin (7/a) and cos (77/a) can be given 
their mean values at the centre of the slots. The retardation 
implicit in the factors e+/*S can be ignored. E and F are 
determined by the slot analogue of eqn. (7), i.e. eqn. (16), in 
which the impressed fields may also be given their values at the 
slot centres. Finally the influence of the radiation field of the 
slots on the distribution of slot voltages may be ignored, since 
small slots will be well below resonance. 

The impressed fields corresponding to E and F are, respec- 
tively, —H, and H, where : 


mn } Ag 

H, = Asin (ry/a)e*? 
Zorg 

d (49) 

H, = =~ A cos (rn]a)e*'(— ja, [2a) 

Zorg 

[The coefficient B in eqn. (47) is taken to be zero for a wave 

incident in a guide which is matched in the absence of the dis- 

turbance from the slots.] The solution to eqn. (16), valid for 

small slots, is the equivalent of eqn. (9) for the small antenna, 


and is 
a (JH; Z,k2)(S” = 17/4) (50) 


where 4H; is the value of —H, or H, at the slot centre from 
eqn. (49), and S is the co-ordinate in the slots in the direction 
of 7 or ¢. 

Since the integrals of E or F with respect to df or dy are minus 
their respective voltages, eqn. (48) for C_|A, the reflection coefii- 
cient, becomes 


_ Jjéqn 2 
GA = FA at cos? (7ry/a) a 
ee) wate S: 
sin? (wn/a)] Js 12/4)ds 
im17Z, E 
= iaab,z, i? (ay/a) — (Ag/2a)* cos? (arn/a)] (51) 


Thus the reflection coefficient is zero when tan (7/a) = + A, /2a, 
the well-known condition for circular polarization of the mag- 
netic field at the guide wall. [In eqn. (51) we have introduced 
the characteristic impedance Z, of the equivalent antenna, which 
takes the value 60 [log (8//w) — 1] for a small antenna in free 
space.] 

If instead of taking for E and F the fields derived from the field 
in the guide we had taken the fields derived from a second guide 
of the same dimensions with a common broad wall, eqn. (51) 
would represent the reverse-coupled wave, whilst a similar 
equation with the trigonometrical terms added rather than sub- 
tracted would give the forward-coupling coefficient. The results 
may be compared with Surdin’s eqn. (23), the only difference 
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| being the small discrepancy already discussed in the charac- 
' teristic impedance. 
(5.3) Crossed Guides. Small Slots 


If the second guide is rotated through a right angle the roles 
of E and F are interchanged, the ga coefficients being now 


oe oe =< [(cos 7/a) sin (n/a) ie 


+ cos eo. sin nla] ( — [?/4)dS 


ee tsi (27n/a), 0] (52) 


te Fon 
From this, the well-known frequency-independent coupling and 
perfect directivity for small crossed-slot coupling can be readily 
seen. However, for large slots these properties are only approxi- 
mated, the main disturbance being the effect of the approach to 
resonance on the coupling. In the first instance this requires 
the use of the form of eqn. (8) instead of eqn. (9), leading to 
the replacement of J? in eqn. (52) by 


1/2 
; 24 | cos (kS) — cos (4kl) 
k2 cos (4k1) 
0 


Eqn. (52) is therefore to be multiplied by the factor 


dS a [tan (441) — 4k/] 


pon ys — ) where p = kl/2 (53) 
This factor increases rapidly as resonance (% = 7/2) is 
approached. Eqn. (51) is also modified by the same factor. 

As an example, a quarter-wave slot has a factor 1-33, whilst, 
for a length of one third of a wavelength, it has increased to 1-79. 
As against a circular hole of diameter / with a quasi-static 
polarizability of /3/6, the slot has only /37/(24 log 4]/we) so that 


4 
a factor of magnitude z los 4l/we has to be obtained via 


eqn. (53). Typically this may be of the order of 5 or 6, so that 
a very close approach to resonance is indicated. The conclusion 
appears to be that circular holes are more appropriate for large 
coupling than tuned slots, unless the selectivity of the tuning 
is desired. 


(5.4) Parallel Guides. Effect of Radiation Damping 


Although infinite coupling at resonance is indicated by eqn. (53), 
it must ultimately be limited by radiation effects. These are 
taken into account by augmenting eqn. (49) by the contributions 
from the slots. We shall indicate how this is done for parallel 
guide coupling whilst still retaining the small-slot approximations 
which permit the use of the fields at the slot centres. For a 
more accurate formulation the integrals in eqn. (48) would need 
to be evaluated, leading to the occurrence of the functions 
introduced in eqn. (35). 

In the first instance we note that C,/A and C_/A are the 
relative amplitudes of the dominant modes of the electric fields 
radiated by the slots in the positive and negative directions in 
the guide. So far as the slot itself is concerned the dominant- 
mode magnetic fields are those associated with the waves C, 
and C_ on either side of the slot, the effective field being the 
average, at the slot, of the relevant components. Thus the 
induced H, field relative to the exciting H, field is (C4. — C_ )/A, 
this being the average of the two H, components, whilst the 
telative H, field is similarly 4(C, + C. )/A. These values need 
to be doubled on account of the equal magnetic fields produced 


sia 


in the coupled guides, so that the impressed H,, and #H, fields 
in eqn. (50) need to be multiplied by 1 + (C, — C_)/A and 
1+ (C, + C_)/A, respectively. Hence E and Fin eqn. (48) have 
to be multiplied by the same factors. Putting(C, — C_)/A=C 
and (C, + C_)/A = D, with a subscript zero for the corre- 
sponding quantities deduced from eqn. (48) in the absence of a 
consideration of the slot radiation correction, we get, by adding 
and subtracting the two equations in eqn. (48), 


uate! (54) 
D = Dl + D) 


fe eal °C; Do 
Hence C,/A=(C + D)/2 AG sain Sa 


Substituting for C_ and C, from eqn. (51) and its equivalent 
for the forward-coupled wave, both being modified by the tuning 
factor in eqn. (53), we have 


C42 s? 2 
13 jX_ — 2s? " JX, — 2¢2 
(55) 
Pap desea S2 e 
AE jX_ — 2s* © jX, — 222 
where s = sin (zr7/a) 
c, = (A,/2a) cos (ry /a) 
and X, is a term related to the slot reactance. 
24abA,Z, 
X= ee 
2 = Fal3 (tan yy — DIP Ce 
At resonance X, = 0 and eqn. (55) becomes simply C,./A = — 1, 
C_/A = 0, with similar coefficients for the waves in the coupled 


guide. 

Thus the reflected wave, which depends on the circular 
polarization condition for its cancellation in the small-slot case, 
becomes accurately zero at resonance. 


(5.5) Crossed Guides. Effect of Radiation Damping 


In the case of crossed guides a similar type of conclusion is 
reached, although the mathematics is different. If we put 
s = sin (77/a) and c, = = (A,/2a) cos (7m /a) as before and define 
C, and C_ as the ‘coupled waves into the two arms of the 
crossed guide, eqn. (48) and its equivalents give 

Cras — lice 

(C—O EC 

= s SUP FIST) 
C.. = jEc, + Fs 

Gat Ec, Fs 


where a constant of proportionality has been omitted. 

The H, component of field, in addition to being augmented by 
(Cn CG. )/2A, will also be augmented by the appropriate field 
from the crossed guide, in this case (—je,/s) x (C,. — C_)/2A, 
the initial factor arising from the interchanging roles of the y 


and z components in the two guides. Thus we find 
Gg; Ga) 
H, > Hyo E an [a (ic,|s ice 
(58) 
C C o 6, 
and H,—r Ha| 1+ 24S @ ge x 


(57) we have C, — C_ 
= (C, — C_)(jc,/s). Hence eqn. 


= (C,. +.C_)(s} — je,) and 
(58) becomes 


po 
seg tes 
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simply 
Cy 
Hy > Hyo(1 + 


C 
H,-> Ho(1 ne —) 


Defining Cp and Dp as the same quantities as before, we have, 
instead of eqn. (54), 


(C, —C_)/A= Co(1 + S 


(Cy, + CIA = Do(1 + S 


_ Cyt+Do 
Hence C,/A j= Cp =e 
“ eB (59) 
Ga Vibes OeiieO 
ooe Ch Dag 


Cy and Dp are, respectively, 4s?/jX, and 4c2/jX, with X, as in 
eqn. (56). It is seen that at resonance, when Cy and Dy become 
infinite, C,/A becomes —1, exactly cancelling the forward 
wave, whilst C_/A becomes (s* — c?)/(s? + c2), which vanishes 
when the circular-polarization condition s = + c, is satisfied, 


although not otherise. Similarly we find 
aes Coc? + Dos? 
+ —~je,s(2 — Cy — Do) 
(60) 
eae Coc? = Dos? 


~  ~je,s(2 — Co — Do) 


and since Cp and Dp are, respectively, proportional to s? and c2 
we see that C_ vanishes identically under all conditions, i.e. 
perfect directivity is forecast irrespective of tuning conditions. 
Slight modifications of these results are to be expected as a 
consequence of the finite extension of the slots, but their basic 
character should not be altered. 
As confirmation of these results we note that 


(CaP ICP (Cel a Ase Cy [2 [4] a6) 


which correctly states the conservation law that the energy 
flowing away from the slot equals that flowing to it. 


(6) CONCLUSIONS 
é The quasi-static antenna method can be applied to the calcula- 
tion of the properties of slots of medium size in order to give 
corrections to the quasi-static polarizability. The approach to 
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resonance is covered, and also the development of the relevant 
equivalent circuit, in which the radiation damping of the slot 
plays an important role. The end correction to the resonant 
length is not, however, treated by this method. A shortcoming 
of the method is its inability to obtain from the analysis the 
accurate slot wave impedance to be used. This is partly deter-| 
mined by proximity effects, and can be approximated in many 
cases by comparison with some known configurations. How- 
ever, a small discrepancy remains in the treatment of the free- 
space rectangular slot. 

The crossed-slot directional coupler, with the slots near 
resonance, is examined in some detail. In the case of coupled 
parallel or crossed guides, it is concluded that the circular- 
polarization condition, necessary in the small-slot configuration 
for perfect directivity, is not required at resonance. This result 
may seem unexpected, since, for central slots, it would be 
contradicted by the symmetry. But with the axial slot just off 
centre [a double limit is involved in eqn. (55)] the very weak 
coupling to the slot is compensated by the very weak radiation 
damping it suffers, so that its effect is comparable to that of the 
other slot because of the high resonance field it can support 
(ohmic losses are neglected). 

The case of two unequal coaxial guides coupled through a 
symmetrical slot is treated, and through a comparison with 
known special solutions, suitable values are obtained for the slot 
wave impedance. 
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SUMMARY 

A method is given for the design of a class of wide-angle reflectors 
in which the aberrations are reduced by coating the reflector surface 
with a dielectric. At microwave frequencies this dielectric may take 
the form of an array of metal plates or waveguides and the constraint 
imposed by this form greatly simplifies the analysis. The path of the 
feed point is chosen so that only selected rays from it are equally 
phased. It is then found that both of the refiector’s profiles and the 
path of the feed point can be described by a single parameter. The 
residual aberrations of several cylindrical systems, including the cor- 
rected parabola and circle, are analysed to find a reflector for which 
the scanning arc is the circle with centre at the vertex of the reflector. 
A refocusing procedure, which is found to be necessary, produces this 
‘scanning arc. Experimental results in agreement with the theory are 
given. 

It is shown that the design principle can be used to programme a 
step-wise procedure for the design of corrected surfaces using non- 
constrained natural dielectric coatings. 


(1) INTRODUCTION 


The first mirror to be designed with a correcting coating of 
dielectric consisted of a negative meniscus lens with two spherical 
surfaces, the convex one of which was silvered (Fig. 1). Sucha 


Fig. 1—The Mangin mirror system. 


mirror, described by Mangin in 1876, is free from coma and 
spherical aberration.! It will thus satisfactorily collimate the 
radiation from a point source when this is displaced from the 
axis of the mirror along a path termed the ‘scanning arc’. Con- 
versely, if the feeding source is kept stationary, an angular tilt 
of the mirror, such that the position of the feed relative to the 
axis of the mirror is always on this scanning arc, will cause the 
collimated beam to scan a line in space. The simplest mechanical 
operation of this nature is a rotation about a single axis. This 
requires, therefore, that the scanning arc be a circle with its 
centre on the axis about which the mirror is tilted. With the 
Mangin mirror, however, such a scanning arc is not obtainable 


Correspondence on Monographs is invited for consideration with a view to 
publication. 

The paper is a communication from the Staff of the Applied Electronics Laboratories 
of The General Electric Company, Limited, Stanmore, England. 


and so the angle of scan of the beam by this method is limited. 
An improvement in performance can best be sought by con- 
structing a similar mirror in which one or both of the surfaces 
are aspherical. Such aspheric surfaces with wide-angle optical 
properties are used in microwave lenses in which the material 
of the lens is formed by an array of metal plates or waveguides. 
This array constrains each ray to be parallel to the lens axis 
within the material of the lens, with a resulting simplification in 
the ray-tracing procedure needed for the design. It is to be 
expected, therefore, that, given such a lens, the introduction of a 
reflecting surface somewhere in the interior will convert it into 
a reflector with a correcting layer of this type of material, without 
disturbing too greatly the wide-angle properties of the lens and 
still retaining the scanning arc in its circular form. This would 
then provide a first approximation to the design of a similar 
reflector using unconstrained natural dielectric to form the 
correcting surface. 

Microwave lenses for wide-angle scanning are designed by a 
2-point correction method.*»? In this, two given points which 
are symmetrically displaced from the axis of the system are 
made to be points of perfect focus. These may be as widely 
displaced in angle as required to cover a given angle of scan, 
provided that focusing at the points intermediate between the 
two perfect foci does not deteriorate beyond an acceptable limit. 

The specification of two perfect foci establishes conditions 
upon the path lengths of the rays from them, thus determining 
the shape of the first refracting surface and giving one relation 
between the refractive index (possibly variable) and the thick- 
ness at any point of the lens. A second condition between 
these two variables, e.g. constancy of refractive index or con- 
stancy of thickness, can then be applied. For any such con- 
dition a third point of minimum or zero aberration is defined 
on the axis of the system. The scanning arc is then taken to be 
the circle through this point and the two perfect foci. This 
assumption is unsupported by any analysis, and in fact some 
refocusing may be desirable at intermediate points along the 
scanning arc. A particular lens of this type, termed the ‘triple 
corrected point lens’, has zero aberration at the axial position 
and has a circular scanning arc with centre at the centre of the 
reflector (Fig. 2). The first refracting profile of this and all such 
lenses is the ellipse whose foci are the two outer corrected points. 
Such a lens is converted into a reflector with a phase-correcting 
layer by interposing a reflecting layer in the refracting medium. 
In so doing, a degree of freedom that was associated with the 
independent surface of the lens is lost and so is not available 
for the choice of the third point on the axis. Thus, although 
the complete reflecting and refracting surfaces are defined, only 
the two fixed points exist to determine the scanning arc. 

A new method for the design of lenses and phase-corrected 
reflectors is proposed in which three rays are correctly phased 
for every point on an arc, instead of correctly phasing all the 
rays at three points on the arc. The three rays which have been 
chosen are (Fig. 3): 


(a) The main ray PO to the centre of the system, where P is 
any point on the scanning arc. 
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Fig. 2.—Two-point correction principle. 


Fig. 3.—Selection of equi-phased rays. 


(b) The ray PR parallel to the axis of the system. 
(c) The ray PQ meeting the refracting surface at a point Q 
diametrically opposite R. 


These rays have been chosen to simplify the form of the 
subsequent analysis. Other systems may be obtained by the 
choice of other variable rays, or rays that meet the refracting 
surface, say, at fixed points. Such systems bear a similar 
relationship to each other as do lenses with different third 
correcting points. 

With the above choice of rays, the profile is defined point by 
point as the feed moves over any given path that is essentially 
smooth and symmetrical about the axis. It is apparent that, in 
positions close to the axis, the feed is at a paraxial focus, whereas 
at wider angles of scan the feed moves to a position of marginal 
focus. This effect.cannot be taken into account in the first stages 
of the design but can be overcome for certain systems by eventual 
refocusing. Several reflectors are investigated to discover which 
are suitable for this refocusing procedure. Systems which 
have the required circular scanning arc are then selected. 
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(2) THE PHASE-CORRECTED REFLECTOR 


Only symmetrical cylindrical phase-corrected reflectors with | 
correcting layers of the metal-plate constrained form used in } 
microwave lenses are considered in the analysis. For these, the | 
rays are constrained to travel parallel to the axis of the system | 
on entering the refracting medium. In Fig. 4, (x, y) are co-ordi- | 


REFLECTING SURFACE 


REFRACTING SURFACE 


Fig. 4.—Three-ray correction principle. 


nate axes with origin at the centre of the refracting profile; Ay — 
is the free-space wavelength and A, is the wavelength within the © 
refracting medium. With the notation of the Figure the con-— 
dition for a linear phase front, QNM, is 


PO, NO, 2¢ .PR., MB ,2d(9)". PON 2a 
i te ty ny 


where dp is the thickness of the refracting layer at the centre 
and d(y) is the thickness at R, which is the point (x, y). 

Since R has co-ordinates (x, y), Q has co-ordinates (x, —y) 
and y = fsin«, where OP =f 

Therefore, from eqn. (1), 

PQ = PR+ MR 

whence PQ? = PR? + MR? + 2PR.MR = PR? + QR? 
Therefore 
QR? = MR? + 2PR.MR 
QM? = 2PR.MR 


(2f sin « cos «)? = 2(fcos a — x). 2f sin? x 


x =fcos «(1 — cos ye 


y =fsina 


es 


(2) 


If f is now made to vary with «, P describes the arc whose polar 
co-ordinates are (f, «), and (x, y) describes a curve that determines 
the refracting profile. 

Solving the remaining pair of equations in (1) one obtains 


2u[d(y) — do] = x cos « 


where ps =Ao/A, = refractive index of the medium. 
In addition to the variable thickness d(y) used above, a 


(3) 


‘medium with variable refractive index u(y) could be used and 
‘eqn. (3) becomes more generally 


2[d(y)u(¥) — dopo] = x cos « . (4) 
where [Uo is the refractive index at the centre. 
For example, with d constant, 
2d[u(y) — po] = x cos « (5) 


j 
| 


Eqns. (2) and (3) completely specify the phase-corrected 
| reflector system. Since y is given by fsin a, where f is now a 
| function of «, properties such as thickness or refractive index 
which vary with y can now be considered as varying with « and 


| thus the complete reflector and scanning arc are expressed as 


functions of this parameter. 


(2.1) Residual Phase Distribution 


Since only three of the rays from each point are correctly 
phased, it is important to obtain expressions from the phase 
distribution for the other rays. Let the feed be in any angular 


| position 6. We now require the difference in path length 


between the main ray to the centre and any other ray meeting 
the system at a point of parameter.«. With the surfaces of the 
system given in terms of « by eqns. (2) and (3), this path-length 
difference, E,, is 


E, = f(®) — f(@) sin « sin 8 + f(@) cos « cos O(1 — cos «) 
— f(a) cos? a(1 — cos «) — {[ 4) cos 0 
— f(a) cos «(1 — cos «)}? + [f(6) sin® — f@) sin «P}? 
sins Eee (6) 


where the sign of « is the same as or opposite to that of 0, 
according as the surface point « is on the side adjacent to, or 
remote from, the displaced feed at 6. From this it can be seen 
that E, = 0 when « = + 0 and when « = 0, in accordance with 
the choice of the three focused rays. 


(G3) COMPARISON WITH THE 2-POINT CORRECTED 
SURFACE 

Given this parametric notation, it is of interest to compare 
these results with those of a reflector designed from the 2-point 
correction principle. The refracting profile for this reflector, 
using the two foci F, and F5, is the same as the first surface of 
the lens of Fig. 2, i.e. the ellipse x? — 2fyx cos + y? cos* d = 0 
where (fo, +¢) are the polar co-ordinates of F, and F. 

This can be written parametrically as 


x = fy cos f(1 — cos «) (1) 
y =fosin « 
where fy and ¢ are essentially constant. 
The thickness is given by 
2u[d(y) — dy] =xcos¢d. (8) 


[cf. eqns. (2) and (3)]. 

A comparison of the curves given by eqn. (2) (keeping f 
constant) and eqn. (7) with the circle x =r(1 — cosa), 
y =rsin « (Fig. 5) shows that the central portion of the former 
closely approximates to the circle. Now the circle is the profile 
which would fulfil the sine condition for minimum coma for small 
displacements about the axis.* In the 2-point correction case, 
however, the wider the scan angle required, i.e. the greater the 
displacement of the foci from the axis, the flatter the ellipse 
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Fig. 5.—Comparison of refracting profiles. 


about the axis and the greater the departure from the sine 
condition. 


(4) INVESTIGATION OF THE SCANNING PROPERTIES 


From the parametric expressions of eqns. (2) and (3) (with 
constant refractive index) and the phase distribution given by 
eqn. (6) we can analyse systems which are specified in one of 
three different ways: 


(a) Definition of fin terms of «. 
and hence the two profiles. 

(b) Specification of the refracting profile. Comparison of the 
equation to this curve with the parametric form required provides 
a definition of fin terms of « and hence the scanning arc and the 
reflecting surface. 

(c) Specification of the reflecting profile. When this profile is 
given, it is apparent that the shape of the refracting profile is depen- 
dent upon the refractive index of the surface coating. Thus, since 
the scanning arc depends on the shape of the refracting profile, it 
too contains terms involving the refractive index. In this case, if 
the refractive index is given, the refracting profile can be obtained 
and the procedure is then the same as in (6). 


This specifies the scanning arc 


(4.1) Specification of Scanning Arc 


Two scanning arcs are of interest, the circle with centre at the 
refiector centre, and the straight line perpendicular to the axis. 
The former provides a scan motion which is mechanically simple 
to perform either for movement of the feed or for tilt of the 
reflector. The latter focuses plane waves arriving at an angle 
to the axis into points of a plane, which, in pure optics, is a 
requirement for astronomical photographic processes. 


Circular Scanning Arc.—Until a later investigation revealed 
other refocused systems with a circular scanning arc (see Sec- 
tion 5), the first experiments were carried out with a reflector 
designed from eqns. (2) and (3) with f = constant, c. 


This gives x = ccos a(1 — cos a) 
y=csinae (9) 
X COS % 
C= 7 


the centre thickness, dp, being zero. 
The residual phase distribution is shown in Fig. 6. 


Straight Line Scanning Arc.—To obtain a straight scanning 
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Fig. 6.—Phase error for constant-f scanning arc. 
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arc at right angles to the axis, put f = c/cos a. 
thus defined by 


The system is 


x = c(1 — cos «) 


y=ctanae . (10) 


the centre thickness being zero. 

The residual phase distribution is given in Fig. 7. The high 
degree of asymmetry greatly limits the achievable angular 
aperture. 

(4.2) Specification of the Refracting Profile 

Let ie = F(x) be the equation of the refracting profile. 

If this profile is also to be given by the parametric form of 
eqn. (2), 

f? sin? « = F[ fcos «(1 — cos «)] 


CORNBLEET: A NEW DESIGN METHOD FOR PHASE-CORRECTED . 


45° | 
| aI =| 1-19 
is es hs 
iz t 
host | eas 40:839 
ies + 1 0-577 
°° 
|__| _| _1_}_19.364 -j 
40-176 
eer 
i | ii y/ (0) 
a. 
if 0-176 
| | } 
| 0:364 
O° 
15° | 
0-577 
30° 
| | 0-839 
4s\}—— 
1:19 
-0:01 ° 0:01 0-02 0-03 
E_/f (0) 


Fig. 7.—Phase error for straight-line scanning arc, 


and thus f can be obtained as a function of «, defining the 
required scanning arc. 

For example, if the refracting profile is a circle of radius r 
defined by the equation x? + y? — 2rx = 0, substituting for x 
and y from eqn. (2) gives 


f? cos? a(1 — cos «)? + f? sin? « — 2rfcos a(1 — cos a) =0 
2r COS a 

~ cos? a(1 — cos x) + (1 + cos a) 

This equation defines the scanning arc for a circular cylindrical 

refracting surface. The residual phase error for the 3-ray 

method is then given by eqn. (6). 


The results of this operation for several refracting profiles are 
given in Table 1. The phase distributions given in Figs. 8-11 


es if 


Table 1 


Refracting profile Equation of profile 


Circle (radius r) x2 + y2 — rx = 0 


Polar equation of scanning arc 


Axial focal 
length f(0) 


Phase distribution and 
scanning arc reference 


2r cos « 


. . 2 
Ellipse (semi-axes a, b) x2 + a” =a Oe 


Parabola (focal length a) y2 = 4ax f= 


Two-point correction. Ellipse | x2 + 32 cos? d— 


fe cos? «(1 — cos «) + (1 + cos «) 


ooo 
cos2 «(1 — cos a) + ae + cos «) 


4a cos a 
1+ cosa 


2a cos % 


2fo cos ¢ cos « 


[foci (fo, + 4)] 


— 2fox cos 6 = 0 f= cos2 «(1 — cos «) + cos? ¢(1 + cos «) 
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Fig. 9.—Elliptic refracting profile. 
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Table 2 


Refiecting profile Equation of profile 


yt = 40x 


Parabola 


4 + yi —2ax1 =0| f= 


have a high degree of symmetry about the main ray for offset 
angles up to 45°. The similarity between these curves and the 
profiles of Schmidt correcting plates for spherical mirrors is 
marked? since the main residual phase error is spherical aberra- 
tion. Such systems may be refocused with advantage, and this 
will be dealt with in Section 5. 

The scanning arc for the 2-point corrected profile (Fig. 11) 
passes through the two correcting points as expected. It is not, 
however, the anticipated circle centred on the reflector centre. 
Since the thickness of this reflector was derived from eqn. (3) 
and not from egn. (8), this fact cannot be taken as conclusive. 

It may be noted that attempts to design a reflector with a 
tapered or plane refracting surface proved to be impossible. If 
the apex is at the origin no solution for f in terms of « can be 
obtained. If the apex is behind the origin the distance f 
becomes infinite. 


(4.3) Specification of the Reflecting Profile 


We assume the systems to have zero thickness at the centre 
and constant refractive index. From eqns. (2) and (3) the 
reflecting surface has equations 


¥=y =fsinag 


xXy=x— d=x(1 -= =f cos «(1 — cos a)(1 = 
2pu Zu 
(11) 
When this is expressed as y? = F(x,), the same analysis can be 
made as in the previous Section. This method has been applied 


to the design of the corrected parabola and corrected circle, with 
the results as shown in Table 2 and Figs. 12-14. In both cases 
the axial focal length /(0) contains a factor 2 — 1/j which gives 
a lower limit of 0-5 to the possible range of refractive indices 
that can be used for the correcting layers. Furthermore, the 
axial focal length of a corrected parabola of focal length a is 
double that of a corrected circle of radius a, as is the case for 
uncorrected reflectors. In both cases a valid solution is obtained 
for 4 =1. This means that the constraint alone enables phase 
correction to be obtained. 


(5) REFOCUSING 


Those systems exhibiting large symmetrical or nearly sym- 
metrical aberrations about the main ray can be refocused to a 
certain extent in off-axis positions by a radial movement of the 
source. 

The effect of refocusing is to introduce a quadratic phase 
error which can be made equal and opposite to the quadratic 
component of the symmetrical phase distribution. The phase- 
distribution diagrams for the conic-section refracting profiles 
(Figs. 8-11) show that the central portions of the symmetrical 
phase-error curves can be adequately approximated by a 
quadratic term. 


Polar equation of scanning arc 


Tne 


Axial focal 
length f(0) 


0-2) 
0-2) 


w=1-6 Fig. 14 


Fig. 12.—Corrected parabola, ny = 0-75. 


If the feed is at a position F (Fig. 15) on the scanning are of 
one of these reflectors, a displacement inward along FO by an 
amount éf(§) where FO = f(6) results in a change in the path — 
length relative to the central ray of 


AE, =r’ —r’ — f ® 


25 roel oo 


which is correct to the first order in e and @ and to the third 
order? in y/f(@). 

If AE, is then taken as the value of the quadratic approxima- 
tion to “the phase error at any intermediate value of a, the 
refocusing increment € is given by ; 


AF» = 576) es 


This can be calculated for several values of 9, with « and E, 


= f(a) sin «]?(1 — @ sin «) 
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given by the phase-error curve corresponding to the particular 
value of 6. With appropriate sign, this adjusts the scanning 
arc to a best-focal-position arc. 


The cubic term of eqn. (12) introduces some asymmetry, 
particularly at the larger values of 8. The refocusing incre- 
ments, calculated for the reflector with a circular refracting 


1 
9 
* 
ae 
° 
ss la 
£m 
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E,/o profile, are shown in Fig. 16. After removing the quadratic 
component a small residual phase error remains and a slight 
Fig. 13.—Corrected parabola, u = 1-6. asymmetry, consisting mainly of the cubic component, is 


observed. The refocusing results in a best-focus are which is 
circular with radius 0-94 of the original axial focal length. 
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Fig. 16.—Effect of refocusing on reflector with circular 
Fig. 14.—Corrected circle, « = 1-6, refracting profile. 
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Fig. 17.—Refocused scanning arc of 2-point corrected 
refracting profile. 


When this method is applied to the 2-point corrected profile 
and scanning arc, as in Fig. 17, the scanning arc once more 
becomes circular but with radius 1-09fo, and hence it no longer 
passes through the two correction points. 

From the similarity of the parametric description of the 
scanning arcs and the phase-error distribution curves between 
these two systems and the other systems given in Table 1, it can 
be expected that refocusing these also produces circular scanning 
arcs. This has been shown to be the case, but a complete 
analysis has not been made. These systems have in common 
the fact that the refracting profile is given by a curve that is a 
conic section. Hence these refracting-reflecting combinations 
constitute a class whose best-focus scanning arc is the circle 
with centre at the centre of the system. Although this refocusing 
procedure has destroyed the a priori relationship between the 
refracting profile and scanning arc, the discovery of this class 
of related curves provides a basis for the iterative design of 
similar coated reflectors with a natural dielectric correcting layer. 


(6) THE ANGULAR APERTURE 


From the diagrams of the residual phase error it is possible to 
determine either the maximum angular displacement that a 
system with a given numerical aperture can permit or, for a 
maximum required angular displacement, the numerical aper- 
ture that will allow it. This can be done by defining the maxi- 
mum permissible residual phase error and offsetting the feed 
along the scanning arc to the angle at which this maximum 
occurs; or, conversely, by offsetting the feed to the maximum 
angle required and limiting the aperture to the point at which 
the maximum permissible error is obtained. 

For example, with the system illustrated in Fig. 10 (parabolic 
refracting profile, not refocused), let the axial focal length, 2a, 
be 20A and the permissible quadratic error A/10. 

Then E,max/a = (A/10)/(10A) = 0-01. 

The line |E,/a| = 0-01 gives a maximum aperture of 0-9a 
for a scan of 0-45° [curve (a)] and of 1-66a for scan of 0-30° 
[curve (b)]. 


(7) PHASE CORRECTION WITH A NATURAL DIELECTRIC 
MEDIUM 

It may be noted that the shape of the reflectors so far con- 
sidered, for which the correcting layer is an array of metal wave- 
guides, is, in general, the same as that of the original negative 
meniscus lens of Mangin, i.e. concavo-convex. This fact is 
contrary to the usual experience when comparing microwave 
with optical lenses. It means that, for these reflectors at least, 
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the shape with a constrained refractive medium is in itself a 
satisfactory first approximation to a natural dielectric uncon- 
strained correcting layer. This is particularly so in fully stepped 
systems, in which the thickness.of the correcting layer need 
never be greater than half the wavelength in the medium used. 
The approximation involved in assuming that the rays are still 
parallel to the axis when they are within the correcting medium 
causes the quadratic error of the system to increase slightly. | 
This can be cancelled, therefore, by further focusing. 

A better approximation for the natural dielectric medium can 
be made by calculating the refracting profile from the original 
formula [eqn. (2)] and then calculating the reflecting profile on 
the assumption that the rays in the correcting layer travel along — 
the normals \to the refracting profile. In this case, the path 
length along each normal has to be the value of d calculated © 
from eqn. (3). This approximation is particularly appropriate 
to the circular refracting profile, where, in the axial position, the 
rays do, in fact, travel along these normals. The approxima- 
tion here also results in an increase in the residual quadratic 
error and may similarly be corrected. 

However, in all natural dielectric systems a further parameter 
is available in the thickness of the corrected reflector at its — 
centre. It is found that variation of this parameter too gives | 
rise mainly to a quadratic component of phase error which 
could possibly be used for the cancellation of the above two 
effects. 

Finally, the 3-ray principle itself can be used directly for the 
natural dielectric case. Apart from the necessity of refocusing 
which has been demonstrated, the method by which the move- 
ment of the feed over a given arc describes both this are and the 
refracting profile is a step-wise procedure suitable for program- 
ming acomputer. To do this, one establishes the phase equality — 
of the three rays concerned by considering the localities at which 
the outer two rays meet the reflector to be sections of thin 
reflecting prisms, similar in shape and symmetrical with respect — 
to the axis. The 3-ray principle, however, does not give a 
defined axial focal position. The scanning arc limits towards a 
point on the axis at which, of course, the three rays coincide. 
This point cannot therefore be taken as a starting-point for the 
step-wise procedure. This means that a guess has to be made at 
the thickness at the starting-point, the guess being acceptable if, 
on reaching the axial position, a zero thickness has not been © 
passed. 


(8) EXPERIMENTAL RESULTS 


The analysis presented in the previous Sections has dealt with 
2-dimensional or cylindrically symmetrical reflectors. The pro- 
files concerned could, however, also be considered as cross-— 
sections of a rotationally symmetrical reflector. Where such a 
reflector is required it is constructed by the rotation of the profiles 
about its axis. This, of course, introduces the further aberration 
of astigmatism which limits the angle of scan of rotationally 
symmetrical reflectors to a much lower value than cylindrically 
symmetrical ones. With the type of construction possible at 
microwave frequencies, namely a 2-dimensional array of wave- 
guides, systems with rectangular symmetry can be considered. 
In these the surfaces would be formed by the translation across 
a profile of a similar profile at right angles to it. The astigmatism 
of such systems, however, is still to be investigated. 

Experimental work so far has been concerned with the con- 
struction of systems to test the elementary theory and to assess 
the limitations imposed on the scanning properties by the — 
astigmatism of the rotationally symmetrical reflector and the 
dielectric approximation of the previous Section. 

To test the basic theory a linear reflector (cylindrical system) 
was constructed for which the correcting layer was a parallel 
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Fig. 18.—Cylindrical constant-f reflector. 
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Fig. 19.—Polar diagrams of constant-f cylindrical reflector at 
different offset angles. 


Fig. 20.—Constant-f spherical phase-corrected reflector. 
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array of metal plates so spaced that the effective refractive 
index, Noldgs at the frequency of operation was 0-6. The profiles 
were determined from eqns. (2) and (3) with f constant: this 
gives the uncorrected scanning arc as the circle f = c (Section 4.1). 
The reflector, shown in Fig. 18, is 36in long and has a focal 
length of 30in operating at a frequency of 9-375 Gc/s. The 
fl D ratio is 0-83. From the residual phase-error curves (Fig. 6) 
it is to be expected that coma effects will become noticeable 
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Fig. 21.—Polar diagrams of constant-f reflector at different 
offset angles. 
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Fig. 22.—Polar diagrams of constant-f dielectric reflector at different 
offset angles. 


beyond 30° of angular displacement, because of the asymmetry 
in the phase-error curve. This is found to be the case, as shown 
by the scan patterns of Fig. 19. A beam displacement of 30° 
(approximately 15 beam widths) is achieved without any 
observable deterioration in the beam shape, and is followed 
quite suddenly by a decrease in gain and a large increase in the 
coma lobe. In this case no attempt has been made to improve 
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tion used is to make the refracting profile as for a constrained 
system and the normals to it of the correct phase length. A 
useful scan of 20° is obtained with this reflector. 

The above three systems are all based on the constant-f 
scanning arc and profile. The conclusions that can be drawn 
are, first, that a rotationally symmetrical reflector has about 
two-thirds the useful scan of a cylindrical reflector. Secondly, 
the dielectric approximation for the rotationally symmetrical 
system is satisfactory in that the same useful scan is achieved 
as for the reflector with a constrained refracting surface. 

Examination of the residual phase-error curves of Fig. 16 
shows that an expected scan angle of 45° should be achieved with 
a cylindrical reflector having a circular refracting profile. A 
system for which r = 20A is possible with the maximum per- 
missible phase error equal to A/10. 

This gives E,,nax/r = 0-005, which is not exceeded by the 
phase-error curves up to-45° of scan within the aperture 2y = 0-8, 
This reflector has for its corrected scanning arc the circle 
f = 0-94r, giving for the f/ D ratio the value 0:94/0-8 ~ 1-2, 

A spherical natural dielectric system with the same aperture 
thus has an expected useful scan approaching 30°. A reflector 
of this type has been constructed. The meniscus lens is 
machined from a sheet of Perspex after a pre-moulding operation 
and the reflecting surface is copper-gauze. The refracting surface 
is purely spherical with a radius of 24in (f = 22-5in), and the 
diameter of the reflector is 20in. The reflecting surface is 
obtained by the ‘normal’ approximation and the edge of the lens 
was then fin thick. The scan patterns achieved, shown in Fig. 23, 
give a useful scan of 30°, at which point the gain has decreased 
by 2dB without any great deterioration in the main beam shape 
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Fig. 23.—Polar diagram of refocused spherical dielectric reflector at different offset angles. 


the side-lobe level by tapering the illumination, an open-ended 
waveguide being used to provide the primary source. 

The rotationally symmetrical system (Fig. 20) is constructed 
from square-section metal tubes giving a refractive index of 
0:6 at 9-375Gc/s. The surfaces thus have the same basic 
profiles as the cylindrical system. This reflector was 2ft in 
diameter with an f/D ratio of 1. The scan patterns shown in 
Fig. 21 demonstrate that the gain and beam shape deteriorate 
steadily on displacing the feed source along the scanning arc. 
A decrease of 1 dB in gain at an angle of 20° is observed, this 
forming an arbitrary limit to the useful scan. Very similar 
results are achieved with a 9in-diameter dielectric-coated 
reflector at a frequency of 36Gc/s (Fig. 22). The approxima- 


and before the coma lobe level has become pronounced. Here 
again no attempt was made at illumination tapering or side-lobe 
reduction. 

The achievement of these results with a circular scanning arc 
makes possible the design of radar systems in which a feed or 
cluster of feeds is kept stationary and the beam is scanned in 
space by the rotation of the reflector about transverse axes 
through its vertex. Under these circumstances the beam can — 
be deflected twice as far as the permissible angular offset of the 
system and it moves at double the rate of the moving mirror. 
The mechanical advantage of such a system, depending as it 
does upon the shape of the scanning arc, has been the main 
reason for this investigation. The results achieved show that it 


] 
| 
| 


| is possible in this manner to scan a beam linearly with a cylindrical 
‘reflector through angles approaching +90°, and volumetrically 
| with a spherical reflector through a cone of half-angle 60°. 

| 


| (9) CONCLUSIONS 

| The design procedure, whereby three rays from every point 

| of a specified scanning arc are kept equi-phased, gives rise to a 
class of phase-corrected reflectors with the following properties: 


(a) The refracting profile is a conic section and can, for simplicity, 
be circular. 
(6) The residual phase errors at angles of scan up to 45° are 
: largely symmetrical about the main ray. 
(c) Refocusing the system at angles off-axis makes the scanning 
are circular. 


With such systems used as beam-scanning devices, i.e. with 
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stationary feed and mechanical scan of the reflector, linear scans 
approaching +90° can be achieved with cylindrical reflectors, 
and a cone of semi-angle 60° can be scanned with spherical 
reflectors. 
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SUMMARY 


The paper discusses a technique for improving the response of a 
saturating servo mechanism subjected to random signals. It is shown 
that a non-linear error detector gives a considerable reduction in error 
magnitude for a large range of input signals. It is possible to design 
the additional non-linearity to optimize the performance of the system 
for all input magnitudes. This form of non-linearity has previously 
been shown to effect improvement in the response of such systems to 
step-function and sinusoidal inputs. 

Experimental work verifies the predicted results for a particular 
system, and shows that considerable latitude is permitted for the 
characteristic of the additional non-linearity. 


LIST OF PRINCIPAL SYMBOLS 


x; = Input signal. 
X, = Output signal. 
X. = X; — X = Error signal. 
x, = Control signal. 
£(p) = Laplace transform. 


f,(x.)/x- = Gain of error-processing non-linearity. 
f,(x,)/x, = Gain of torque limiter. 
K = Booton’s equivalent gain. 
o” = Mean-square power. 
®,(jw) = Input r.m.s. voltage spectrum. 
(0) = Input zero-frequency r.m.s. voltage per unit band- 
width. 
Wo = 1/T = Servo linear undamped resonant frequency. 
¢ = Servo damping factor. 
Y(p, o;) = Closed-loop transfer function. 
E(p, o;) = Error-ratio transfer function. 
C(p, o;) = Control-ratio transfer function. 
}/ = Ratio of servo resonant frequency wp to input 
spectrum half-power frequency. 


(1) INTRODUCTION 


Previous work has shown how the response of a feedback 
control system may be determined in the presence of saturation 
of some element. When the maximum motor torque is limited, 
the non-linear system exhibits a more oscillatory step-function 
response than the linear system and a closed-loop frequency 
response with a more pronounced resonance. 

When such a non-linear system is subjected to a random 
signal, the bandwidth of the system is reduced as the input power 
is increased, and the response is degraded owing to distortion in 
the saturating element. 

By the correct design procedure, a less powerful motor may 
satisfy the requirements of the system provided that saturation 
of the motor is compensated for by special techniques. In 
particular, it has been shown!» ? that a non-linear error detector 
can give optimum transient response for a system possessing 
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torque limitation for all sizes of input step by applying full 


accelerating motor torque until the system comes to rest with 
zero error. ‘Further work shows that this system possesses in 


addition a better frequency response than the initial non-linear | 


system.3 


It is possible to extend previous analysis to show that a similar | 


system can be constructed which has a greatly reduced error 
when the input is a random signal, approximating to the 
operating conditions normally encountered in practice. 

Linear theory based on the mean-square-error criterion*~7 
enables the best possible linear system to be designed, given 
certain specified elements; this system will be the optimum for 
any input provided that the form of the frequency spectrum 
of the input signal remains constant. When motor saturation 
is considered, this technique enables the system to be optimized 
for one particular input spectrum and one input power: the 
parameters must be adjusted for any change in the input, to 
maintain the best operation.® 

Combining the optimization procedure of Wiener? with the 
quasi-linearizing technique due to Booton,!® the paper shows 
that it is possible to design non-linearities to optimize a particular 
inherently non-linear system for a class of random signals, giving 
considerable reduction in error magnitude compared with the 
initial non-linear systems. 

The presence of a non-linear element in a feedback system 
gives rise to two effects. First, the gain of the loop, neglecting 
any distortion, will vary with the amplitude of the signal applied 


‘ 


to the non-linearity. Where the system is designed on the basis — 


of small-signal operation, the behaviour for large signals will, 
in general, be slower and more oscillatory. The effect of the 


gain variation can be evaluated readily, using known techniques. 
An extension to the theory enables the best linear gain for the ~ 


error detector to be found for each equivalent gain of the 
inherent non-linearity. The best value of error-detector gain 


now depends on the magnitude of the error signal, and it is — 


shown possible to produce the desired variation by introducing 
a non-linear unit following the error detector. 
distortion of a signal occurs when the signal passes through 
a non-linear element.!!_ When the non-linear characteristic is 


Secondly, © 


it 


included in a feedback system, the system will endeavour to — 


follow the distorted signal, increasing the error between input 
and output. 


For sinusoidal signals, the distortion consists of harmonics of — 


the input frequency. Since the response of electro-mechanical 
systems inevitably falls with increasing frequency, the effect of 
the harmonics can normally be neglected. 

A random signal may be considered as the sum of a very 
large number of small sinusoidal signals of different frequencies. 
Thus, when such a signal is applied to a non-linearity, the 
output consists of a ‘fundamental’ component, harmonics of 
each input frequency and intermodulation terms. As before, 
the harmonic terms will be of relatively high frequency so that 
their effect is not important. The intermodulation terms, how- 
ever, extend down to very low frequencies where the loop gain 
is high. Hence the overall system will respond readily to these 
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signals, producing a spurious output and increasing the error 
magnitude. Furthermore, this error will be appreciable at low 


frequencies where good performance is required. 


After a non-linear system has been designed and analysed by 
neglecting distortion, the effect of distortion must then be con- 
sidered. In particular, when an additional non-linearity is 
suggested to improve the performance of a control system, the 
change in total distortion power must be evaluated. 


(2) BASIC SYSTEM 
The basic system to be considered is a simple remote-position- 
control servo mechanism possessing velocity-feedback stabiliza- 
tion, as shown in Fig. 1. The linear elements comprising the 


STABILIZATION 


OUTPUT 


ADDITIONAL 
NON-LINEARITY 


TORQUE 
SATURATION 


MOTOR 


Fig. 1.—Basic system. 


servo motor and the stabilization network are described by the 
transfer functions L,(p) and L,(p), respectively. The control 
signal x(t) produces an acceleration f,(x,) whose maximum 
magnitude is limited. 

The intentionally introduced non-linearity f,(x.) immediately 
follows the error detector. 

The error signal is 


X(t) = x(t) — x,(0) 
the control signal 


Lx] = L{hx.]} — Lo) 1x00] 
and the output signal 


Lix()] = L(y) L{f[xo]} . 
=L(pL(f [xi — x0] — Z-{ Ln) L[x.(0]}) 


These expressions cannot be evaluated explicitly. 

An approximate analysis-is possible if distortion due to the 
non-linear elements is neglected, each non-linearity being 
replaced by a linear amplifier whose gain depends on the power 
of the signal applied to it. Booton!® has shown that the best 
gain, K, to replace a non-linearity f(x) is given by 


bAtce 
k= =| xf(x)p\(x)dx . (1) 

OO" /— «a 
This value of equivalent gain minimizes the mean-square dif- 
ference between the output of the non-linearity and that of the 
linear amplifier, where o? is the power of the signal applied to 
the non-linearity and p,(x) is the amplitude probability density 
distribution of this signal. The random signal applied to the 
system input is assumed to have a Gaussian amplitude distri- 
bution. Any amplitude non-linearity changes the probability 
distribution in a characteristic manner, but it has been shown!” 
that any narrow-band filter, e.g. a servo motor, following the 
non-linearity tends to restore the Gaussian distribution. Thus 
the equivalent gain K, as defined by eqn. (1), can be evaluated, 
for a given non-linear function, in terms of the input power 
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to the element. When two non-linear elements are present, this 
approximation is clearly less accurate. 

However, it has been observed that the equivalent gain of a 
saturating-type non-linearity is relatively insensitive to the form 
of the probability distribution of its input signal, as demonstrated 
in Reference 17 for three widely different probability distributions. 
To a first approximation, therefore, it may be assumed that the 
inputs to both non-linearities have a Gaussian distribution. 

For the system with only one non-linear element, f,(x,) in 
Fig. 1 [i.e. f,(x,)/x, = K,], the equivalent-gain technique enables 
the steady-state operating conditions to be evaluated graphically. 
When the non-linearity is replaced by a linear amplifier of gain 
K, two relationships can be obtained between K, and the signal 
power applied to this element. 

Linear theory gives the control signal, x,, in terms of the 
input signal and the equivalent gain of the second non-linearity 
to be 


Ve Ky 
T+ KjKL,(p) + KyL,(pyLy(p)" 


where x; is a random signal having a voltage spectrum ®,(p). 
The total control power is 


Xo 


x2 = o2 
a ‘ 
1 K, ro) 
Inj | |b + Ky KLi(p) + KLi(p)L2(p) (2)| 4 @) 
jo 


For a given input-signal power, o2 is a function of K, and K>. 

The equivalent gain of the torque-limiting device varies in a 
known way with o2, from eqn. (1). Hence two expressions are 
obtained relating K, and o2, both of which must hold simul- 
taneously. Thus if the two relationships are plotted on the same 
graph, the point of intersection gives the operating conditions. 

Knowing the operating value of K,, the error power o2 can 
be found directly, since 

1 + KL; (p)L2(p) 


x= ot = os 
e & 2Qaj | |L + K,KoLy(p) + K2L,(p)L2(p) 


+jo 


2 
(0) dp 


(3) 


The error power, as given in eqn. (3), provides a convenient 
measure of the performance of the system. It is a relatively 
simple function to measure experimentally, using a wattmeter 
type of instrument, and is readily evaluated theoretically. 

For any given input power and Kj, the error power can be 
found by using a graphical technique to determine K, and by 
substitution in eqn. (3). Integrals of the form of eqn. (3) are 
fully tabulated in References 4 and 7. This procedure can be 
repeated for the same input signal and different values of Kj. 
Thus a relationship between error power and K, can be obtained, 
and in general, there will be a value of K, giving minimum error 
power, equivalent to optimizing the system for the particular 
applied signal. 

When this technique is applied repeatedly for a range of input 
powers, a relationship is obtained between error power and K; 
corresponding to minimum error power for any input power. 
If the gain of the error detector is related to the error power in 
the derived manner, the predicted mean-square error is the 
minimum possible with the given system. Hence the desired 
system is defined by a known relationship between error power 
and error detector gain. A non-linearity can now be found 
giving this relationship, producing a system in which the gain of 
the error detector is optimum for any input power, allowing for 
inherent motor saturation. It will also be shown that the dis- 
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tortion produced in the new system, with two non-linearities, is 
less than that in the initial system possessing torque limitation, 
for the particular example considered. 


(3) PARTICULAR SYSTEM 


The system considered is one of second order. In the linear 
regime K, = Ky = 1, the damped resonant angular frequency is 
wo = 1/T and the damping factor is ¢. Thus the transfer 
functions are 


1 
Lp) == 
1(P) T 2p? 


L,(p) = 2¢Tp 


The overall closed-loop transfer function using the Booton 
equivalent gains K, and K, is 


and 


KK, 
Tp =— 2CK,Tp Se KK, 


Xo 
Y(p, 0;) ara x: = 
i 


the error ratio is 


38. Tp? + 2CK>Tp 
E(p, 0;) ae 2 
Xx; Sf -p* -- 2CK,Tp + KK 
and the control ratio 
K, T2p 
Tp Se 2CK,Tp =F K, Ky 


x, 
C(p, o;) rE * a 
i 


For non-linear operation it is seen that the undamped natural 
frequency reduces to 


1 
Wo = 7V Kk) 


and the effective damping factor is modified to 


Cg = ie 


For a conventional torque-limited system with no error pro- 
cessing, i.e. K, = 1, the effect of torque limitation is to reduce 
K, so that both the resonant frequency and damping factor are 
reduced with increasing signal amplitude. However, in the case 
of the processed system, this reduction in damping factor is 
counteracted to a great extent by a corresponding reduction in 
the gain, K,, of the error-processing element. 

The input-signal power spectrum to the control system is taken 
for mathematical simplicity to be of the form 


(0) 
Glo) eee 

j(@) 1 ae pw T2 
which has 6dB/octave high-frequency fall-off and a half-power 
angular frequency of 1/u7. This spectrum can alternatively be 
considered as being the result of white noise having a power per 
unit bandwidth of ©7(0) being passed through a filter of transfer 
function 1/(1 + Tp). 

The total input power to the system is therefore 

1 


2, 
wre il 
‘. 2rj ese (EdD 
—jo 
_ 970) 
Ty a 


jo 
2 


dp 


(4) 
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and the control and error powers as functions of this input | 
power and the system parameters are given respectively by | 


Tunic ae 
= ot = aa [Ce o;);(p)|?dp 


_ oF KY(20 + Ky) 
20 1 + 2lKy + pK, Ky 


(5) } 
and from Reference 7, 


tease 
B= 08 = >| IBC, )®\(0))?dp 
_ oF 20 + pK, + 40uK, 
26 1 + 2ulK, + pK, Ky 
The torque-limiting non-linearity f,(x,) is taken to have unity } 


slope within the limits +h and zero slope outside this range; the } 
equivalent gain of such a function is given by 


©) | 


h 
Ky = erf | 4 from eqn. (1) and Reference 10 


= orf (=). 3 aoe 


where o.y = 0,(4/2)/A is the normalized r.m.s. voltage. 

The particular system considered has damping one-half critical 
for small-signal operation, ie. € = 0-5. An input signal with 
cut-off frequency {wo (i.e. w = 8) is considered, corresponding 
to acceptable operation in the linear regime. 
(4 = 2 and 4) have also been evaluated and are considered | 
later. 

To obtain the variation of error power as a function of K, for 
all input powers to the system using eqn. (6), it is first necessary } 
to plot eqn. (5) relating control-signal power, o2, to K>, as shown 
in Fig. 2. The second relationship between K, the gain of the 
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Fig. 2.—Derivation of closed-loop response for different values of Ky. 
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Fig. 3.—Derivation of closed-loop response for different values of o?y. 


non-linearity, and o2, as derived from eqn. (7), is shown in 
| Fig. 3. Plotting (c,/0;)? against K gives loci which are depen- 
dent on the input power to the system, o?. 

Superimposing the loci of Figs. 2 and 3 enables the operating 
value of K,, for any input power o? and any value of Kj, to 
be determined. 

By substitution in eqn. (6), o2 can be obtained as a function 
of K, for any input power. This relationship is plotted in Fig. 4 
for a range of input-signal powers. In general a minimum will 
be observed, corresponding to a minimum mean-square-error 
power; the value of K, giving this is then the desired optimum 
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Fig. 4.—Evaluation of optimum gain. 
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gain and can now be related to the error power from Fig. 4. 
This relationship is shown in Fig. 5 for three input bandwidths, 
be = 2, 4 and 8. 

Thus, if a non-linearity is formed so as to give such a variation 
of equivalent gain, the control system will have minimum mean- 
square error for all input signals of a given spectrum. It is then 
said to be optimized. 
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Fig. 5.—Variation of optimum gain with error power for different 
input spectra. 


By plotting log K, against log o2, a straight-line relationship 
is obtained experimentally. This shows that the desired charac- 
teristic is of the form 


K, = Bot (8) 


where 8 < 0 and B and f are constants for a given input-signal 
bandwidth. 
It is shown in Section 8.1 that a non-linearity of the form 


P= are has an equivalent gain which varies with input 


signal in the desired manner. The equivalent gain of such a 
non-linearity is related to its input power, o2, by 


K, = ab)oy-! . (9) 
Comparing eqns. (8) and (9), the required input-output 
characteristic of the error-processing device is of the form 


VWF f(x) 


55 
= a—(|x,|)!+78 . (10) 
|x| 
The desired non-linear characteristics corresponding to the 
three different input spectra are shown in Fig. 6. 
As the bandwidth of the input signal is reduced, i.e. as 4 > ©, 


xe 
the non-linear characteristic approaches the form aw |x|. 


This corresponds to the non-linear characteristic required for 
optimum step response of the system. This relationship may be 
expected if the signals are considered solely in terms of their 
respective frequency spectra. The power spectrum of a single 
step is of the form 


ae 
a 


G(w) = 


G(0) 
272 


< 
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f (x) 


Fig. 6.—Optimum non-linear characteristics. 


and that of the random signal considered is of the form 


G(0) 


G(w) a jee pw2T? 


As the cut-off frequency of this signal becomes very low, # —> ©, 
and for frequencies above zero, these two expressions become 
identical. 

(4) COMPARISON OF RESULTS 

Experimental results were obtained using an electronic simu- 
lator: the natural undamped frequency wy) was in the range 
200-800c/s, the input noise spectrum having a half-power 
frequency of 100c/s. Mean-square powers were determined 
experimentally using a thermocouple instrument. 

The error powers were measured as functions of input power 
with and without the error-processing non-linearity. In all cases 
the power of the processed system was less than that of the 
initial system, and for the particular case shown in Fig. 7 for 
p» = 8, the reduction ratio was approximately 3:1 for large 
input powers. This is in good agreement with the theoretical 
results. 

In the practical system the maximum slope of the processing 
non-linearity was limited to unity. This gives satisfactory per- 
formance for small-signal operation, and does not significantly 
affect the large-signal behaviour of the system. 


(5) SPECTRAL RESPONSE OF THE SYSTEM 
When the non-linear elements are replaced by their respective 
equivalent gains the output and error-voltage spectra may be 
evaluated from 
|\D,( jw, o;)| er! lY(jw, o;)| |D,(jw)| . 
|®.(ju, o))| = |EVe, o))| |OCio)| 
respectively. 


and 


For the particular case considered 
RCS + 40°K3w?T* 
®,Go, 0)| = 4/ 2 2 
|®.(je, o;)| [(K,Ky + wT)? + CK? TL + aT?) 
(11) 


which is plotted in Fig. 8. 

For a sinusoidal signal, the effect of the non-linearity is to 
produce harmonics of the input frequency, and these are heavily 
attenuated by the inherent low-pass frequency dependence of the 
linear portion of the control system. When, however, the input 
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to the non-linearity is a random signal, the distortion contains 
harmonic frequencies of the input spectrum and intermodulation 
terms, which contain important low-frequency signals, to which 
the closed-loop system will respond. Hence, when evaluating 
the error spectrum of a non-linear system subject to a random 
disturbance this distortion must be taken into account. The 
total distortion power* and its spectral distribution can be 
* The output of a non-linearity may be regarded as 
y(t) = Kx(t) + D(t) 


where K is Booton’s equivalent gain, Kx(1) is the coherent output and D(t) is the 
distortion. The mean-square value of D(t) is termed the distortion power. 


! 
, 
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evaluated for any single-valued non-linearity provided that the 
|form of the input spectrum is known. For complex spectra 


this can be extremely tedious and thus first-order approximations 


| have been made in the analysis. 


For the type of input spectra encountered the distortion has a 
spectrum which is uniform over the frequency range of the input 
to the system and the power per unit bandwidth can be 
evaluated.!! 

When the error-processing device is added to the inherently 


| non-linear system the control-signal power is very much reduced. 
| Hence maximum torque is demanded for a much smaller fraction 
| of the time and negligible distortion terms are now generated 


by the inherent torque-limiting non-linearity. It is therefore 


| legitimate to consider only the distortion introduced by the 


error-processing device when this is added to the system. 

An approximate evaluation of the distortion spectra of both 
systems is presented in Section 8.3. Fig. 8 shows theoretical 
error spectra illustrating the pronounced reduction in error 
voltage in the system near the resonant frequency and the 
important effects of distortion at low frequencies. 

In the particular example evaluated, the distortion power per 
unit bandwidth for the error-processed system is shown to be 


_ approximately one-third that of the initial torque-limited system 


for the same input power. 

Agreement between theoretical and experimental results pro- 
vides justification for the approximations made in the theoretical 
analysis. 


(6) CONCLUSION 


It has been shown how an intentionally introduced non- 
linearity can effect considerable improvement to the behaviour 
of a non-linear control system subjected to a random signal. 
Two criteria have been used to measure the performance of 
the servo mechanism, namely the mean-square error and the 


Fig. 9.—Reduction of error power by error processing. 
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spectral density of the error signal. The error power is used to 
design the additional non-linearity, giving reductions of up to 
3:1 when compared with the initial system for the case con- 
sidered. FFrequency-spectrum analysis shows that the change in 
error power combines as diminished resonance with a reduction 
in low-frequency errors due to non-linear distortion. 

Whilst the best additional non-linearity depends on the 
spectrum of the input signal, considerable latitude is permissible 
for the non-linear characteristic without departing significantly 
from the optimum behaviour. Fig. 9 shows how a system 
adjusted for best response when the input signal has a bandwidth 
of one-quarter the servo bandwidth, w», behaves when subjected 
to inputs having bandwidths wp and twp. 

It is appreciated that the type of input considered has not 
necessarily a typical spectrum. It has been chosen mainly as 
a first approximation and for its mathematical simplicity. 

Further work will investigate the possibility of combining a 
non-linear error detector with a linear filter, to optimize a non- 
linear system for input signals having a wide range of powers 
and spectra. 
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(8) APPENDICES 
(8.1) Equivalent Gain of vth Law Error-Processing Device 


For a non-linear function described by 


y = fX) = ax” x>0 
= —a(—x) x<0 
i 
= a—(|x]|)” for all x 
jx 


The equivalent gain by Booton’s method is, from eqn. (1), 


D) (ee) 
K=5 Ik xf (orp (dx 


Substituting for f(x) and p,(x), which is assumed Gaussian and 
of the form 


P(x) = ane 
ee ch 2) Goert len xo 
70 
= Ov)aor—! (12) 
where Ov) = al 2 = ) 
where [20-22% = 24-D2gati1P (ee) 


0 


is derived from I\(s) = 


CO 
[ e-te-tdz which is tabulated in 
Reference 16. 0 


(8.2) Evaluation of Distortion Components 
The output auto-correlation function of a non-linear function 
is given by 


R,(7) = 3 a2 p(T) 


In general 


HAO, stay 


where € = x/o,, and H,(£) is the nth Hermite polynomial 
—£2/2 
a 


H,(O = (1-8? 


For a symmetrical function «2, «4, %¢... = 0. 
The first term given by m = 1 represents the undistorted or 
correlated component of the output and is related to Booton’s 
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equivalent gain by x, = Ko,. The higher terms in the series for | 
R,(7) tend rapidly to zero and terms above «3 can be neglected. } 

For the vth-power error-processing non-linearity the corre- 
lated term is given by ; 


a (v) = inf eah axtH, (S67 !2%dx 
e 0 
= 4 orp eT ee 
oA 20+ D2gT (“> ) 


and the main distortion term by 


yH; (6), —x?/262 Jy. 


BO x yan 
-- or H)a 08 
a ary 
For a saturation characteristic with limits +h, 
Oy = 2 fea = oerf (<5) 
and a= — ie e—H2/202 


; é : 1 
For such a function for large signals, i.e. c—> ©, hac ie 
Oy a/ 6 
(8.3) Very-Low-Frequency Distortion Spectrum 
When the input spectrum to a non-linearity is known, previous 
work has shown!?-!4 how the output spectrum may be deter- | 
mined. This technique enables the non-linearity to be repre- 


sented by an equivalent gain K, as given by Booton’s method, 
and an additional distortion generator, as shown in Fig. 10. 


INPUT_ TO OUTPUT 
NONLINEARITY 


DISTORTION 


POWER PER UNIT 


BANDWIOTH Gyq() 


Fig. 10.—Equivalent representation of non-linearity. 


In the derivation of the output spectrum of a non-linear 
element it is necessary to consider the auto-correlation function, 
R(z), of the input and output signals, which is related to the 
power spectrum G(w) by the Wiener—Khinchin relationships 


Pel oe 
Rs =| G(w)el°*dew 


+0 
and Gays J R()eHo"dr 
— © 


The normalized auto-correlation function is given by 


R R 


R(7) may be expressed as a power series in p(7), i.e. 


R,(7) = o a2o"(7) 


PERFORMANCE OF TORQUE-LIMITED CONTROL SYSTEMS SUBJECTED TO RANDOM INPUTS 


| The coefficients «, are functions of the form of the non-linearity, 
and are evaluated for saturation and the error-shaping function 
in Section 8.2. 

Thus the output-power spectrum of a non-linearity is obtained 
| from the inverse transform 


ao eS apr) |e “lord 


| a gives the undistorted component of the output, and for any 
| symmetrical non-linearity og = «) = 2, = 0, whence «3, as, 
| O41 give contributions to the distortion. 

To estimate the power spectrum of the distortion, it is found 
to be sufficiently accurate to represent the input-power spectrum 


to the non-linearity by 
1 1 
Se = G0) 
WwW (33) 
Bf . 3k ts) 


' This signal has a relatively simple normalized auto-correlation 
function given by 


(14) 


(15) 


1 
pent Side —mMW_|t] — g—e|T| 
p(T) yore € ) 


Considering only the first two terms in eqn. (14) the resultant 
output spectrum is 


202 1 1 

G,(w) = ——1 _ | —____. _ —____ 
w(m — 1) w 

1 chiles) eh Aap) 
MW, Wo 

be 202 m?/3 niSmntiQni 1) 
wm — 1) eles é 
ean) 9+] aera, 
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i (3m][m + 2) te 


to lata | 
(m + 2)w, 


yp (W) +b 


The second term represents the distortion signal and gives a 
uniform power spectrum from zero frequency to about w = 3w,. 

Thus, at low frequencies, where the servo error and contro] 
signals are small, the distortion introduces a signal of uniform 
power per unit bandwidth. The magnitude of this distortion 
may be assessed by the ratio of very-low-frequency output dis- 
tortion power per unit bandwidth to mid-band correlated power 
per unit bandwidth, given by 


1/3 
2 
Blac) 


Gya (w) 


m2 3m? 3m 1 
aie 9) A Nay 7 a ee 
(2) eae 2 + G9 


At very low frequencies, the system will respond faithfully to 
the distortion signal, so that an additional signal will be present 
at the input to the non-linearity of low-frequency power per 
unit bandwidth equal to (1 [K?)Gyq(w) (Fig. 10). 

By graphical analysis the error or control-signal spectrum 
(Fig. 8) of the equivalent linear system is approximated to the 
form of eqn. (15), giving m = 10. 

For the two non-linear systems, «,; and «3 have been evaluated 
in Section 8.2. Thus the low-frequency error power may be 
determined. The particular input corresponding to Fig. 8 gives 
a normalized low-frequency error power per unit bandwidth 
with and without error processing of 0-002 and 0-02, 
respectively. 

These results agree well with experimental observations and 
demonstrate a significant improvement in the response of the 
system. 


621.372.826 


| 
¢ 
The Institution of Electrical Engineers" 
Monograph No. 362 E 
Feb. 1960 


© 


POWER FLOW AND NEGATIVE WAVE IMPEDANCE IN THE DIELECTRIC-ROD 
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SUMMARY 


In most waveguides of practical interest the wave impedance in 
the direction of propagation of the wave is positive and its magni- 
tude does not vary with position. It is shown that, in general, a 
guiding structure supporting a hybrid mode, i.e. a mode having axial 
components of both the electric and magnetic fields, can present a 
negative wave impedance. The case of the EH; mode on a dielectric 
rod is then considered, and it is shown that for this mode the wave 
impedance is negative over part of the transverse plane and hence 
leads to regions of negative power flow if the usual interpretation of 
the Poynting vector is employed. The total power flow, however, is 
still positive, since the negative power density and the negative wave 
impedance occur only in a restricted part of the cross-section. 

The orthogonality of the fields is also discussed, and it is shown 
that for hybrid modes the transverse electric and magnetic fields are 
not at right angles to each other. 


LIST OF PRINCIPAL SYMBOLS 


x, y, Z = Cartesian co-ordinates. 
r, 9, z = Cylindrical polar co-ordinates. 
E;,, E,, = Electric field components of H mode. 
H,, H,, H, = Magnetic field components of H mode. 
>» Ly, E; = Electric field components of E mode. 
H,, H; = Magnetic field components of E mode. 
E;, H; = Transverse electric and magnetic components 
respectively, of H mode. 
E;, Hj = Transverse electric and magnetic components, 
respectively, of E mode. 
Z’, Z’”’ = Wave impedances in the z-direction of H and 
E modes, respectively. 
Z,, Z2 = Wave impedances in the z-direction of a hybrid 
mode. 
J,(u),H§)(v) = Bessel and Hankel functions of first kind and 
first order. 
Ji@, Hiv) = First derivatives of the Bessel and Hankel func- 
tions of first kind and first order. 
Lo, €9 = Permeability and permittivity of free space. 
bt, € = Permeability and permittivity respectively of 


medium. 
Xo, Ay = Free-space and guide wavelength. 
S=Ag/A,. 


a = Radius of dielectric rod. 
€, = Dielectric constant of rod. 
P,, Py = Total power flow and power flow outside the 
rod, respectively. 
A, B = Amplitude constants. 


The rationalized M.K.S. system of units is used throughout. 


(1) INTRODUCTION 


During the course of an investigation on dielectric-rod wave- 
guides it was found necessary to make use of an electronic 
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digital computer to obtain solutions of the characteristic equa- 
tion which relates the propagation coefficient of a wave travelling — 
down the rod to the parameters of the rod. The mode under con- 
sideration was the hybrid EH,,; mode. At the same time the = 
opportunity was taken to evaluate the power flow inside and — 
outside the dielectric rod, and this led to the surprising result 
that under certain conditions the power flow outside the 
dielectric rod is negative. This phenomenon can be interpreted 
in terms of the wave impedance. 

The concept of wave impedance, originally due to Schelkunoff,! 
has now been used for a number of years in electromagnetic field 
theory, and has been expounded in a clear and interesting manner 
in a paper by Booker.? 

In field theory the power flow through the surface of a guiding 
system is usually derived from the Poynting vector or, when the - 
complex representation of sinusoidally varying quantities is 
employed, from the complex Poynting vector: 


S=4E x/H*) |.) es 


where H* is the complex conjugate of H. The time-average 
power flow, P, through the surface s is then 


P=2| S.nds . a 


where n is the unit vector normal to the surface. 

Ibe & pe ees Cartesian set of co-ordinates is used with 
propagation in the positive z-direction, the Poynting vector 
reduces to 


S, = EH? — E84). . 


By defining the wave impedances Z, and Z, as Z; = E,/H, and 
Z, = E,]H,, eqn. (3) may be written as 


S, = 4(Z,H,Hy + Z,H,Hz). . « « (A) 


The power flow, as given by eqn. (4), can thus become negative 
only if one or both of the wave impedances Z, and Z, becomes 
negative. It has been found that this condition can occur under 
certain circumstances, but only if the guiding system is capable 
of supporting a hybrid mode (one which is obtained by com- 
bining an H mode and an E mode). 

From Maxwell’s equations it can be shown that, for an 


H mode, 
1 [Bs 
zafey|. 


and Ze keer, 


Similarly, for an E mode, 


ed, tL * ae 


and TAS § IY apt i 


[198 ] 


| 
where k is the unit vector in the z-direction. For the hybrid EH 
mode, since this can be expressed as the sum of an E and H mode, 


Hot AY 
By =H, +H, 
and, using eqns. (5) and (6), also 
Eg = 2) Hy ZH, 
| . E, = — Z'H,, — Z’'H;, 
E. 


, HY’ 
ties zity Dik y 
Hy A, id Hy 


Z, =(1 — 5)Z’ + bz” 

and similarly 4, =(1 —o0Z’ + cz” 

where b = H,,/H, and c = Hy’/H,. 
Substituting from eqns. (5) and (6), 


aval +02) 
AND 


If an air-filled metal waveguide is being considered, then 
A =A, the free-space wavelength, and A,>A, so that the 
impedances Z, and Z, can become negative if b and c are greater 
than unity. This is possible if the fields of the E and H modes 
are in antiphase. 

Alternatively, if a dielectric rod is being used as the waveguide, 
then, for the dielectric region, A is the wavelength of propagation 
in an infinite medium having constants « and p. Hence 
A = Aje,)—"?, so that A, >A and the impedances Z; and Z, 
can become negative if b and c are greater than unity as before. 
For the region outside the dielectric A = Ao, so that A > A, and 
the impedances Z, and Z, can become negative if b and c are 
negative. This is again possible if the fields of the E and H 
modes are in antiphase. 

Although negative power density and negative impedance have 
been obtained, it should be noted that the power flow in the 
direction of propagation remains positive, since the negative 
values occur over a limited fraction of the cross-section. The 
genuine hybrid mode, such as the EH,, mode of the dielectric 
rod, in which the E and H parts must both be present with a 
definite phase and amplitude relationship if the boundary con- 
ditions are to be satisfied, should not be confused with the 
‘bogus’ hybrid mode, such as the rectangular waveguide one, 
which is really just the simultaneous passage along the guide of 
independent E and H modes, both of which individually satisfy 
the boundary conditions. In the latter case, a small deformation 
will split the degeneracy, i.e. the phase velocities, of the two 
modes, whilst in the former case a deformation will not lead to 
individually travelling E and H modes. 


Hence 


so that 


(7) 


and 


(2) WAVE IMPEDANCE AND FIELD ORTHOGONALITY 
It is interesting to note that the relationship 


Bis uly ny 
2 a 2 2 


eee ay ery 6) 


which is the condition for the orthogonality of E, and H,, and 
which is true for E and H modes, no longer applies for the 
hybrid EH mode. 
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From either curl HW =jweE or curl E = —jwyH it can 
easily be shown that E and H must always be orthogonal. 

Let E= E,+ kE, and H = H, + kH,. Then, since E. H = 0, 

E,. H, + E,H, =0 

Hence, for either an E mode or an H mode, E,. H, = 0, ice. 
E, and H, are orthogonal. 

Ina hybrid mode, neither E, nor H, is zero, so that FE, . H, 4 0. 
Therefore E, and H, are not orthogonal and hence 


E, E, 
eee —_— Ph, Lh, Ee Ep en () 
H, i, or Z; ~ Zz (9) 


(3) THEORY OF WAVES ON CIRCULAR DIELECTRIC 
RODS 


In the investigation carried out on dielectric rods the aim was 
to develop a method of measuring the dielectric properties of 
materials at millimetric wavelengths by launching a surface wave 
along a sample of the material in the form of a long thin rod. 
Details of this method will not be discussed here as they are 
given elsewhere.? 

From field theory and the matching of boundary conditions 
an equation can be obtained which relates the propagation coefii- 
cient in terms of the rod parameters (dielectric constant and 
diameter), The general form of this equation is given by 
Stratton.4 For the present case (EH,, mode), for a time depen- 
dence of exp(+jwf) and for a z-dependence of exp (—jfz), 
where z is the direction of propagation, it takes the form: 


Joe ge : Bo || gto i iy - 0) 


ew Ps (ww HMOILG@  vHe) 
2 
where pee ae (ees 
Xo 
v=] 2ma (s2 ae 11/2 
Xo 
ny 
and sa 
rg 


Eqn. (10) can thus be solved to give the relationship between 
the propagation coefficient, the rod diameter and the dielectric 
constant of the rod. By measuring the first two the third can 
be determined. To give a wide range of conditions, eqn. (10) 
was solved a number of times with the aid of a digital computer. 
The loss tangent of the dielectric rod is obtained from a 
measurement of attenuation, since they are related by 


(11) 


The form of the factor R is rather involved> and depends on the 
values obtained from the solution of eqn. (10). To speed up the 
calculations a computer was again used. Since the calculation 
of R involved the evaluation of the power density inside and 
outside the rod, the opportunity was taken to find the fraction 


of power flowing outside the rod. 
The power flow can be obtained from the complex Poynting 


vector, so that 
owes 
P, 


25a OO. 
32 | (Eg — EgHf)rdrad 
6=0 Eee 


ai Ae 2% 0 
122] a (E,H$ — EyH)rardd + 322] (E,Hét — EsH*)rdrd0 
@=0-r=0 @=0-r=a 
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which leads to 


2V 
2 2 
P, Bh )sk =e) 


P 
my lero VS Xen AG + s2) + (1 + V)s¥ — oil + 52) 


(12) 
Seed 29%. Suse 
Whew Me7es oa wee Wess See = es a 
p-1k@ , _1HP@ 
u J,(u) v HYP) 
1/2 
SS’ 
and fe || | 
= 


In the above terms v is positive imaginary and hence g is positive, 
whereas uw is positive real and fcan be either positive_or negative. 

When measuring dielectric constants, a convenient way of 
presenting results is to plot the relationship between the dielectric 
constant <, and the normalized guide wavelength A,/Ay for con- 
stant values of the normalized diameter 2a/Ay. In this way, 
curves of the ratio Po/P, of the power outside the rod to the 
total power have been plotted in Fig. 1 as a function of e, for 


Se aioe 
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Fig. 1.—Ratio of power outside the rod to total power as a function of 
dielectric constant. 


constant values of 2a/Ap. This clearly exhibits the phenomenon 
of negative power flow under certain conditions. 


(4) INTERPRETATION OF RESULTS 


In order to interpret the curves plotted in Fig. 1 it is necessary 
to examine the Poynting vector at different points in the cross- 
section of the guiding system to obtain values of the average 
power density. 

Thus S, = 4E£, x H* 


which after substituting for the field components leads to, for 
r<a, 


1 [| 2nr 4 V Vs 
SS eC tg), eae 26) — ee 
S, aa c Jiu | {cos aE - ston || + <t| 
+ sin? al v0) =e 5 || 1% + «| - (3) 
Uu; Uy 
where Zp = af ao the characteristic impedance of free space, 
0 
2ar 
Uy = (Ee, — S?)!/2 
r Xo ) 


1 Ji(u,) 


and 
Uu, J,(u,) 


ue) = 
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This can be written 
= Ccos? 6 + Dsin? 0 
and will be negative for certain values of 0 if C or D is negative. | 


The locus of zero power density can be obtained from eqn. (13), | 
which reduces to a 


— [V+ wst)][Vs + ef] (14) | 
[2 Vir) + s][u2Vsf(—N) + €,] 
For each working-point, V, s, €, and 2a/Xy are constant. | 
Since the remaining terms on the right-hand side of eqn. (14), 


u, and f(r), are functions of r, 8 can be obtained for a range of r. | 
Similarly, for r > a, | 


jl ke? 2 V Vi 


Se a| Yat ss 2| | Veet) n ai . 5) 


tan? 0 


where Oe ie eh 
Xo 
1 HY’, 
and 2) = Fi HD on 
and for Shi 


—[V + vse ][Vs + r7280)] 
[v2Va(r) + s][v2Vsg(r) + 1] 


In Fig. 2 the loci of zero power density have been plotted for 
three different working-points. These correspond to a total 


tan? 0 = 


a6) 


Fig. 2.—Loci of zero power density. 


Total power outside rod negative. 
—-—-- Total power outside rod approximately zero, 
ad Total power outside rod positive. 


energy flow outside the rod which is negative at A, approximately 
zero at B and positive at C, as shown in Fig. 1 on the curve 
for 2a/Ay = 0-10. The power density everywhere inside the 
loops formed by these loci is negative and conversely is positive 
outside. 

If eqn. (13) is examined, the term which gives rise to the negative 
power flow inside the rod can be determined. By equating this 
to zero and solving for r, the limiting radius within which the 


yower flow can only be positive is obtained. This can be 
written, in general, as 
uzf(r) + p = 0 (17) 


where p is the smallest of the quantities V/s, Vs/e,, s/V and 
ol Vs. From numerical work this has been found to be Vs/e,. 
The sign of eqn. (17) is determined by the function f(r), yas 
‘anges from + 00 at the first zero of J,(u,) (i.e. u, = 0) to — 
it the second zero (i.e. u, = 3-8317). Eqn. (17) can thus ti 
written approximately as 
f(r) ~ 0 (18) 


and leads to an approximate value of u, of 1-84 from which r 
van again be evaluated. 

Similarly, by examining eqn. (15), the term which gives rise to 
the negative power flow outside the rod can be determined and 
when equated to zero will give the limiting value of r outside 
which the power flow can only be positive. This can be written, 


in general, as 
vg(r) +q =0 (19) 


where q is the smallest of the quantities V/s, Vs, s/V and 1/Vs. 
Numerical work shows this to be Vs. Limiting values calculated 
from eqns. (17)-(19) are given in Table 1 for the three cases 
considered. 


Table 1 


Point A Point B Point C 
Upper limit of 2r/Ao 0-460 0-368 0-325 
Lower limit of 2r/Ao 0:0846 0:0836 0:-0835 


} 0-0825 0:0823 0-0824 
To obtain some idea of the relative power density inside and 

outside the rod, eqns. (13) and (15) can be solved for specific 

values of 9. In Fig. 3, the relative power density has been 
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Fig. 3.—Relative power density as a function of distance from the 
centre of rod for 0 = 0, a and 6 = 7/2, 37/2. 
Total power outside rod negative. 


—--—— Total power outside rod approximately zero. 
oe Total power outside rod positive. 


plotted as a function of r for the three cases considered for 
8 = 0 (or m7) and @ = a2 (or 37/2). 

For completeness, the power flow density in the transverse 
directions must be examined. 


S, = (EH? — E,Hé) 


= (E,H}* — E,H}) 
VoL. 107, PART 
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For r< a, 
Ss = bl ae a Ju) | {sine 0% grok ofl vie + “| 
+ cos? Cae Ao Mo +e so]} (20) 
So = Lae =a Jitu | We | VE(r) + =| 
aL sat ae st] }s sin 20 (21) 
For 7a, 
S.= Zt] shave) | sin? Oa pls Ve(r) +5 
"  2ZoL Xo : 
+ cos? oe He oh i22) 


Se = A Z| ae, | 1S | sre) + | 


AoV Us a se) | }3 sin20 . (23) 


2ur 


The power densities evaluated from eqns. (20)-(23) are purely 
reactive and therefore denote pulsating energy only in the r and 
@ directions. 


(5) CONCLUSIONS 


A general theory of power flow for a hybrid mode has been 
derived. In the case of the dielectric rod, the theory is of some 
importance since the easiest mode to propagate in a pure form 
is the hybrid EH,; mode.? The curves plotted in Figs. 1-3 for 
this mode support the theory and demonstrate that an unusual 
phenomenon does occur. 
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THE SURFACE-WAVE AERIAL 
By W. HERSCH, Ph.D., B.Sc.(Eng.), Associate Member. 


(The paper was first received 10th March, 1958, and in revised form 20th November, 1959. It was published as an INSTITUTION MONOGRAPH in 
February, 1960.) 


SUMMARY 


The radiation from the open-circuited end of an externally dielectric- 
coated metallic waveguide can be controlled by varying the size of the 
guide, the thickness and/or the dielectric constant of the coating. A 
new type of aerial designed around this principle is given the name 
‘surface-wave aerial’ and radiation-pattern measurements are used to 
confirm the theory underlying this type of radiator. 

According to its mode of operation it belongs to the category of 
end-fire aerials, which are briefly reviewed to show that surface-wave 
aerials occupy a place in their own right amongst the many possible 
arrangements that utilize the end-fire effect to produce a directional 
radiation pattern. 

The theory of the surface-wave aerial is developed in detail, a 
necessary preliminary step being a full theoretical analysis of the 
properties of the first-order cylindrical surface wave. It is shown that 
a dielectric-coated cylinder which is approximately a wavelength in 
circumference can act as a waveguide for higher-order surface waves, 
of which the first order is an example. 

The ‘characteristic equation’ is determined for the general case from 
which the cut-off frequency, propagation coefficient and conditions 
under which propagation can take place are derived in turn. 

Two specific cases are evaluated numerically and the results are 
used to calculate the polar diagrams of surface-wave aerials operating 
at 9Gc/s. 

The wavelength constant as well as the continuous radiation loss of a 
surface waveguide for which A,/Ap ~ 1 are measured directly and the 
results obtained are used to account for the radiation pattern of very 
long aerials. In conclusion, an outline of future work is given. 


LIST OF SYMBOLS 


a = Radius of waveguide without dielectric. 
A, 43, a4 = Coefficients. 
a = Attenuation coefficient. 
b = Radius of waveguide including dielectric. 
bo, 63, b4 = Coefficients. 
Bo = Phase-change coefficient of wave in free space. 
B, = Phase-change coefficient of guided wave. 
c = Ratio a/b. 
V = Laplacian operator. 
. = Ratios of Bessel functions, defined in Section 2.4. 
€9 = Absolute permittivity of vacuum. 
€1, €2, €3 = Relative permittivity of medium 1, 2, 3. 
e« = Relative permittivity of a medium. 
E = Electric field. 
f = Frequency of wave. 
y = Propagation coefficient. 
H = Magnetic field. 


J, = Bessel function of order n 
H,, = Hankel function of order n 
Y,, = Neumann function of order n 
ky = (wpe, — y?)'?. 

Ao = Free-space wavelength. 


Nee 


Addition of prime 
denotes differentia- 
tion with respect to 
argument. 
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A, = Guide wavelength. 
/4g = Absolute permeability of vacuum, 


L415 Ha 3 == Relative permeability of medium 1, 2, 3. ; 
pe = Relative permeability of a medium. a 
N = k3b. ,y 


w= af. aie { ¥ 
q = Ratio b/Ao. 
OQ = wUW9€o/y” = (Ag/Ao)?. 
r, , ey = Cylindrical polar co-ordinates. 
= (1/V)? + A/W). 
i Angle of direction with respect to longitudinal axis | 
of aerial. | 
tan 6 = Loss tangent of dielectric medium. 
Ug = Velocity of propagation of guided wave. 
ve kyb. 
W = jN. 
x, y, z = Rectangular co-ordinates. 


(1) INTRODUCTION 


The surface-wave aerial, according to the mode of operation, } 
belongs to the category of end-fire aerials. 

In general, end-fire aerials consist of a launching device and } 
a waveguide along which the wave travels with a phase shift } 
approximately equal to 360° per free-space wavelength. Radia- | 
tion takes place either at points of discontinuity or from the end | 
or.as a result of a combination of both. 

Many different types of end-fire aerial are known, the simplest 
being the leaky transmission line consisting, at low frequencies, 
of a wire suspended above ground and terminated in its charac- 
teristic impedance at the far end. An array of separately- — 
excited dipoles, or the Yagi aerial, although consisting of discrete — 
radiators, can be thought of as a guiding structure for a surface 
wave, the radiation taking place from the end plane.! 

Helical aerials may radiate in many modes, the two of greatest 
interest being the normal and the axial modes. The latter tyPS) 
turns the helix into an end-fire aerial, the radiation being © 
practically circularly polarized.” 

Dielectric rods can support various modes, the so-called dipole 
mode, HE,,, being much preferred because, when a dielectric rod — 
is used as an aerial, the radiation consists of a single main lobe 
coaxial with the rod. Great bandwidth and freedom from side 
lobes are the main virtues of this type of radiator. The wave- 
guide properties of a dielectric tube are similar to those of a 
dielectric rod and provided that a critical wall thickness is main- 
tained, single-lobed radiation patterns can be produced with 
dielectric tube aerials.* 

A bare wire can act as a waveguide for a surface wave (zero 
order) irrespective of diameter> although, in practice, such 
surface-wave guides are coated with a dielectric in order to 
confine the radial spread of the wave.® ~ 

By introducing regular controlled discontinuities along the 
whole length of the wire, an aerial having a radially omni- 
directional radiation pattern can be constructed.’ 

The paper first deals with an extension of surface-waveguide 
theory to include higher-order modes, which are hybrid modes, 
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tnd then describes how such a waveguide, when supporting a 
irst-order surface wave, can be used to design a high-gain aerial 
which is physically small compared with a wavelength. In 
heory very high gains can be obtained from aerials not more 
han one wavelength long, since the aperture is a function only 
of the guide diameter, and the thickness and dielectric constant 
of the coating. 


(2) THE FIRST-ORDER SURFACE WAVE 


(2.1) Historical Background 


The theoretical study of surface waves dates back to the year 
1899 when Sommerfeld® predicted that a straight cylindrical con- 
ductor of finite conductivity and having a smooth surface could 
act as a guide for electromagnetic waves. 

Two of his pupils carried out further theoretical studies into 
‘the properties of cylindrical surface waves. Harms? calculated 
‘the velocity of propagation of Sommerfeld’s wave (the zero-order 
‘mode using present-day nomenclature) for a dielectric-coated 
‘wire. Hondros!° examined the existence of higher-order modes 
on metallic wires and concluded that they were possible but 
could never be observed because they were too heavily damped. 
_ More recently, Stratton® considered higher-order surface waves 
‘on a cylinder embedded in a dielectric and proved that pure E 
or H waves die away in the space of a few hundredths of a 
wavelength. 

So far as the author is aware only the zero-order mode has 
‘received any attention up to now because it had been demon- 
/ strated that it could propagate on a bare wire, small in diameter 
‘compared with a wavelength, with very little attenuation. In 
fact, many papers have appeared in recent years dealing with 
various aspects of this mode. 

_ The application of the single-wire waveguide to military 
‘purposes formed the subject of American reports in which 
‘it was referred to as the G-string waveguide. Goubau® was 
the first to show renewed interest in this type of waveguide 
by pointing out that the addition of a thin dielectric layer to 
the wire considerably reduces the radial spread of the wave 
and that losses due to the scattering from nearby objects can 
thus be made negligibly small. Methods of launching the wave 
Werere studied by Dyott!! and Goubau himself!? and experimental 
work carried out by Goubau, and his design data, were critically 
‘reviewed by Barlow and Karbowiaki!? 

Higher-order surface waves, which were dismissed as being of 
no practical significance by the few authors who have made 
reference to them, have, in fact, a low attenuation provided that 
they are allowed to propagate along a dielectric-coated metallic 
cylinder which is approximately a wavelength in circumference. 
Under those conditions a higher-order surface wave is not a 
pure E or H mode, but this is only of academic interest, as there 
are also other types of waveguide, such as the dielectric rod, 
which support waves of one predominant mode and in addition 
require a subsidiary mode to enable propagation to take place. 

In the following Sections the properties of the first-order 
surface wave are studied, expressions for the field equations and 
propagation coefficient are derived and the results are experi- 
mentally verified. 


(2.2) General Theory 


The solution of the general problem of wave propagation along 
a dielectric-coated metallic cylinder, which includes the case of 
asymmetric hybrid modes, has not been attempted so far. The 
first-order surface wave is a specific case of such a mode and 
the method used to determine the propagation coefficient of this 
mode as a function of the diameter of the cylinder and the 
thickness and dielectric constant of the coating follows the 
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method employed by Astrahan!* for the case of a dielectric 
tube, as reported by Kiely.4 Maxwell’s equations expressed in 
vector notation are 

curl E = — jou 

curl H = jweE 

div E=0 avai Males a) 

divH=0 


provided that the time dependence is of the form e/*, and that this 
holds for regions of zero conductivity and no charge. By taking 
the curl of either of the first two equations and substituting from 
the others, the well-known wave equations for a region with 
constant values of w and «€ are obtained: 


VE, = — wpe E, 
} (2) 


VH, = — w*peH, 


Solutions of these wave equations which satisfy Maxwell’s 
equations at all boundary surfaces will satisfy Maxwell’s equa- 
tions everywhere. It is assumed that the field dependence on z 
is of the form e~%7, where y, the propagation coefficient, is 
real and positive. This form represents a wave propagating 
without attenuation in the positive z-direction. From the wave 
equations (2) the following scalar equations for the z-field com- 
ponents are derived: 


ESB) ae Bed hay 
or2 r or r2 dd" — KE, | 
3 
2H; 201 SH 2 |e 
re Or erm z | 
where Ke ee Ose ee ee on ua e(Ay 


The most general solutions of eqns. (3) are linear combinations of 
Emn = [AnJn(Kpt) + Bu (kpr) etre | 
dates we [C,Jn(kpr) + DrY {Kpt) lei i} 


for different values of n, where a time variation of ¢/* is assumed; 
A, B, C and D are arbitrary constants and J,, and Y,, are Bessel 
functions of the first and second kinds respectively and nth order. 
In order that the fields are unchanged when ¢ is increased by 
27, mn must be restricted to positive and negative integers, 
including zero. It can be shown that the boundary conditions 
can be satisfied and therefore each value of n corresponds to a 
wave mode that can be guided by the system shown in Fig. 1. 
In the following derivations only the first-order mode is con- 


(5) 


Fig. 1.—Co-ordinate system. 
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sidered and the subscript n = 1 will therefore be omitted, for 
the Bessel and Hankel functions of the first and zero order. 
If 0/d, is replaced by —jy and 0/0, by jw in the six curl relations 
of the first two of eqns. (1), the r- and ¢-components can then 
be expressed in terms of the z-components, resulting in 

—jy oE, 


Es = 7a( Feb jen) | 


ai /Me a ee oH, 
ES re: (Cas } 7 


| 


: el Shs kt. iy cen) 
Us Ty 3 Zr Jy Zz 
Hy k2 (joer a r a, 
GL Gj@e OE © ie. cOr 
oe a( 7 Vogl 9) 


The most general form of eqns. (5) is now determined for 
each of the three regions I, IJ and III (Fig. 1). The two com- 
ponents of EH and H are matched at the boundary surfaces to 
the corresponding ¢ obtained from eqns. (6) where «E£, and 
(4H, must be continuous. For region I, 


Ex, = 45k )F 
Hy = 6,3, (kyr)F 


where F = e/(@t+ot—2), The Y, solution is discarded because 
the fields must remain finite and Y(r) becomes infinite as r 
approaches zero. In the case of a dielectric-coated cylinder for 
which infinite conductivity is assumed, the field components 
E,, and H,, are zero inside and on the surface of the metallic 


(7) 


cylinder. For region II, 
Eg = [a,J,(kor) + a3Y (kor) |F } (8) 
Fizz = [bJ, (kyr) + b3Y (kor) F 
For region III, 
E,3 = aH ky)F a 
H3 = bsA(kar)F 


where H(r) = J,(r) + /Y,(/) is the Bessel function of the third 
kind, or Hankel function. Now from eqn. (4), 


K3 = wpe; — y? = (2) wa er 


where v3 is the velocity of a uniform plane wave in medium III, 
i.e. free space, and v, is the velocity of propagation of the guided 
wave; y is the same for all three regions. A guided wave cannot 
travel faster than a wave propagating in free space and k3 must 
therefore be less than or equal to zero; consequently k; must be 
either zero or purely imaginary. 

Now the field must approach zero at large distances from the 
axis and the most general combination of Bessel functions which 
approaches zero for large imaginary arguments is H{!), hence- 
forth abbreviated to H,. 

In fact, the boundary conditions can be met by either using 
HW or HY. In the following treatment HW with positive 
imaginary argument is used throughout. 


(10) 


(2.3) Field Equations 


Substituting eqns. (7), (8) and (9) into eqns. (6) to obtain the 
r- and ¢-components results in the following set of field 
equations: 
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Ey, = 0 
Hy, =0 
Ex. = at [aJ (kor) ae a3Y (kr)] 
+ jwprk[boJ (kor) + b3Y (kor ibe 
A = ie flint) AF a3Y {(kor)] 
os "bad (kar) + b3Yy(kor ihe 

1 m 4 

Oe B H(k3r) + jopgk3bgHy (kar) | F 
ar mre kane Eo ls Nore MaRS 
E,1 Sal 
Hy =0 
1 vA 4 
2 oan Pf ivtates itkar) + a3Y (kar) 
2 ——=[bJ (kor) + b3Y 4 (kor vibe 

Hy = A{- SA [agd (ker) + aa¥ (kor) 

2 — jykp[bJ (kor) + nvr lhe 

Lal hs Pee wH3b4 ry kar 

E,3 ee Jyk3agHy(ksr) — F i(ksr) 

1 é , 
ees al- OE3A4 47 (Kr)  ipksbbikey) | F 


(2.4) The Characteristic Equation 


The properties of the first-order surface wave can be deter- 
mined from the field equations (11) and (12) by equating the 
¢- and z-components at the boundaries r = a and r = b where 
the fields must be continuous. From the condition that the 
determinant of the coefficients of the a’s and b’s must be zero, 
the characteristic equation is derived. The complete derivation 
is given in the Appendix, where it is shown that the characteristic 


equation is ; 


of{(A\A; — A,Ad(A; — AA — (A,A,A, — A,A,As) 
(A; — A,)As 
+ e[(A,A;Ag — A,A,A,)(A3A, — A,A4) 
— (A,A; — A,A,)(A3A, — A,AdAs]} 
<— T*(A,A, aor A,A (A aaa Ay) = 0 (13) 
the various symbols being defined as follows: 
Te Sera ay) a Y{(V) 
Lea Keyy ot YU BUPA) 
i) _ HW) _ w Uo€o 
2 TIP VA os NEN mG a) 
_ IJicV) eH a fly fly? 
shite Y,(cV) re cVY,(cV) oir ia) fj 


The following abbreviations are introduced to simplify the 
|| writing : 
c=alb; knaa=cV; kob=V; k3b=Norjw 


where W is real and positive, since k, must be imaginary. 
The significance of the characteristic equation will now be 
|discussed using some of the relationships obtained earlier on. 


V.2 . Wr2 
(5) = eH +(F) 
Since y? = (2n/A,)? and wpgeg = (277/Ay)2, where A, is the 
guide wavelength and Ap is the free-space wavelength, QO can 


also be written as Q = (A,/Ag)”, and eqn. (16) can be written in 
the forms 


(15) 


(16) 


Ge e-D=V24+ 92 oe 
Qm\2 272 AY 

GN -<G5- GY. - ow 
_It is thus found that 2 2 
by\2 < AV 

(i) = are 5, 
DEN V2+ w2 

ea 2 


The characteristic equation expresses a relationship between 
two parameters V = kb and N = kyb which are proportional 
‘to the radial and axial propagation coefficients respectively. 

The A’s are dependent either upon V or W; Q and T are 
both functions of V as well as W. Hence each pair of V and 
W which satisfies the characteristic equation for given values of 
€ and c determines a dimensionless pair, b/Ay and A,/Ap. 
In a 3-dimensional plot, Fig. 2 shows how the value of the 


Fig. 2.—Three-dimensional plot of the characteristic equation. 
c=0:9;¢€=2:3 
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characteristic equation changes as a function of V and W for 
the case of a polythene-coated cylinder (« = 2-3) for which 
c=0-9. The value of the characteristic equation goes to 
infinity whenever J, or Y, goes to zero. The A’s in which J, 
occurs in the denominator are always associated with other A’s 
where J, occurs in the numerator so that cancellation takes place. 
The only two A’s which make the value of the characteristic 
equation display discontinuities are therefore A, and A, and 
infinities occur when either Y,(V) or Y;(cV) is zero. 

Now Y,(V) and Y,(cV) are related by the factor c and when- 
ever there is a value of V for which the function Y,(V) has a 
zero there will be a second zero when the function is 1/c¢ times 
greater. Reference to tables of Bessel functions shows that zeros 
occur at 2-197, 5-430, 8-596, etc. 


(2.5) Cut-Off Frequency and Higher-Order Modes 
Points for which the characteristic equation is satisfied lie 
along the intersection of the 3-dimensional plateau and the zero 
plane. These points are replotted in Fig. 3, as outlined in the 


6) 0-2 0-4 08 +0 7-2 


06 
b/ Ao 
Fig. 3.—Characteristics of the HE;; mode. 


previous Section, to show the relationship between ,/A9 and 
b/Ao. Two specific cases with which the experimental work has 
been concerned were evaluated numerically, namely c = 0:96, 
e€ = 23 (titanium-dioxide-loaded polystyrene) and c= 0-90, 
e€ = 2:3 (polythene). It is not easy to prove analytically where 
the characteristic equation has solutions for V when W = 0, 
although it can be shown that a critical value must exist and 
that the first-order wave therefore has a cut-off frequency. 
The graphical solution indicates that the value of V associated 
with the first intersection of W = 0 is 2-197, which is related 
to the zeros of the Bessel functions of the second kind. Sub- 
stituting the value found into eqn. (19) one obtains the cut-off 
condition for the first-order surface wave: 


b  2-197(1/e) 
No 2m/(e — 1) * 


This relationship holds so long as the characteristic equation 
has no zeros in the range for which V lies between the limits 
2:197< V<2:197/c. For practical values of c, which are 
never likely to be as small as 0-5, so that 2:197/c < 5-430 (the 
next zero), eqn. (21) applies to all cases of the HE,,; mode. 

The dependence of the cut-off frequency on the dimensions 
of the waveguide are better appreciated if eqn. (21) is rearranged 
thus: 


(21) 


__ 2+197(1/¢) 
nj yery : 


where 27rb represents the circumference of the guide. Examina- 


2ab (22) 
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tion of eqn. (22) clearly shows that the first-order surface wave 
cannot exist in the absence of a dielectric coating. For the case 
of air (ec = 1) the guide would need to be of infinite circum- 
ference. Low-loss solid dielectrics, mixtures and foams excepted, 
have a dielectric constant greater than 2 so that, in general, the 
circumference of a surface waveguide supporting the first-order 
mode will have to be at least twice the free-space wavelength; 
however, by making « large, the size can be very much reduced. 

It was pointed out in Section 2.4 that the characteristic equa- 
tion can be satisfied by more than one value of V for the same 
value of W, owing to the behaviour of the Bessel function. The 
second, third and subsequent zeros of this function determine 
the onset of higher-order modes of the first-order surface wave, 
i.e. HE,;, HE3;, etc., which can be analysed in a similar manner 
by modifying the numerical constant in eqn. (22). 

So far, one set of limiting conditions applicable to Fig. 2 has 
been found. A second set of limiting conditions can be obtained 
from eqn. (20). If W is large compared with V, the value of 
(A,/Ag)? will tend to 1/\/e and if V is large compared with W, 
(A,/Ao)? will tend to 1. It therefore follows that the ratio of 
guide wavelength to free-space wavelength is confined to the 
range 1/4/e< A,/Ay < 1. 


(3) THE SURFACE-WAVE AERIAL 
(3.1) Theoretical Radiation Pattern 


(3.1.1) General Considerations. 


In the preceding Section the conditions were derived under 
which the first-order surface wave can exist. The radiation 
pattern of an unterminated surface waveguide, i.e. a surface-wave 
aerial, is the result of a variety of factors, varying in relative 
importance, depending upon the size and the length of the aerial 
as well as upon the launching conditions. 

Without further experimental work it is not possible to put 
forward a single unified theory to predict the radiation pattern 
of surface-wave aerials as a number of assumptions have to be 
made concerning the mechanisms of radiation and it is therefore 
possible to account for an observed polar diagram in more than 
one way, depending upon the nature of those assumptions. The 
radiation pattern may be due to a combination of 


(a) Direct radiation from the dipole. 
(6) Radiation from along the length of the aerial. 
(c) Radiation from the open end. 


The direct radiation from the launching dipole tends to make 
the pattern omnidirectional in the H-plane, though in general this 
direct contribution to the field can be kept small. Continuous 
radiation from the whole length of the aerial was specifically 
excluded when the characteristic equation was derived, it being 
assumed that the first-order mode is non-radiating. Radiation 
from the length of the aerial can nevertheless be present, owing 


¢ 
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the aerial is increased; at the same time the power radiated from 
the end is reduced. 


(3.1.2) Radiation from the Open End. 

The fields E,; and E53 at the end of a surface waveguide are 
given by eqns. (11) and (12) and the radiation pattern is obtained 
from the sum of all the fields in that plane. Using the above: 
equations it is shown elsewhere!> that the E- and H-plane polar 
diagrams are given by 


Eg = constant x | ;Ho 4) x Jo (= ; = é)4(5) - 3) 
| 


where g = Ap/b and the other symbols are defined in Fig. 4. 
The above integral can readily be evaluated graphically, using 


Fig. 4.—Co-ordinate system of surface-wave aerial. 


the normalized parameter r/b and varying sin@ in discrete 
steps, since it is the product of an oscillating function, Jo(z), 
and a rapidly decreasing function, Ho(jz), both of which are 
tabulated. 

The value of W is known from the particular solution of the 
characteristic equation from which b/Ag was calculated. 


(3.1.3) The Long Aerial (Fig. 5, next page). 

In a long aerial there is a possibility that radiation may occur 
from along the length of the aerial owing to regularly spaced 
discontinuities. The effect can be included by treating it 
separately and by adding this radiation vectorially to that of the 
end plane; however, agreement between the measured and the, 
predicted polar diagrams is never entirely satisfactory. Con- 
sidering the radiation to originate from two line sources in the 
x-z plane on either side of the surface waveguide, it can be 
shown!> that the E- and A-plane polar diagram is given by 


. al Xo al J al Ao\ .. 2 
sin —( cos 6 — —) cosh — + j cos —(cos #6 — —}) sinh — 
Eg = ellie) (cose a Te x) 2 Xo ( 7 2 (24) 


a — 1 (c0s 8 _ ) 


to discontinuities on the surface. It is difficult to treat this case 
mathematically in a general form since the results depend upon 
the precise arrangement of the discontinuities. 

The contribution of most interest is that from the open end 
of the guide for aerials that are comparatively short; for long 
aerials different considerations may apply. A small amount of 
radiation from discrete points along the length of the aerial gives 
rise to a polar diagram of decreasing beam width as the length of 


where « is the radiation loss per unit length in nepers. 

When performing the vector addition, the phase reference 
plane is assumed to be at the centre of the aerial rod for the 
contribution from the continuous radiation and at the end of the 
aerial for the contribution from the end plane. Similarly, the 
contribution from the launching dipole could be added if it 
was thought to be of sufficient magnitude to warrant its 
inclusion. 
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Fig. 5.—Continuous radiation. 


(3.2) Methods of Launching First-Order Surface Wave 


In order to excite a particular surface wave on a dielectric- 
coated cylinder it is, in general, necessary to create at the end 
of the cylinder a field configuration as closely similar to that of 
the required mode as possible. From Fig. 6 it is seen that the 


H-LINES 


E-LINES 


Fig. 6.—Configuration of first-order surface wave. 


field distribution of the first-order surface wave along a line 
perpendicular to the cylinder resembles that of a A/2 dipole 
which can therefore be used to launch the wave. 

In order that power may conveniently be fed to the exciting 
dipole, a surface-wave aerial is best constructed as a dielectric- 
coated tube. 

At microwave frequencies the aerial tube can be used as a 
Waveguide and energy can be converted in several ways. The 
direction of the electric field of the H;,; mode at the centre of 
a circular waveguide is perpendicular to the axis of the guide; 
two A/4 dipoles projecting into the tube through insulating 
bushes can therefore be used to transfer energy from the inside 
of the tube to the outside. An adjustable reflecting piston 
inside the guide can be used to achieve maximum power transfer. 
Fig. 7(a) shows the principle applied to a first-order surface-wave 
launcher operating at 9 Gc/s. 

An altogether different method is shown in Fig. 7(6). The 
H,; mode in a circular metal guide is used to excite the Hy, 
mode in a dielectric rod. The rod is then continued as a thin 
dielectric sleeve surrounding the metal rod along which it is 
desired to propagate the surface wave. Tapered transitions 
ensure smoother conversion from one mode to another and 
result in better launching efficiency. 

For operation at centimetre wavelengths a surface-wave aerial 
can easily be constructed from thin metallic tubing which is self- 
supporting, in the manner shown in Fig. 7(a), the outside being 
coated with the appropriate amount of dielectric. Since the 
diameter of a surface waveguide can be reduced as the dielectric 
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Fig. 7.—Surface-wave launchers. 
(a) Dipole transition. 
(6) Waveguide transition. 
constant is increased, it is often desirable to make this as large 
as possible. 

In mixtures of titanium dioxide and polystyrene this constant 
can be readily controlled between the limits 2:3 and 23; for 
appreciably higher dielectric constants solid ceramic tubes must 
be used. 


(4) EXPERIMENTAL VERIFICATION OF AERIAL AND 
WAVEGUIDE THEORIES 


(4.1) Test Procedure 


A schematic of the experimental arrangement is shown in 
Fig. 8. A klystron, tunable from 8 to 10Gc/s, was used as 
KLYSTRON POWER MONITOR 
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Fig. 8.—Microwave test arrangement. 


the source of r.f. power. By inserting a rectangular-to-circular 
waveguide transition, the HE; surface wave was launched from 
the end of the internally short-circuited waveguide, as described 
in Section 3.2. 

In order to avoid unwanted reflections from supports, that 
part of the wave which travelled away from the desired direction 
of propagation was absorbed by a screen of carbon-loaded 
rubber (‘space cloth’) which was placed on one side of the 
launching dipoles. The receiving termination was constructed in 
an identical manner, the received energy, after being transformed 
back from circular to rectangular waveguide, being detected by a 
probe and crystal diode, the output of which was indicated on a 
galvanometer. A calibrated attenuator was inserted in the 


CALIBRATED ATTENUATOR 
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waveguide and, by keeping the galvanometer deflection constant, 
gain or loss relative to a standard signal could be measured 
directly. 

Propagation measurements were carried out by applying 
dielectric coatings of different materials to the outside of the 
guide. When radiation patterns were measured, the launcher 
in Fig. 8 was replaced by a horn which was used to illuminate 
the aerial under observation. In this case the aerial, used as a 
receiver, resembled the launching arrangement of Fig. 7, suitably 
extended to the appropriate length. 


(4.2) Polar Diagrams 
The E- and H-plane polar diagram for a surface-wave aerial 
two wavelengths long, for which b/Ay = 0-375, is shown in 
Fig. 9. There are two side lobes on either side of the main 
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Fig. 9.—Polar diagram of 2A aerial. 
b/d = 0:375; c = 0:93 € = 2:3 


beam in the Z-plane and the polar diagram in the H-plane shows 
little directivity. 

The theoretical radiation pattern, calculated from the results 
of Section 3.1.2 and shown dotted, contains one small side lobe, 
but only when b/Ay exceeds a critical value. 

The departure of the actual radiation pattern from the ideal 
pattern is due to the direct radiation from the launching dipole. 
Two sources 2A apart, ie. the dipole and the end plane of the 
aerial, will result in minima at 41-6° and 75:5° and maxima at 
0°, 60° and 90°. Examination of Fig. 9 shows that this is, in 
fact, the case. The polar diagram of the main beam agrees 
well with the theoretical diagram as calculated with the aid of 
eqn. (23). The length of the launching dipoles projecting from 
the aerial was kept to 0-1A, this being a compromise between a 
reasonable launching efficiency and the desire to keep the effect 
of direct radiation from the launcher as low as possible. 

Fig. 10 shows the polar diagram of a 10A aerial with c = 0-9. 
The reduction in beam width of the major lobe is very noticeable 
compared with a short aerial. A possible explanation could be 
the presence of radiation from the length of the aerial, since the 
pattern due to the end plane has not changed. 

Assuming that the phase reference plane of the radiation from 
the aerial length is at the centre of the aerial, five side lobes on 
either side of the main lobe can be expected when the radiation 
from a 10A aerial is combined with that from the end plane. 

The position of the side lobes depends upon the exact 
length of the aerial in terms of Vn Maxima occur whenever 


| “ cos § = 2nm and minima are observed whenever it 
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equals (2n — 1), ¢ being the phase angle between the two equi- 
valent sources. 

This phase angle is determined from eqn. (24) and, as can be 
seen, it is also a function of «, the radiation loss per unit length. 
The amplitude distribution expressed by eqn. (24) obeys a 
(sin n6)/@ law, where n denotes the number of wavelengths, 
provided that « is small and A,/Aj does not depart appreciably 


from unity. 
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Fig. 10.—Polar diagram of 10) aerial. 
b/Ag = 0:°375; c = 0:93; € = 2:3 


In Fig. 10 the theoretical polar diagram has been superimposed 
dotted on the measured polar diagram. The radiation from the 
dipole was neglected and in adding the two fields it was assumed 
that the power was divided in the ratio 30% : 70%, 30% being 
the contribution from the radiation along the length of the 
aerial. This figure is based on measurements described in the 
next Section, which indicate that power along a surface wave- 
guide of the type used is lost at the rate of approximately 4 dB/m. 

The effect of varying the ratio b/A) is demonstrated in Fig. 11 
which shows the polar diagrams of two aerials, 10 wavelengths 
long, one aerial having a dielectric thickness twice that of the 


Fig. 11.—E-plane polar diagram showing effect of varying thickness 
of dielectric. 
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other. The actual values are b/Ay = 0°375, c=0:9 and 
b/Ay = 0-41, c = 0°85. 

Theoretically the beam width should decrease as the ratio 
q = b/Xo is increased [see eqn. (23)]. The phase across the 
aerial aperture then changes more rapidly as one moves away 
from the centre of the aerial, resulting in a reduced beam width. 

The appearance of side lobes is the penalty that has to be 
paid for exceeding an optimum ratio of b/Aj. The reduced side 
lobe level indicates that a greater portion of the total energy 
reaches the end plane in the second case and that a smaller 
amount of energy is lost by radiation from the length of the 
aerial. 

Lastly, in Fig. 12 a comparison is shown between two similar 
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Fig. 12.—E-plane polar diagram showing effect of increasing length 
of aerial. 


aerials, of length 10A and 20A respectively. A further reduction 
in the width of the major lobe is apparent as the length of the 
aerial is increased, with an attendant increase in the number of 
side lobes. The actual improvement in gain is probably masked 
by the additional field from the dipole, which cannot be entirely 
sliminated with this method of launching. 


(4.3) Measurement of the Propagation Coefficient 


When a dipole is used to launch a surface wave in the manner 
shown in Fig. 7(a), the launching efficiency is not very great 
ind the field propagating outwards consists of a guided surface 
wave of wavelength dz and an unguided free-space wave of wave- 
ength Aj. The guided wave suffers attenutation as a result of 
oss in the dielectric, resistive loss in the conductor and, under 
ertain circumstances, radiation loss due to a variety of reasons, 
he decay being exponential. Along the waveguide the two 
waves are periodically in and out of phase, and this effect can 
ye used to determine the guide wavelength directly by measuring 
he resultant field at a point along the guide, either the frequency 
xr the separation between launcher and receiver being varied 
intil a phase change of 27 has occurred. 

Experimentally it was found more convenient to choose the 
second method, as this ensured that the klystron power remained 
sonstant, that the conditions at the receiving end did not vary 
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and that the launching efficiency of the transmitting and receiving 
dipoles remained unaltered. 

Sections of waveguide of different lengths, arranged in various 
combinations, were used to change the guide length in discrete 
steps. They consisted in one case of thin-walled (telescopic) 
brass tubing coated with polythene tape making b/Ay = 0:38 
(at 9Ge/s) and c = 0:9. 
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Fig. 13.—Interference pattern between direct and guided waves, 


The result is plotted in Fig. 13 and it can be seen that a phase 
change of 27r between the two waves takes place every 66-6cm. 
Since the free-space wavelength at 9 Gc/s is 3-33 cm, this distance 
corresponds to 20A,. The guided wave, travelling at a reduced 
velocity, occupies one additional cycle in the same space, so 
that nAy = (n + 1)A,. Hence the ratio Ap/A, is 20 : 21 or 0-95. 
Comparing this result with the calculated value of 0:99 (see 
Fig. 3) for the case b/Ay = 0-375, it is found that the difference 
between the theoretical and measured values is rather large con- 
sidering the order of magnitude involved. The explanation can 
be sought in the fact that dielectric and resistive losses as well as 
radiation losses were neglected in solving the characteristic 
equation. 

Losses along the surface of the guide provide additional 
retardation of the wave and this would account for Ag/A, being 
smaller than the calculated value. Since only a very small 
portion of the wave travels in the dielectric coating, the effect 
of dielectric loss is negligible, particularly in view of the fact. 
that tan 6 is small for the material used. Resistive losses can 
account for some of the retardation, although radiation is 
believed to be the main cause. 

Measurements to determine the attenuation along the guide 
lent support to this supposition. It can be seen from Fig. 13 
that the attenuation corresponds to 4:0dB/m which cannot all 
be due to resistive and dielectric losses, particularly since most 
of the energy travels in the space surrounding the guide. (The 
contribution of the direct wave in these measurements was small. 
This was established by measuring the received signal with and 
without the guide, the free-space signal being approximately 
14dB down on the guided signal except in close proximity to 
the dipole.) 


(5) CONCLUSIONS 


The existence of a first-order cylindrical surface wave has been 
proved and the feasibility of designing end-fire aerials utilizing 
this mode has been successfully demonstrated. 

The properties of this wave, which is a hybrid mode, as welf 
as those of any other higher-order mode can be studied by 
examining the characteristic equation, which has been derived 
for the general case. In solving it for specific cases, it was’ 
assumed that the wave mode is non-radiating (i.e. the radial 
propagation coefficient is a purely imaginary quantity) and that 
the longitudinal propagation is loss-free. These assumptions, 
although substantially correct, limit the validity of the results. 
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The range of conditions for which the characteristic equation 
can be solved, even allowing for the above simplifying assump- 
tions, is at present severely restricted owing to the limitations 
imposed by available tables. In particular, it is not possible to 
predict the behaviour of cylindrical surface waveguides which 
are coated with dielectric materials having a substantially higher 
dielectric constant than was used by the author, i.e. compounds 
of titanium dioxide and barium and/or strontium which have 
been developed in recent years. !® 

The experimental work has been concerned only with basic, 
straightforward surface-wave aerials and adequate theories have 
been put forward to predict their radiation patterns. However, 
different constructions can be envisaged. Since the size of a 
surface-wave aerial of given gain is proportional to 1/,/(e — 1), 
the arrival of high-dielectric-constant ceramic materials should 
make it possible to design high-gain surface-wave aerials, 
particularly for the microwave bands, which are physically much 
smaller than any conventional type of aerial. 

A ceramic sleeve supported by a metal tube is one form of 
construction which is not only rigid, but is also inherently 
immune to great heat. Such surface-wave aerials can be built 
into the noses of supersonic aircraft, or rocket-propelled 
vehicles equipped with forward-looking radar, where the effect 
of aerodynamic heating prevents the use of protective covering 
which is normally required by microwave aerials forming an 
integral part of airframe structures. An aerial of tapered con- 
struction, fed from an internal waveguide by means of hole 
couplers, would combine desirable electrical properties with 
great mechanical strength and reduced wind resistance. 

Complete freedom from side lobes, which is characteristic of 
short surface-wave aerials, was never achieved in practice, mainly 
because the very ineffective but convenient dipole method of 
launching the wave was used. The waveguide-transition type of 
launcher described in Section 3.3 is superior, as it is possible 
by proper design to eliminate direct radiation from the primary 
source. Further work on launching methods and their efficiency 
meeds to be carried out if it is desired to establish the propa- 
gation characteristics of higher-order surface waves more 
accurately. 

Although the work described in the paper had as its primary 
objective investigation into a new type of aerial, it has prompted 
research into higher-order surface waves and these have, in turn, 
given rise to many new problems. Further research into the 
losses associated with the propagation of the first-order surface 
wave is needed to determine the effect of regularly-spaced discon- 
tinuities on the surface impedance and hence the conditions under 
which such discontinuities may give rise to radiation. 

The radiation loss that has been observed is attributed to a 
regular pattern of surface irregularities which may have led to 
radiation of the very loosely guided wave, particularly as A,/A9 
was almost unity. : 

Other higher-order modes have not yet been investigated and 
the properties of the complete range of higher-order modes 
which a dielectric-coated cylinder can support still remain to be 
explored. 
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(8) APPENDIX: DERIVATION OF THE CHARACTERISTIC 
EQUATION 

In this Section the general characteristic equation of the first- — 
order surface wave is determined and the method of solving it 
by systematic trial and error is described. Solutions are obtained 
for specific cases for which tables have been compiled!> to assist 
with the numerical computations. These tables can be used for 
the solution of problems not considered in the paper. 

The field equations (11) and (12) in Section 2.3 contain six 
arbitrary coefficients aj, a3, a, and b>, b3, b4, which can be 
found by applying the boundary conditions requiring continuity 
of the ¢- and z-components at r= aandr=b. To simplify 
the writing the following notations are adopted: 


alb =c; kna=cV; kyb = V; kxb = N or jW 


A set of six equations in the a’s and b’s is then obtained as 
follows: 


At? —ia, 
E,» =0 a2J\(cV) + a3Y,(cV) = 0 
1 
Ey. = 0 aparvlad (CV) + a3Y\(cV)] 
+ joprcV[bJ;,(cV) 
+ bsY{(cV)]} = 0 
YeN i ep 


E,y = E,3 4J,(V) + a3¥,(V) = agH,(N) 
Hy = H,3 bJ\(V) + b3Y\(V) = b4H,(N) 


1 
Eg. = Eg3 parla (V) + a3Y(V)] 
+ jopaV [bo i(V) +bsY( VI} 


1 . : 
= yal ves) +jeopsNb4H(N)] 


| 
| 
| 


(25) 
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equations are only consistent if the determinant of the coefficients 
of the a’s and b’s is zero. Determinant No. 1 must be solved: 

This determinant is simplified in stages, the first being the intro- 
duction of a new set of variables to reduce the total number of 
variables, thus facilitating the numerical evaluation of the 
resulting expression, which involves a considerable amount of 
computational effort. 

Substituting the symbols defined by eqn. (14) and multiplying 
or dividing the various rows and columns by suitable factors 
such as J,(V), J{(V), —Yy(cV), J(cY eV, yl V, y/c?V? where 
appropriate, so that the new variables are introduced, results in 
the simplified form, Determinant No. 2. 

By a process of pivotal condensation the determinant is 
reduced from a 6 X 6 to a 3 X 3 determinant which can be 
solved in the usual manner. The 3 x 3 determinant 


are . jo eset 
Hy = Hes (=) {iveVladi(V) + a”) ye ass oe 
—1)\2 ’ —e,A;(A,A, —A,A,) 
= (FP) UwesNagttyeny — yogetyeny] | 
If eqns. (25) are written in the standard form so that corre- T J@py (A, AA, —A,A,A.) Joys ny 
sponding terms in a’s and b’s are placed in the same order on RUS nd Freee we ye one 
the left-hand side of each equation, an array of six equations 
results in which the right-hand members are zero. As these 0 A, A; — AA, = 
Determinant No. 1 
an a3 a4 by b3 bg 
—J,(cV) ~Y,(cV) 0 0 0 0 
Chae)’ bis ah _ J@p2,, _ JOp2,,, 0 
apriev) pz iileV) 0 oV Ji(cV) ara Y,(cV) 
JV) Y\(V) —H,() 0 0 0 
0 0 0 Ji(V) CY) —H,(N) 
Jop2,, JOp2.,, JOP 317, 
paiY) BY) | — HW) e25V) 2y(y) || —P EH) 
iY) yiv) | —S3Hi™) | — pal” - 3x) HW) 
Determinant No. 2 
a a3 a4 by \ b, by 
A, 1 0 0 0 0 
Ay 1 SF 0 0 0 
0 0 0 Ay 1 mi 
0 0 T JOPZAA, Lh pat bey, 
Y Y 
ae AA, a hone § mAs 0 0 T 
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after putting 43 = 4, = Mo, €3 = €p, €2 = €€y and introducing All the A’s with the exception of A, are functions of V and As | 


Q = w*UW9¢<9/y”, is expanded to depends only on W; 
[O(A; — AAAs — QA, (A,A, — A Ay ][A,AsA7 — A A, Ag] Using the relationship Zj(x)= Zo(x) — *Z(x) reduces the | 
~ QA, AX AA, A Nae A,) + T?A,(A; — A) aa defined by eqns. (14) to functions which are tabulated. 
Arne ES Mette) CN O28 eer 
+ eQA,A;(A,A; — A,A,(A3A, — A.A) =0 . . (26) 1 eVI(eV) (eV 3 > FWH,GW) * W 
Simplifying and rearranging eqn. (26) yields the characteristic A, = lo ie i Asiee _YoleV) ae 
equation from which the properties of the first-order surface VIY) S12 Pale VY\(cV) (eV 
wave can be derived for any particular set of conditions. J,(cV) Y(V) 1 (28) 
O{(A,A; — A,AQ(A; — A,)A2 — (A,AsA7 — A,AAQ) > ¥i@V) may WY.) We 
(A; — Ay)As A, = 2 . 
+ [(A,AsA, — A,A,A(A Ay — ApAg Pere | 
= (A,;A; — A,AQ(A,A; — AZAD A;]} Since N is a purely imaginary number it is replaced by jW. 
A A, NSA Ane haat Pie in particular value of c the above A’s can now 
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THE CHARACTERISTICS OF THE TRIGATRON SPARK-GAP AT VERY 
HIGH VOLTAGES 
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(The paper was first received 19th August, and in revised form 30th October, 1959. It was published as an INSTITUTION MoNnoGRAPH in March, 1960.) 


Curves are given showing the working range and time-lag charac- 
teristics of a trigatron spark-gap working in air at voltages up to 
1MY. It is shown that, for voltages of this magnitude, a single-stage 
trigatron spark-gap of suitable design provides a simple and convenient 

| method of chopping the voltage at any required instant. Factors which 


affect the performance of the gap are discussed. 


dG) INTRODUCTION 
_ In a recent study of triggered spark-gaps'-> the performance 
of trigatrons* working in air at voltages up to 200kV (d.c. and 
impulse) was investigated. Similar work using voltages up to 
100kV was carried out independently by Sletten and Lewis,° 
their results agreeing with those of the author. No information, 


however, has subsequently been published on the performance 


of single-stage trigatron spark-gaps at voltages in excess of 
200kV. Since the trigatron is of value in engineering applica- 
tions as a voltage chopping gap the original investigation has 
been extended to cover voltages up to 1 MV. It is the purpose 
of the paper to report on the results obtained. 


(2) REQUIREMENTS FOR SUCCESSFUL OPERATION 


If the maximum direct voltage which a trigatron spark-gap will 
withstand without the trigger mechanism in operation is Vpc, the 
trigatron gap will break down over a range of voltage Vp¢ down 
to V,,,;, each time the trigger pulse is applied. Thus V,,;, is 
the minimum voltage at which breakdown is ensured on the 
application of a trigger pulse. The region of voltage Voc — Vinin 
therefore represents the range over which the gap will operate 
satisfactorily, and is termed the ‘working range’. Expressed as 
a percentage of Vpc, the working range is 

Voc ry gm 


x 100 per cent 
Voce 


- Since a trigatron spark-gap is liable to spark over occasionally 
when held at voltages within a few per cent of Vpc (mainly 
owing to the presence of dust particles) it is desirable to have as 
high a working range as possible. Further, in order that the 
trigatron may be made to operate at any required instant 
(determined by the setting of a low-voltage circuit which delays 
the production of the trigger pulse) the time delay between the 
application of the pulse to the trigatron and the breakdown of 
its main gap should be negligible. 


(3) EXPERIMENTAL EQUIPMENT 
The trigatrons used in the investigation were constructed as 
shown in Fig. 1. Throughout the experiments (except where 
otherwise stated) the diameter of the trigatron spherical electrodes 
was 75cm. These electrodes were of aluminium, and the gap 
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Fig. 1.—The trigatron spark-gap. 


was arranged with its axis vertical, the sparking surface of the 
lower (earthed) sphere being about 6ft from the ground. The 
diameter of the hole in the sparking surface was +3;in, and the 
diameter of the silver-steel trigger rod was tin. The main 
purpose of the glass bushing was to keep the rod central in the 
hole. A secondary purpose was that any corona produced 
across the radial face of the glass served to assist breakdown of 
the main gap.4 Voltage was supplied from a generator giving 
up to 1 MV dc. of either polarity and was measured to within 
+5%. The time delay between the application of a voltage 
pulse to the trigger electrode and the breakdown of the main 
trigatron gap was measured to within 0:05 microsec, using a 
cathode-ray oscillograph of a type described previously.® 


(4) EXPERIMENTAL RESULTS 


(4.1) Working-Range Curves 


Curves showing the working range as a function of gap spacing 
and Vpc are shown in Fig. 2. With the trigatron high-voltage 
electrode negative the working range is seen to be greater than 
30% for values of Vpc up to 850kV. With this electrode 
positive the working range is greater than 30% for values of 
Voc up to 825kV; the working range falls away more rapidly at 
values of Vpc greater than about 800kV, but it is still as high as 
19% with Vpc = 935kV. The results of Fig. 2 thus show that, 
for a trigatron like that shown in Fig. 1 using 75 cm-diameter 
electrodes, a relatively high working range is obtained with 
both polarities for values of Vpc up to about 800kV. With 
Vpc in the range 800-1000kV the working range with the 
high-voltage electrode negative is noticeably better than when 
this electrode is positive. Experiments show! that an increased 
working range occurs when the applied voltage is positive if 
the arrangement of the two main electrodes shown in Fig. 1 is 
reversed. The high-voltage electrode then contains the annular 
gap and the other main electrode is earthed. It is then necessary, 
however, to trigger the system through a capacitor capable of 
withstanding the full charging voltage, or to use a scheme of 
triggering in which there is no electrical connection between the 
pushbutton trigger control and the trigatron. In this system the 
light output from a flash tube actuates a photocell; the resulting 
electrical pulse is then amplified and used to fire the trigatron. 
The need for the high-voltage capacitor is thereby eliminated. 
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Fig. 2.—Working range curves for the trigatron shown in Fig. 1. 


(a) -©- Positive voltage. 
(b) —x— Negative voltage. 
75 cm-diameter trigatron electrodes. 


This triggering scheme has been tried in our laboratories and 
been found to work successfully. In our equipment the trigger- 
ing pulse for the trigatron is derived from a hydrogen thyratron 
pulse-generating circuit. The anode voltage for the thyratron 
is obtained from an r.f. power supply operated from batteries. 
Batteries also supply the photocell, amplifier and thyratron 
filament. The complete triggering equipment, including bat- 
teries, is mounted inside the trigatron sphere, which, in this 
particular case, is 100cm in diameter. 


(4.2) Time-Lag Curves 


Curves were obtained relating the time lag (between the 
application of a voltage pulse to the trigger electrode and the 
breakdown of the main trigatron gap) with voltage, for a 
number of trigatron gap spacings. Preliminary experiments 
were carried out first with 25 measurements per experimental 
condition and then with only ten measurements. The mean 
time lag obtained from ten measurements did not differ from 
that obtained from 25 measurements by more than 8:8 % in any 
single case. This small difference is not significant on a logarith- 
mic time scale, and it was therefore considered sufficient to 
determine and average ten time lags for each experimental 
condition. Much saving in time was therefore achieved. The 
results are shown in Fig. 3, each point on the curves being the 
arithmetic mean of ten time-lag measurements. Themaximumand 
minimum time lags are represented on the curves by horizontal 
lines through the points. With the trigatron high-voltage elec- 
trode either positive or negative the mean time lag to breakdown 
is less than 1 microsec over most of the operating range of the 
trigatron for the whole range of trigatron gap spacings investi- 
gated. It is also seen that, for trigatron gap spacings up to 
about 20cm (corresponding to Vpc ~ 480kV), the mean time 
lag is less than 0-1 microsec for a voltage range of 85-100% of 
Vpc. Thus the trigatron shown in Fig. 1, using 75 cm-diameter 
electrodes, operates rapidly (within 0-1 microsec) over a 15% 
range of voltage for gap spacings up to about half an electrode 
radius. It operates less rapidly (within 1 microsec) over a 
slightly lower voltage range for gap spacings greater than this 
figure. 


BROADBENT: THE CHARACTERISTICS OF THE TRIGATRON SPARK-GAP AT VERY HIGH VOLTAGES 


oc 


(a) 


VOLTAGE EXPRESSED AS & PERCENTAGE OF V 


O71 T0:0 
MEAN TIME LAG, MICROSEC 


(b) 


Fig. 3.—Voltage/time-lag curves for the trigatron shown in Fig. 1. 


(a) Positive voltage. 

(b) Negative voltage. 

G) -O- 4cm gap spacing. 

Gi) —x— 10cm gap spacing. 
Gii) -®- 18cm gap spacing. 

(iv) -@— 26cm gap spacing. 

(v) Os 38cm gap spacing. 

(vi) -E]— 50cm gap spacing. 

75 cm-diameter trigatron electrodes. 


(4.3) Path of the Trigatron Spark 


An interesting effect was found to occur in connection with the 
path taken by the spark discharge between the spherical elec- 


trodes of the trigatron gap. Each spark appeared to consist of — 


two parts. The first was a straight part along the axis of the © 
gap and reaching from one electrode to a distance of 10-30% — 
of the gap length. The remainder was of the familiar tortuous 
nature of a spark discharge. The straight part of the spark 
path was always that part adjacent to the anode. The effect 
was sufficiently pronounced as to enable the experimenter to 
determine immediately which of the trigatron electrodes was the 
anode simply by observation of the spark path. Similar observa- 
tions have previously been made? using smaller trigatrons at 
voltages up to 200kV. 

It has been previously shown?>> that a streamer mechanism 
may be operative in the breakdown of the trigatron gap, and a 
possible explanation of the effect described above is that break- 
down depends on the propagation of a negative streamer. When 
this streamer approaches the anode a positive streamer is 
initiated at the anode and proceeds towards the negative 
streamer. The streamers meet at a point in the mid-gap region, 
giving a change in direction of the spark path at this point. 
The theory would explain the straight nature of that part of the 
spark near the anode, since the negative streamer would con- 


| 
| 


stitute a conducting path. At the instant propagation of the 
positive streamer begins the system would be approximately 
equivalent to a very high over-voltage on a point-plane gap, 
and experiments with high over-voltages on point-plane gaps 
show that straight spark paths do, in fact, occur. Similar 
theories concerning change in the direction of spark paths have 
previously been given in connection with lightning discharges, 
| in which it is suggested that positive streamers might grow from 


| the ground to meet the descending negative leader stroke. 
| 


(4.4) Effect of Varying the Parameters 


Tests were carried out to find whether the results shown in 
Figs. 2 and 3 were significantly modified by varying the experi- 
mental parameters. The results of these experiments are 
described in the following Sections. 


(4.4.1) Diameter of Trigatron Electrodes. 

Experiments with trigatrons having electrode diameters of 15, 
25 and 75cm showed that, in general, when the trigatron gap 
spacing exceeded the electrode radius by more than a few per 
cent, the working range began to fall away rapidly, particularly 
with the high-voltage electrode positive. It is therefore neces- 
sary to use electrodes sufficiently large to ensure a relatively 
uniform field in the gap. 

Preliminary experiments were carried out using a trigatron in 
which the earthed electrode was hemispherical instead of 
spherical, as in Fig. 1. The diameter of the trigatron electrodes 
‘used in these experiments was 25cm. The working range 
occurring with the trigatron having a hemispherical electrode 
was up to about 15% less than that obtained for the trigatron 
having both electrodes spherical. This was due to the low 
values of Vpc which occurred using the hemispherical earthed 
electrode. Breakdown frequently took place to the edge of the 
hemisphere instead of to the spherical sparking surface. 

Experiments were also carried out to investigate the effect of 
electrode diameter on the time lag to breakdown. These showed 
that, for a given voltage, the time lag to breakdown decreased 
rapidly with increasing electrode diameter. By the use of a 
trigatron electrode diameter of, say, 100cm instead of 75cm, the 
mean time lags shown in Fig. 3 could be reduced to less than half 
their original value. 


(4.4.2) Trigger-Pulse Magnitude. 

The effect of varying the trigger pulse voltage was investigated, 
for both polarities on the main gap, using a range of steep- 
fronted long-tailed trigger pulses frony 5 to 12kV peak. Neg- 
ligible change in working range or in time lag to breakdown 
occurred. The energy of the trigger pulse was also varied, using 
a constant voltage pulse of 10kV peak with a range of discharge 
capacitances from 1000pF to 0-15uF. Again the change in 
working range and time lag to breakdown was found to be 


negligible. 


(4.4.3) Trigatron Annular Gap Configuration. 

The effect of increasing the diameter of the trigatron annular 
gap was investigated using a trigatron having electrodes 15cm 
in diameter operating at voltages up to 200kV. Little change in 
working range or time lag was produced by increasing the 
diameter of the annular gap, provided that the distance from 
the central rod to the periphery of the hole was kept constant by 
using a trigger rod of greater diameter. 

With a rod of fixed diameter the working range increased by 
several per cent as the diameter of the hole in the sparking 
surface of the main electrode was increased, but this effect was 
offset by the increased trigger pulse required to break down the 
annular gap. 
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When the trigger electrode projected through the hole by about 
azin a slightly increased working range occurred, even though 
Vpc decreased slightly. 


(4.5) Impulse Operation of Trigatron 


Measurements were carried out with impulse voltages up to 
200kV peak applied to the high-voltage electrode of a trigatron, 
instead of having the normal direct voltage on this electrode. 
The wavefront time (to peak value) of the impulses was 
0-1 microsec, and the wavetail time (to half value) 3 millisec. 
A trigatron having electrodes 15cm in diameter was used in this 
experiment. With both positive and negative impulse voltages 
applied to the trigatron the working range was about the same 
as with direct applied voltage. The time lags to breakdown 
were found to be about the same whether the voltage applied 
to the trigatron was direct or impulse. 


(5) CONCLUSIONS 


The experiments described in the paper show that trigatrons 
working in air may be successfully used with direct voltages up 
to 1 MV provided that the electrode diameter is adequate. The 
trigger pulse need not be more than about 10kV in magnitude. 
There appears to be no reason why trigatrons should not be 
used for voltages of several megavolts provided that the electrode 
spacing does not greatly exceed the sphere radius. Experiments 
indicate that the trigatron works equally well with direct or 
impulse applied voltage, and the results shown in Figs. 2 and 3 
should therefore give an indication of the performance which 
would be expected with the trigatron operating as an impulse- 
voltage chopping gap in transformer testing or other applications. 
The time lags shown in Fig. 3 could be much reduced by the use 
of trigatron electrodes of larger diameter. Since the trigatron 
can be fired at will at any predetermined instant (the firing time 
measured from the application of the trigger pulse to the break- 
down of the main gap being small) it provides an attractive alter- 
native to the conventional rod-gap as a voltage chopping device. 
The single-stage trigatron may also be used as a surge diverter 
in fundamental research work at high voltages. This application 
of the trigatron has been fully investigated and is described 
elsewhere.’ 
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SUMMARY 

The principle of complementarity is reviewed with particular 
reference to its application to the study of slot transmission lines 
and slot aerials. The conventional techniques for making measure- 
ments on transmission lines are shown to be applicable to a two-slot 
line that is used to centre-drive a slot aerial. The complementary 
normalized impedance of such an aerial as a function of its half length, 
and the distributions of the electric and magnetic field along it, have 
been measured and are described. The experimental results for the 
slot aerial are compared with the approximately complementary ones 
derived theoretically for a centre-driven cylindrical aerial. The effect 
of the finite thickness of the earth screen in which the slot line and 
aerial are cut is discussed. A similar study is described for a three- 
element collinear array of slot aerials. 


(1) INTRODUCTION 


As pointed out by Booker,! the electromagnetic or vector form 
of Babinet’s principle for a plane screen differs from the corre- 
ponding principle in optics. The more general principle of 
complementarity was formulated by Booker,! Copson,? Meixner? 
and, in a compact vector form, by Huang.* Its application to 
slot aerials are discussed by Booker,! Bailey,° and Uda and 
Mushiake.® In his description of the resonant slot as the 
complement of the strip dipole, Booker, in Fig. 3 of Reference 1, 
pictures the former as a narrow rectangular aperture in a con- 
ducting surface excited by a generator connected across the 
centre of the aperture, and the latter as a rectangular con- 
ducting strip that is cut in two and has a similar generator 
connected in series between the halves. Actually, these gene- 
rators and their connections are complementary only in a 
schematic sense. The practical feeding device represented, for 
example, by Fig. 3 of Reference 5 to be the ‘slot equivalents’ of 
a two-strip transmission line that centre drives a strip dipole 
or folded diple is not complementary at all. It consists of a 
two-wire line perpendicular to, and with the ends of its two 
wires connected to, the conducting plane, one on each side of 
the centre of the slot aerial. Evidently, such a feeder violates 
the fundamental requirement for complementarity, namely that 
all metal surfaces must lie in one plane. Significantly, none of 
the other well-known methods of feeding a slot aerial, such as a 
waveguide or cavity covering one side, or the inner conductor 
of a coaxial line connected across its centre, is in any true sense 
the complement of a flat strip line. Indeed, no study of the 
circuit properties of a complementary radiating and feeding 
system appears to have been made. It follows that, from a 
practical point of view, all discussion of the complementary 
impedances of complementary aerials is academic so long as the 
feeding system and the driving connections are not comple- 
mentary structures. 

If a flat strip dipole that is centre-driven by a two-strip trans- 
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mission line is constructed by cutting from a sheet of metal, 
the aperture left in the sheet is a slot aerial] centre-driven by a 
two-slot line. The two transmission lines and aerials would be 
truly complementary systemsif the metal sheet could have been 
infinite in extent, perfectly conducting and of zero thickness. 
The purpose of the paper is to report on an investigation of 
the circuit properties of a slot aerial and its feeding two-slot 
line that are cut in a sheet of aluminium +in thick and approxi- 
mately 6 x 12ft in area. The two-slot line is 74ft long with 
slots tin wide and separated #in between centres. The operating 
frequency is 750Mc/s. The paper is not intended to provide 
an experimental check of the principle of complementarity. 
Within its postulates the principle is rigorous and requires no 
verification. This is fortunate, since the assumed conditions can 
never be met exactly. However, the degree to which it provides 
a useful approximation when applied to structures made of metal 
sheets that are finite in extent and moderately thick is of practical 
interest. Since a general theoretical analysis is difficult, an 
experimental approach is indicated. If a two-slot line can be 
used to measure the circuit properties of slot aerials in flat 
sheets, it can also be used to study the circuit properties of slots 
in curved, bent or twisted sheets. To these the principle of 
complementarity has no application and no theory is available. 


(2) THEORETICAL BACKGROUND 


In the analytical formulation of the general principle of com- 
plementarity for a plane it is convenient (but not necessary) to 
introduce fictitious densities of magnetic charge and current and 
equally fictitious perfect magnetic conductors. This is accom- 
plished by the simple artifice of arbitrarily adding such densities 
at appropriate points in the Maxwell equations and the associated 
boundary conditions when expressed in terms of the E and H 
vectors. Consider a group of perfect electric conductors S;, S>, 
... and perfect magnetic conductors Sf, S}, ... in the form of 
infinitely thin strips of any shape lying in a single plane. They 
are surrounded by a homogeneous medium that is characterized 
by the permeability 4 and complex permittivity € = « — ja/w, 
where ¢€ is the permittivity and o the conductivity. In this 
medium the Maxwell equations have their usual form with no 
volume densities appearing explicitly. The boundary conditions 
at the surfaces of the conductors are 


Ax E=n.H=0;n7.E=— ne, i x H = —JonSf,Sj,... 

(1) 
J* on 81, S9,.. . 

(2) 
where 7 is a unit outward normal at the surface concerned, 7 
and J are the surface densities of electric charge and current, 
and 7* and J* are the corresponding fictitious magnetic densities. 


If the electromagnetic field is considered in two parts, one of 
which is generated by the electric and the other by the magnetic 


Ax H=n.E=0; 2.H=—7*/p, Ax E= 
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purrents and charges, it follows directly that an interchange of 
the electric and magnetic conductors in a given system, together 
with a change of the electric and magnetic sources according to 


Jp = — CVF, 12 = — Cont (3a) 
Ig=th, b= bn (36) 

requires the electromagnetic fields to be related as follows: 
E, = — (My, H, = Cc 'Ey . (4) 


| 
here the subscripts 1 and 2 indicate the fields before and after 
the interchange, respectively, and €, = (u/¢)!/”. 

If the perfectly conducting strips of electric and magnetic 
conductor are all in the plane z = 0, the Cartesian components 
of the electromagnetic field may be separated into two mutually 
independent groups that have opposite symmetry with respect 


to this plane. The E-symmetrical and H-antisymmetrical part 
of the total electromagnetic field (E, H) is denoted by (E£,, H,), 
and the H-symmetrical and E-antisymmetrical part by (£,, H,). 
The vector A, is said to be symmetric with respect to the plane 
z = 0 when 4, is an odd function, and A, and A, are even func- 
tions of z; the vector A, is antisymmetrical in z when A, is even 
and A, and A, odd. It is readily verified that the surface 
currents J* and J, maintain an E-symmetrical and #-anti- 
symmetrical field, the surface currents J* and J, an H-sym- 
metrical and E-antisymmetrical field. At the plane of symmetry 
the E-symmetrical and H-antisymmetrical field satisfies the 
boundary conditions of a perfect magnetic conductor; while the 
H-symmetrical and E-antisymmetrical field satisfies the boundary 
conditions of a perfect electric conductor. A configuration of 
conductors in the plane z = 0 that is excited so that its electro- 
magnetic field (E,, H,), is E-symmetrical and H-antisymmetrical 
is the dual of another configuration of conductors in this plane 
that is excited so that its field (Z,, H,) satisfies eqn. (4). Evidently 
the field (E>, H>) is H-symmetrical and E-antisymmetrical. 

Since several duals may be constructed for a given structure, 
distinguishing names are required. The circuit of ordinary 
conducting strips [Fig. 1(a)] is the electric strip circuit or simply 


aobocd 


Fig. 1.—Complementarity-between strip and slot circuits. 


(a) Electric circuit or electric strip circuit. 

Original (or physical dual). 

Field: E symmetry with respect to z = 0 plane. 
(6) Fictitious magnetic or magnetic strip circuit. 

Ideal or fictitious dual. 

Field: H symmetry with respect to z = 0 plane. 
(c) Slot circuit. 

Physical dual (or original). 

Field; E symmetry with respect to z = 0 plane. 


the electric circuit. The complementary circuit made of fictitious 
magnetic strips [Fig. 1(b)] is the fictitious magnetic circuit or 
magnetic strip circuit. ‘The complementary circuit obtained by 
cutting slots in a perfectly conducting surface [Fig. 1(c)] is the 
slot circuit. The dual obtained by replacing a given original 
sonfiguration of conductors by its complement is called the 
physical dual. The duality of a system of electric conductors 
und a similar system of magnetic conductors is termed ideal or 
fictitious. The magnetic quantities used for fictitious dual net- 
works are assigned the conventional names preceded by the word 
magnetic’, and an asterisk is attached to the symbol. The 
juantities used for the slot circuit are preceded by the word 
complementary’, and their symbols are conventional but primed. 
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Because the same differential equation applies to complemen- 
tary quantities in the two-slot line, the two-strip line and the 
magnetic strip-line, it is clear that the magnetic current and 
potential difference along the magnetic strip-line, and the com- 
plementary current and potential difference along the two-slot 
line may be described by distribution and resonance curves’ in 
a manner similar to that conventionally used for the correspond- 
ing quantities along a two-wire line. Such curves may be 
obtained experimentally for the two-slot line by suitable movable 
probes, and used to determine the apparent complementary 
terminal impedance of a complementary load such as a slot 
aerial. 

Since the impedance of a given element is completely deter- 
mined by its physical configuration and the distribution of 
current, the complementary normalized admittance of a con- 
figuration of slots should be exactly the same as the normalized 
impedance of the physical dual. Hence the input impedance 
of a strip antenna driven by a two-strip line must be equal to 
the normalized input admittance of its physical dual multiplied 
by the characteristic impedance of the two-strip line. 

The instantaneous electromagnetic field of a two-strip line is 
shown schematically in Fig. 2, and the complementary field of 
a two-slot line is shown in Fig. 3. The indicated distributions 
of the field are for resonant lines at the instant t = 0 (on the left) 
when the magnetic and complementary electric fields are at a 
maximum, and at the instant t = 7/4 (on the right) when the 
electric and complementary magnetic fields are at a maximum. 
It is seen that the H-field encircles each conducting strip of the 
two-strip line just as the complementary E’-field encircles each 
slot of the two-slot line, except that the E-field reverses its 
direction when crossing the plane of symmetry of the two-slot 
line. The A’-field encircles the central conductor of the two-slot 
line in the same manner as the E-field encircles the air-gap 
between the conductors of the two-strip line, except that the 
E-field reverses its direction when crossing the strips. 

The electromagnetic field and the distributions of current 
and charge along an infinitely thin and very narrow strip aerial 
when driven by a two-strip line are also shown in Fig. 2. The 
field and the current are essentially like those along a very thin 
cylindrical aerial. They are shown at the instants of maximum 
current (tf = 0) and maximum charge (¢ = 7/4). The comple- 
mentary electromagnetic field and the distributions of comple- 
mentary current and charge along a, very narrow slot aerial 
when driven by a two-slot line are shown in Fig. 3. These 
figures indicate that the H-field encircles the strip antenna while 
the E’-field encircles the slot. However, the E’-field is oppositely 
directed on the two sides of the plane of symmetry, and the 
H-field is not. The lines of the H’-field emerge from one half 
of the slot and enter the other half; similarly, the lines of the 
E-field emerge from both sides of one-half of the strip antenna 
and end on both sides of the other half. It is seen that the 
distribution of the surface density of current (charge) along the 
ideal strip aerial is the same as the distribution of the comple- 
mentary surface density of charge (current) along the physical 
dual, the slot aerial in an ideal earth-plane. 


(3) SLOTS IN SHEETS OF FINITE THICKNESS AND 
FINITE EXTENT 

In Figs. 2 and 3 the electromagnetic field along infinitely thin 
strips and along slots in earth-planes of zero thickness and 
infinite size are shown schematically. These are the configura- 
tions to which the principle of complementarity applies rigorously, 
but they are not realizable in practice. It is to be expected that, 
when strips and sheets have a small thickness and the latter are 
large but finite in size, the general features of complementarity 
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Fig. 2.—Schematic of the instantaneous electromagnetic field of a two-strip line and a narrow strip aerial at two 
instants of time one-quarter of a period apart. 


Some of the field lines in the immediate vicinity of the aerial are shown. 


must continue to be valid, but that there will be local differences 
in the fields and the distributions of current and charge. These 
may be expected to have an effect on the apparent impedance of 
both slot and strip aerials. 

The effect of the finite thickness of the metal on the properties 
of a closely spaced and sufficiently long transmission line con- 
sisting of either metal strips or slots in a metal sheet may be 
determined in principle. Since the field in the transverse plane 
obeys Laplace’s equation, it may be studied with the help of 
methods familiar from electrostatics. Except for wide spacing 
of strips and slots the rigorous solution of the transverse problem 
involves very complicated functions such as hyperelliptic 
integrals, These have not been evaluated. If the thickness is 
very small compared with the width of the strips or slots and 
their separation, an approximate solution may be obtained by a 
first-order perturbation method. This has been applied by 
Owyang and Wu? to determine the resistance per unit length for 
both the very thin strip line and the two-slot line in a very thin 
earth screen. When the cross-section of the strips in a two- 
strip line is square and they are sufficiently widely separated, the 
width, w, of equivalent infinitely thin strips is 2-36s, where s is 
the side of the square. From the circuit point of view the only 
difference between a strip or slot line when the metal has a small 
thickness and when it has zero thickness is a change in the line 
constants, and hence in the characteristic impedance. A 


schematic representation of the transverse electric fields between 
conductors of zero thickness and those of finite thickness is 
shown in Fig. 4. In the latter case [see Fig. 4(b)] lines of the 
E-field begin and end on charges on the side surfaces in addition 
to those that begin and end on the top and bottom. For a 
given separation, this increases the capacitance per unit length 
between the two sheets. Alternatively, a slot in a sheet of zero 
thickness must be narrower in order to have the same capacitance 
per unit length as a slot in a sheet of finite thickness. 

The difference between a two-slot transmission line in an 
earth-plane that is infinite and one that is very large compared 
with the distance between the slots is insignificant owing to the 
very rapid decay of the field along the earth-plane in directions 
transverse to the slots.? A comparison of the transverse mag- 
netic fields in the two cases is shown in Fig. 5. When the 
earth screen is infinite, the magnetic lines extend to infinity 
as indicated in Fig. 5(a) instead of encircling the finite outer 
conductors as in Fig. 5(b). However, in the vicinity of the slots 
there is virtually no difference between the field when the earth 
screen is infinite and when it is very wide compared with the 
width of the central strip. 

The problem of the dependence of the properties of strip and 
slot aerials on the finite thickness of the metal from which they 
are cut is much more serious than for the corresponding strip 
and slot transmission lines. This is also true of the effect of 
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Fig. 3.—As in Fig. 2, but for a complementary two-slot line and a narrow slot aerial. 
Some of the field lines in the immediate vicinity of the aerial are shown. 


(b) 


(a) 
Fig. 4.—Schematic representation of the transverse electromagnetic 
field between the edges of two conductors. 
(a) Infinitely thin. ——_—S> 
(6) Finite thickness. 
(b) 


the finite size of the earth screen surrounding a slot aerial. 

Actually, there is no accurate solution to the problem of the 

lat strip aerial driven from a two-strip line for either zero or ‘ — : i 2 
finite thickness of the conductor. The same is true of the slot Fig. 5.—Schematic illustrating the transverse magnetic field in a 


aerial dri ine i two-slot line. 
aerial driven from a two-slot line in an earth screen of zero section of a two-slot line 


2 : ae : Infini -plan 
or finite thickness and infinite or finite extent. The most closely 8 “ler death ot sory 
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related configuration for which a good approximate solution is 
available is the cylindrical dipole of circular cross-section when 
driven from a two-wire line!® or by a 8-function generator.!! 
For such a dipole, distributions of current and charge, driving- 
point impedances and field patterns are available, both theo- 
retically derived and measured (see Reference 10, Chapters II 
and V and Reference 12). Moreover, it has been shown (see 
Reference 10, p. 15, and Reference 13) that the theory of the 
cylindrical aerial with a circular cross-section may be extended 
approximately to cylinders with non-circular cross-sections if an 
equivalent radius is introduced. In this manner an approximate 
solution to the problem of the strip aerial of zero thickness may 
be obtained, and, by complementarity, of the slot aerial in an 
earth screen of zero thickness and infinite extent. However, 
there is no theory that permits the quantitative correlation of the 
properties of a slot aerial in a physically available earth screen 
with those of a similar slot in an ideal earth-plane other than 
the definition of an approximately equivalent width. Except for 
this purpose, estimates based on electrostatic considerations have 
no general application, since the wave equation and not Laplace’s 
equation is involved. 


(4) COMPLEMENTARY NORMALIZED INPUT IMPEDANCE 
OF A SLOT AERIAL 

The slot aerial to be studied is driven by a two-slot transmission 

line as shown in Fig. 6. The earth-plane in which the line 
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Fig. 6.—Arrangement of the two-slot line and the slot aerial in the 
ground screen. 


Dimensions of the ground screen. 12ft x 6ft x tin. The two-slot line is 7+ ft 
ong with slots tin wide and separated 3in between centres, 


and aerial are cut is made of three sheets of aluminium 1in 
thick mounted on a wooden frame half way between the third 
floor of the laboratory and the ceiling 12ft above it. The 
adjustable length of the slot aerial is determined by the position 
of the square brass rods that slide in the slot. Good electrical 
contact between the rods and the sheets is assured with silver 
paint and aluminium foil. The edges of the sheets along the 
‘slot line and the. slot aerial are slotted to permit a very small 
shielded loop to travel as a probe along the full length (74 ft) 
of the two-slot transmission line and a second such probe to 
travel the length of the aerial. An overhead probe, which may 
be either a small shielded loop or a short dipole, is also available 


for exploring the electromagnetic field at all points over 
surfaces of the aluminium sheets and over the slots at any desi 
height. A more detailed description of the apparatus is “a 
in References 9 and 14. 


‘ech tes that involve the experimental determination of the 
width of the distribution curve of the complementary current 
along the slot line at a certain power level above the minimum! | 
and the shift in the position of a minimum in this curve. Th 
half-lengths of the slot aerial were varied from 2:3cm (~0-05 
to 25:3cm (~0-625A). Since the minimum of the distributio: 
curve is usually immersed in noise, its width may be measure 
at two different convenient power levels.!5 The associate 
standing-wave ratio, S, has the form!> 


S= E tee iP 


Bol — p?w7) 


where p? is the ratio of the power levels, w, and w are the widths 
of the distribution curve corresponding to the two power levels, | 
and By = 2n/A. 
The measured complementary normalized input impedance of. | 
the slot aerial as a function of its half-length, 4, is shown on a } 
Smith chart in Fig.7. The corresponding normalized resistances 
and reactances are shown in Fig. 8. For comparison and later | 
discussion the theoretical normalized input admittance, suscep- } 
tance and conductance of a cylindrical aerial with radius equal } 
to the equivalent radius of a fiat strip of width w = 7in are also } 
shown on these Figures. The normalizing factor used is the 
characteristic impedance, Z, = 298-5 ohms, of an infinitely thin 
strip-line which would be the physical dual of the two-slot line 
actually used in the measurements if this had been cut in an 
earth screen of zero thickness and infinite extent. The corre- 
sponding measured curves for the slot aerial and the theoretical 
curves for the cylindrical aerial are similar but displaced slightly 
along the Boh axis, and they differ by a scale factor. The 
measured impedances of the slot aerial correspond approximately 
to the theoretical admittances of a cylindrical aerial that has a 
half-length about 0:64cm or 0:016A shorter than the slot and | 
an admittance that is normalized with a characteristic impedance 
of about 343 ohms instead of the value 298-5 ohms actually used. - 
It must be emphasized that the experimental and theoretical 
curves in Figs. 7 and 8 apply to physically different and 
theoretically uncorrelated configurations for which a resemblance ~ 
may be anticipated but no equivalence has been established. 
This is discussed later. A¥ 
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(5) DISTRIBUTION OF THE COMPLEMENTARY ELECTRIC | 
FIELD AND CHARGE ALONG THE SLOT AERIAL 
The distributions of the E’-field along slot aerials of various — 
lengths were measured by moving a short transversely orientated 
dipole along the slot at a small distance above it. The probe 
was connected through a balun to a stiff coaxial line that extended — 
to the movable overhead carriage. A sensitive superheterodyne 
receiving system was used. | 
The measured values of the relative amplitude and the relative - 
phase of the distributions of the E’-field along one-half of the 
slot aerial are shown in Fig. 9. Since the surface density of 
charge on the edges of the slot is proportional to the normal 
component of the electric field, the curves in Fig. 9 are also a. 
measure of the distributions of electric charges along the slot. 
The amplitude of the E’-field varies approximately sinusoidally 
along the slot, except near the junction of the slot aerial and the 
slot transmission line and near the end of the slot. In the 
region near the junction the probe measured the average of a 
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Fig. 7.—Smith chart of the measured complementary normalized input impedance z; of a slot aerial and the 
theoretical normalized input admittance j; of a cylindrical aerial. 
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g. 8.—Real and imaginary parts of the normalized impedance 
and admittance shown in Fig. 7. 
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complicated field. The measured E’-field does not vanish at the 
end of the slot aerial since the probe is above the earth-plane. 
According to the principle of complementarity, the comple- 
mentary E’-field of a slot in an ideal earth-plane corresponds 
to the H-field of the physical dual, a similar ideal strip aerial, 
i.e. the distribution of the complementary charge along the 
edges of a slot aerial is analogous to the distribution of the 
current along a strip aerial. Since the distribution of current 
along an ideal strip aerial is not available, approximate theoretical 
curves of the distribution of current along a cylindrical aerial 
with equivalent radius when centre-driven by a 6-function 
generator are shown in Fig. 10. A comparison of Figs. 9 and 10 
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Fig. 10.—Theoretical distribution of the H field and current along a 
cylindrical aerial (King second-order theory). 


shows the expected general similarity but also significant dif- 
ferences. These are discussed later. 


(6) DISTRIBUTION OF COMPLEMENTARY MAGNETIC 
FIELD AND CURRENT ALONG THE SLOT AERIAL 

The distribution of the complementary current density along 
the edges of the slot is proportional to the tangential magnetic 
field. This was measured with an enclosed-type loop probe with 
the same receiving system previously employed to measure the 
E’-field. The measured relative amplitude and relative phase of 
the tangential H’-field and of the current along the edges of the 
slot are shown in Fig. 11 for one-half of the slot aerial. 
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Fig. 11.—Distribution of the H’ field and complementary current 
along the edges of slot aerials. 
——— Measured curves for different half-lengths A. 


--~- Theoretical curves of the distribution of the E field and charge along 
cylindrical aerial. 
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Complementarity requires the distribution of the comple- 
mentary current along a slot aerial in an ideal earth-plane to be 
like the distribution of charge along an ideal strip aerial. Since 
no data are available for the ideal strip aerial, comparison may 
be made with the theoretical distribution of charge per unit. 
length along a cylindrical aerial. This can be provided for only 
two lengths, for which the distribution curves are shown in’ 
Fig. 11 in broken lines together with the measured curves for 
the slots. It should be noted that the two cases are not strictly 
comparable but apply to different structures. It is seen that 
the theoretical distributions of charge along a cylindrical aerial 
resemble the measured distributions of current along a slot 
aerial in an earth screen of finite thickness. 


7: 
(7) DISCUSSION OF THE MEASURED PROPERTIES OF A’ 
PRACTICAL SLOT AERIAL AND THE THEORETICAL 
PROPERTIES OF A CYLINDRICAL AERIAL 
When the theoretical normalized admittance and the distribu- 
tions of current and charge for a cylindrical aerial are compared 
with the measured normalized impedance and the distributions 
of charge and current for a slot aerial in an earth screen of 
finite thickness and extent, the following sequence of steps is 
implied: 

(a) The cylindrical aerial is related to an infinitely thin 
strip aerial by the equivalent radius a = w/4, where w is the” 
width of the strip. The equivalence so obtained applies only 
to the cylindrical surface; there is nothing in the thin strip 
equivalent to the end surfaces of the cylindrical aerial. If 
the cylindrical aerial is driven from a two-wire line that is not | 
too closely spaced, the same equivalent radius may be used to | 
relate the circular conductors of the transmission line to the 
strips of a two-strip line. However, junction effects where | 
the transmission line connects to the aerial are not the same 
for a line of circular wires as for one made of strips. 

(b) The principle of complementarity is applied to relate 
the infinitely thin strip aerial to a slot aerial in an ideal earth- | 
plane. In the same manner the two-strip feeder is related to 
a two-slot line. No approximations are involved in this 
step. The correlation of complementary quantities is exact 
for the aerials, the transmission lines, and for all end and 
junction effects. 3 

(c) The slot aerial and its two-slot feeder in the ideal © 
earth-plane are related to the slot aerial and feeder in a 
practical earth-plane by determining an equivalent width to — 
take account of the change in cross-sectional shape. As has ] 
already been pointed out, such an equivalent width can be 
determined in principle, but, owing to complicated integrals, 
it has not, in general, been evaluated. End effects and junc- 
tion effects are necessarily different in the two structures and © 
are not taken into account by the equivalent width. The 
finite extent of a practical earth screen has a negligible effect 
on the two-slot feeder if it is large enough to be useful for the 
slot aerial. Although no data are available that make it 
possible to specify a minimum size for an earth screen when 
the impedance and the distribution of current in a slot aerial 
are measured, it may be assumed that, in directions other than 
along an axis through the slot, an earth screen should extend 
at least five to ten wavelengths, and that some variation in 
the measured impedance with the size of the screen may be 
observed even with the larger of these dimensions. This — 
estimate is based on the related problem of a vertical dipole 
over a finite earth screen. In so far as the field pattern is 
concerned, no finite earth screen provides an adequate approxi- 
mation to the ideal field pattern of a slot in an infinite earth- 
plane. 


With these general remarks in mind, it is instructive to recon- 
sider the correlation of the theoretical curves for the normalized 
admittance and the distributions of current and charge of a 
tylindrical aerial with the measured curves of the normalized 
impedance and the distributions of charge and current of a slot 
aerial in an actual earth screen. It should be noted that the 
theoretical values apply to a dipole that is centre-driven by a 
6-function generator, and the measured values to a slot aerial 
that is centre-driven by a two-slot line. 

' Consider first the normalized admittances and impedances in 
Fig. 8. Here the principal differences between the two pairs of 
curves are: 


(i) A scale factor corresponding to a change in the normalizing 
characteristic impedance of the theoretical admittances from the 
298-5 ohms actually used to 343 ohms. 

(ii) A shift in the electrical length Boh to take account of the fact 
that the normalized impedance of the slot aerial of half-length h 
corresponds approximately to the normalized admittance of a 
cylindrical dipole that is about 0:64cm or 0-016, shorter. These 
differences are readily explained. 


With regard to (i), the normalizing characteristic impedance 
of 298-5 ohms is the characteristic impedance of an infinitely 
thin two-strip line that would be the physical dual of the two- 
slot line actually used in the measurements if the earth screen 
had been infinitely thin. Actually, the ideal equivalent of a 
two-slot line in an earth screen of finite thickness must have 
narrower slots, as has already been pointed out. Accordingly, 
the dual two-strip line must have strips that are narrower than 
the slots in the earth screen of finite thickness. The charac- 
leristic impedance of an ideal two-strip line made of strips about 
11°%% narrower than }+in is the desired impedance of 343 ohms. 
in the absence of specific formulae for the equivalent width of 
the slots in an ideal two-slot line, no quantitative check on the 
suggested 11% decrease is possible. However, it appears entirely 
reasonable. 

With regard to (ii), the fact that the observed equivalent length 
of the slot aerial is shorter than its actual length and the length 
of the cylindrical aerial may be explained as follows: It is well 
<nown that, owing to the additional chargeable surfaces at the 
ends of a cylindrical aerial with flat conducting ends, its equiva- 
ent half-length exceeds its actual length by the order of magni- 
ude of its radius. However, the theoretical admittances used 
n Figs. 7 and 8 are for circular cylinders with hemispherical end 
saps and axial lengths of 2h. or these the end-cap correction 
s negligible, since the total chargeable surface is the same as 
hat of an idealized cylinder Without end surfaces. If a circular 
*ylinder with flat metal ends is pressed into a cylinder with an 
quivalent elliptical cross-section and finally into a flat strip 
with an equivalent width, the chargeable surfaces at the ends 
ire reduced to zero. The equivalent length of the dipole is 
hus reduced from h’ ~ (h + a) toh’ =h. By the principle of 
complementarity the infinitely thin strip dipole may be replaced 
9y a complementary slot in an ideal earth-plane. For this slot 
ierial, h’ =h. If the thickness of the earth screen is now 
ncreased to a finite value, additional surfaces for the current 
ire provided on the edges of the conductor bounding the slot. 
These offer the shortest possible path for the current around 
he ends of the slot (see Fig. 3, on the right). The thicker the 
arth screen, the larger is this extra surface and the greater is 
he fraction of the total current that makes use of this, the 
hortest path. It follows that the average length of the path of 
he current around the slot is reduced as the earth screen is 
nade thicker, i.e. the equivalent length of a slot aerial of actual 
ength 2h in an earth screen of thickness ¢ is shorter than that of 
he same slot in an infinitely thin earth screen. A rough 
stimate of this shortening may be obtained by noting that 
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currents on both sides of the ideal earth screen as far out as 
t/2 from the edges of the slot are, in effect, moved into the side 
surfaces of the slot when the earth screen has a thickness ¢. 
In this way, a path length one-quarter around the slot of width 
w amounting to h + t + w/2 on the ideal earth-plane is reduced 
to h-+ w/2 on the actual earth-plane. The equivalent half- 
length of the slot aerial in this latter is h’ ~ h — t, where h is 
the actual half-length. This represents a shortening of 0-64cm, 
which is precisely the desired amount. This quantitative agree- 
ment has no significance, since the suggested change in path 
length is reasonable but without analytical foundation. Never- 
theless, the differences between the curves in Fig. 8 have been 
illuminated, at least in a qualitative sense. The preceding dis- 
cussion is significant primarily for aerials near resonance, where 
transmission-line end effects and junction effects are negligible. 
When fh is near 7, these effects, which depend on the finite 
spacing of the two-slot line, play a major role in determining the 
equivalent lengths (see Reference 7, pp. 73 and 407 and Reference 
10, Chapter II, Sections 10 and 26). 

A comparison of the curves in Fig. 10 for the distributions 
of current along a cylindrical dipole centre-driven by a 6- 
function generator with the measured curves in Fig. 9 for the 
slot aerial shows good agreement except when h/A is as great as 
0-5. The differences when h/X = 0:5 and 0-625 are presumably 
a consequence of the end and coupling effects at the junction of 
the slot aerial and the feeding two-slot line. The impedance 
measured on the two-slot line is the apparent terminal impe- 
dance.’»!° With a fairly large separation of the two slots, the 
apparent impedance differs considerably from the ideal impe- 
dance of the aerial when driven by a 6-function generator. 
This is a consequence of a stretching of the standing-wave 
patterns along the aerial in the manner shown by the curves for 
h/X = 0-5 and 0-625 in Fig. 9 when compared with the corre- 
sponding ones in Fig. 10.* However, no explanation can be 
given for the much deeper minimum in the curve for h/A = 0-625 
in Fig. 9 compared with the corresponding curve in Fig. 10. 
The apparent admittance of a dipole when centre-driven by an 
open-wire line is given by the admittance of the same aerial 
when driven by a 06-function generator in parallel with a 
negative capacitance.!° A slot aerial centre-driven by a two- 
slot line should have an apparent impedance equal to that when 
driven by a 6-function current generator in series with a negative 
inductance. 

It should be clear from these illustrations that a quantitative 
correlation of the properties of a cylindrical aerial driven from 
a two-wire line (or a 6-function generator) with the ‘com- 
plementary’ properties of a slot aerial driven from a two-slot 
line in an earth screen of finite thickness cannot be made simply 
by assuming the principle of complementarity to apply. How- 
ever, a general qualitative correspondence may be expected. 


(8) MEASUREMENTS ON A COLLINEAR ARRAY OF SLOT 
AERIALS 

In the collinear array the central slot aerial was driven by a 
two-slot transmission line, while the two outer units were 
parasitic. In the experimental arrangement provision was made 
to vary the lengths of the parasitic slots and the distances between 
the ends of the driven slot and the two parasitic slots. The 
half-length of the central slot aerial is denoted by /,, and the 
half-lengths of the two identical outer elements by /,; the distance 
between adjacent ends of the inner and outer slots is 2s; the 
distance between the centre of the array and the centre of each 
parasitic slot is d. 

* Comparable differences are observed with a dipole centre-driven by a two-wire 


line when the spacing is changed or a stub support is provided (see, for example, 
Fig. 26.20 of Reference 10), 
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(8.1) Complementary Normalized Impedance of the Collinear 
Array 
The complementary normalized input impedance of the central 
unit of the collinear slot array was measured on the two-slot line. 
In this experiment, the half-length of all three aerials was kept 
at a quarter wavelength, ie. h, = ht) = A/4, and the distance 
between them was varied. The measured magnitudes and 
arguments of the normalized input impedances are shown in 
Fig. 12, and the real and imaginary parts in Fig. 13. For com- 
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Fig. 12.—Measured complementary normalized input impedance of a 
collinear array of slot aerials. 


(a) Measured phase of 2, i. 

—---— Theoretical phase of y, j, (King, array of cylindrical aerials). 
(6) —— Measured |z,;,, 

---- Theoretical »;;, (King, array of cylindrical aerials). 
hy = hp = 1/4 = 10cm, 


parison, the zero-order normalized input admittance of the 
central unit of a collinear array of cylindrical aerials is also shown 
in these Figures. Corresponding curves are seen to agree quite 
well in shape but to be displaced vertically from one another. 
This displacement may be explained as follows: 


(a) The theoretical curves for the cylindrical dipole array are 
based on zero-order formulae (Reference 10, Table 34.1, p. 441) 
that are known to lead to results which differ considerably from 
second-order values at infinite separation of the elements 
(Reference 10, Fig. 34.7*). 

(6) As discussed in conjunction with Fig. 8, the equivalent length 
of a slot aerial in an earth screen of finite thickness is less than its 
actual length, and the normalizing characteristic impedance for the 
ph eee dipole somewhat greater than the 298-5 ohms actually 
used. 


* The relationship J; = 0-42J; 186° should replace that given in the Fig. 34.7 o 
Reference 10. 
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Amplitude 


Fig. 13.—Real and imaginary parts of the impedances and admittances 
in Fig. 12. 


—— Measured r/,, OF X14. 
---- Theoretical g1jn or bt, (King, array of cylindrical aerials). 


It follows that the curves in Figs. 12 and 13 apply to cylindrical 
dipoles and slot aerials which have somewhat different equiva- 
lent lengths and are normalized by different characteristic 
impedances. The significance of these differences may be 
determined quantitatively from Fig. 8 for the limiting case when 
the parasitic elements are at infinite separation. It is readily 
verified that, when Byh = 77/2, the differences between g;,, and 
‘jin ON the one hand, and between b,,, and x;;, on the other, 
correspond to these same differences in Fig. 13. Thus the 
differences between the two sets of curves in Figs. 12 and 13 
have the same explanation as the differences between the curves 
in Figs. 7 and 8. If the slots had been cut in an earth screen of 
zero thickness there would have been no differences. 


(8.2) Distribution of the Complementary Electric Field and 
the Charge along a Collinear Array of Slot Aerials 


The distribution of the transverse E’-field along the collinear 
array was measured for various half-lengths, h2, of the parasitic 
elements. The half-length, 4,, of the driven element and the 
separation, 2s, between the adjacent ends of the elements were 
kept constant. A dipole probe was used and its output was 
fed into the detecting system used in the corresponding measure- 
ments for a single-slot aerial. The measured relative amplitude 
and phase are shown in Fig. 14. These curves may be compared 
with theoretical values of the distribution of current on a 
collinear array of cylindrical aerials. They are available in a 
zero-order approximation with hf, = A, = A/4 (Reference 10, 
Fig. 34.7). For this particular case the measured curve in 
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Fig. 14.—Distribution of the E’ field and the complementary charge along a collinear array of slot aerials. 
hy = A/4 = 10cm, 2s = 2mm. 
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Fig. 15.—Distribution of the E’ field and the complementary charge along a collinear array of slot aerials. 
hy = hz = 2/4 = 10cm. 
The distance 2s between the adjacent ends is varied, 


Fig. 14 agrees well with the theoretical curve except for a slight 
shift of the experimental curve toward the outer ends of the 
ierial. The theory of the collinear array of cylindrical aerials 
ndicates that, when fh, = h, = A/4, the currents at the centres 
of the outer units are 186° out of phase with that in the central 
mit. The measured phase of the E’-field at the centre of the 
duter slots differs from that in the central unit by approximately 
this amount. 

The distributions of the transverse E’-field along the collinear 
irray of slots were also measured for various separations 2s 
Yetween the adjacent ends of the elements. In this case the 
ialf-lengths were kept constant at hy = h, = A/4. Themeasured 
ields are shown in Fig. 15. The amplitude of E’ along the 
entral slot is practically independent of 2s, whereas its value 
long the parasitic elements decreases rapidly as the separation 
’s increases. (The curves in Figs. 14 and 15 parallel similar 
ynes obtained by Hatch!® with the central slot driven in a dif- 
erent manner.) 

The ratio of the maximum transverse E’-field along the 
yarasitic elements to that near the centre of the driven element, 
ogether with the corresponding phase differences, were measured 
vith hy = hy = A/4 as a function of the separation 2s. The 
esults are shown in Fig. 16. The corresponding zero-order 
heoretical curves for the current in a collinear array of cylindrical 
lipoles?® are also shown. The agreement is quite good. 


(8.3) Distribution of the Complementary Magnetic Field and 
Current along a Collinear Array of Slots 


The distribution of the complementary magnetic field H’ and 
he surface density of current (to which the field is proportional) 


was measured by moving a surface-type loop probe along the 
edge of the slots with the plane of the loop parallel to the slot. 
The measured relative amplitudes and phases for various values 
of Az, with h, and 2s fixed, are shown in Fig. 17. 


(9) CONCLUSION 


An experimental study has been made of the circuit properties 
of a single-slot aerial and a collinear array of such aerials when 
centre-driven by a two-slot transmission line All slots were 
cut in a large earth screen of finite thickness. The useful- 
ness of a two-slot transmission line to feed and study the 
properties of slot aerials has been demonstrated. Moreover, 
since the fields and currents associated with the slot line are 
quite closely confined, it is evident that it may be used to feed 
and study the properties of slot aerials in curved or twisted 
surfaces and in fins. In addition to the investigation of the 
impedances and distributions of current and charge along slot 
aerials when driven by a two-slot line, a study has been made 
of the significance of the principle of complementarity when 
practical slot aerials are involved rather than idealized ones cut 
in earth screens of zero thickness and infinite extent. In 
particular, the extensive theoretical results available for the 
cylindrical dipole antenna, both when driven by a 6-function 
generator and by practical transmission lines, are compared with 
the complementary quantities measured on slots cut in an earth 
screen of finite thickness. It is shown that the exact quantitative 
equivalence between complementary quantities characteristic of 
infinitely thin strips and slots in earth-planes of zero thickness 
and infinite extent becomes a qualitative agreement between 
‘complementary’ quantities when cylindrical dipoles are com- 
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pared with slot aerials in earth screens of finite thickness. 
Owing to the existence of additional surfaces that may be charged 
or may carry currents, the equivalent length of a cylindrical 
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Fig. 16.—Measured ratio of the maximum value of the E3 field on one 


of the parasitic slots to the maximum value of the Ej field on the 


driven slot. 
(a) Measured phase of E, pee 
—-~-- Theoretical phase of bil, on cylindrical aerial array (King). 
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hy = hy = A/4 = 10cm. 
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Fig. 17.—Distribution of the H’ field and the complementary current along the edges of a collinear array of slot aerials. 


hy = A/4 = 10cm. 
2s = 0:005A = 2mm. 
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dipole is greater than that of an infinitely thin strip of the same 
physical length, and the equivalent length of a slot in a ground 
screen of finite thickness is shorter than that of the same slot cut 
in an ideal earth-plane of zero thickness. As the half-length | 
of a centre-driven aerial approaches a half-wavelength, trans 
mission-line end and coupling effects become increasingly | 
significant. These depend on the transverse geometry of the } 


mentarity applies only in a qualitative sense. It may be con 
cluded that the general behaviour of slot aerials driven by slot | 
feeders in practical ground screens may be anticipated from the | 
behaviour of dipole aerials driven by open-wire lines by replacing } 
the dipoles with equivalent strips and ignoring the finite thickness _ 
of the earth screen so that the principle of complementarity | 
applies. Quantitative information, however, depends on direct | 
measurement until a more complete theory is developed. 
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A THEORY OF STEADY FORCES IN VARIABLE-PARAMETER NETWORKS 
Applicable to a Class of Square-Law Measuring Instruments 
By W. E. SMITH, B.Sc., A.Inst.P. 


(The paper was first received 17th August, and in revised form 28th October, 1959. It was published as an INSTITUTION MONOGRAPH 
in March, 1960.) 


SUMMARY 

Passive linear reciprocal networks with elements dependent upon a 
generalized co-ordinate x are investigated in order to evaluate the 
steady component of the corresponding generalized force (Fx)av. 
Methods are found for expressing this force in terms of parameters 
measurable at the input terminals of the network. 

The analysis is particularly relevant to the absolute calibration of a 
class of square-law electrical measuring instruments, but the formalism 
is also applicable to other network systems where impedance is a 
useful concept. 


LIST OF SYMBOLS 
B = 2-terminal susceptance. 
By, Be, = Imaginary parts of mesh or terminal admittance 
matrices. 
c = Velocity of light in vacuo. 
C,, = Capacitance. 
F,, = Instantaneous generalized force. 
(Eye (Faw (Fay = Average generalized forces. 
~ #,, = Intermediary quantities for evaluating (F,) gy, (Far. 
G = 2-terminal conductance. 
Gi, Gx, = Real parts of mesh or terminal admittance matrices. 
ly, = Instantaneous current in element «. 
I, = R.M.S. current in element «. 
I, Ig = R.M.S. current in kth mesh or at Kth terminal pair. 
I, I’ = R.M.S. 2-terminal network currents. 
Lua, Lug = Element self or mutual inductances. 
L, = Line series inductance per unit length. 
! = Transmission line or waveguide length. 
P = Complex power. 
R, = Line series resistance per unit length. 
R = 2-terminal] resistance. 
Riz, Re, = Mesh or terminal resistance matrix elements. 
Vg, = Instantaneous voltage applied to element a. 
V = 2-terminal r.m.s. voltage. 
V.,, = R.MLS. voltage applied to element «. 
V,, Ve = kth mesh or Kth terminal pair voltage. 
x = Generalized co-ordinate. 
X, X’ = 2-terminal reactances. 
X,, = Reactance of element «. 
Xap = Mutual reactance. 
Xi4, Xxp = Mesh or terminal reactance matrix elements. 
Y = 2-terminal admittance. 
Lean G KL = Mesh or terminal admittance matrix elements. 
= 2-terminal impedance. 
= Characteristic impedance. 
Zul a KL = Mesh or terminal impedance matrix elements. 
y = Propagation coefficient. 
5m. O~w = Kronecker delta. 
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\ = Free-space wavelength. 
A, = Guide wavelength. 
w = Angular frequency. 
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~ (1) INTRODUCTION 


In electrical measurements and standards the average electric |): 
or magnetic force exerted between current-carrying or charged |}; 
conductors is made the basis of a number of important measuring ||: 
instruments. Of prime importance is the current balance or |); 
dynamometer used for the absolute determination of the electro- |); 
magnetic unit of direct current. An electrostatic instrument |); 
whose field configuration is calculable would give rise, in a |) 
similar manner, to an absolute determination of the electrostatic 
unit of potential difference. In addition, there are numerous | 
indicating instruments for both alternating and direct voltages | 
or currents, such as the electrostatic voltmeter, dynamometer and | 
moving-iron ammeter, based upon the production of a steady | 
force by charges or currents in the instruments. The distinguish- | 
ing features of instruments in this class are: 1 


(a) The force involved is a quadratic function of the applied | 
voltages or currents. 1 
(6) The instruments are not dependent for their operation upon | 
the application of a steady electric or magnetic field. 
(c) The electrical part of the instrument is in principle loss free or | 
energy conservative. i) 


As a consequence of (a), the instruments are square-law or 
r.m.s. reading and are widely used as d.c./a.c. transfer | 
instruments. 

In instruments where the field configuration is calculable, a | 
measurement of force will define absolutely an alternating or 
direct current or voltage. However, for many practical instru- | 
ments, particularly at high frequencies, the details of the field |) 
configurations are of such complexity as to be beyond practical | 
calculation, and some other means of voltage or current stan- + | 
dardization may be required. <i 

In the paper an analysis relevant to a.c. instruments is pre- 
sented which enables the force to be obtained in terms of para- | 
meters measurable at the input terminals. }) 

An instrument of the class above is considered as an electrical 
network in which some of the circuit-elements are dependent | 
upon a generalized co-ordinate x (e.g. linear displacement or | 
rotation), and the steady component of the corresponding © 
generalized force (F,,),y is evaluated. To preserve linearity it is — 
assumed that in practical instruments x is suitably constrained — 
(e.g. by inertia) such that it is time independent. Accordingly, 
a theory of steady forces arising from linear passive reciprocal 
networks in which some circuit-elements are dependent upon x 
is developed. To preserve generality no restriction is placed 
upon the number of terminal pairs in the network. The theory 
yields expressions for the average force (F,),, in terms of 
voltages or currents at the input terminals, together with 
derivatives with respect to x of the impedance or admittance 
parameters measurable at the input terminals, The results for 
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“‘ertain special cases are exact. However, the most general 
jesult is not exact, but will usually give adequate accuracy, and 
1 means of estimating the error is suggested. 

The expression of (F,),, in terms of voltages or currents and 
jerivatives of accessible impedance or admittance parameters 
illows an absolute calibration of an instrument to be performed 
by measuring the force together with these derivatives. This 
absolute calibration is possible even though the internal details 
lof the instrument may be very complicated. For an absolute 
calibration an impedance standard is required, but the establish- 
ment of this standard presents a separate problem. Impedance 
standards may be derived either by d.c./a.c. transfer or by 
calculation of a field configuration (e.g. a transmission line or 
waveguide of calculable characteristic impedance, a calculable 
capacitance or inductance). It is assumed that a suitable impe- 
dance standard is available in every frequency range of interest. 

The theory is developed initially for lumped circuit-elements 
and is later extended to continuous systems. The further 
extension to microwave circuits is postulated. With these 
extensions an absolute voltage, current or power may be 
established at any frequency right up to and including the 
microwave range. * Moreover, the formalism. would be eae 


Midiation pressure in acoustic ducts). 
The practical measurement of the required derivatives of 


(2) FUNDAMENTAL CIRCUIT EQUATIONS 
(2.1) Basic Force Equations for Lumped-Element Circuits 
Elementary energy considerationst show that the generalized 
force F,, corresponding to a generalized co-ordinate x upon which 
mi lumped inductance (self-inductance L,, or mutual inductance 
L,,) or lumped capacitance C,, depend is given by 


HEAOG, 

EA yer 
F, Samael Pe dnie oe ao Ri + (1) 

1 OL xc 
Be Sera 2) 
F, = hig s Ee 63) 


“In a network where a,number of elements may depend upon x 
the individual contributions to the total force are additive, i.e. 


d 
Pesb ean Le oCx 


ic 
cd 5 EUR 


(4) 

where Lig = Leg. 

In the summations of eqn. (4) and in the rest of the paper, the 
convention of summing over repeated suffixes has been adopted, 

| e.g. & in eqn. (4) is to be interpreted as & &. Ean. (4) actually 


a 
gives the instantaneous force, but it may be suitably averaged 
to give the required steady force. It is assumed that x is 
suitably constrained to be independent of time, so that all 
circuit-elements together with their derivatives are constants. 
Eqn. (4) then becomes 


OC, 


Fan =5 Bilder? +5 E Dot . . O 


In view of the quadratic dependence between the average 
force (F,),, and the currents or voltages, a Fourier resolution 


* Absolute torque-operated wattmeters for microwave circuits have been developed 
using another, though related, approach by Cullen and his collaborators.1-5 

+ When polarizable material is present, eqns, (1)—(3) are best established by thermo- 
dynamic methods. In practical circumstances no distinction need be made between 
isothermal and adiabatic polarization processes. 
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of v, and i, may be performed, and each Fourier component 
will then contribute independently to the total average force. 
Even in the case of irregular voltages or currents such as noise 
this approach is still possible provided that the assumptions 
concerning the constancy of x are valid. Consequently it is 
adequate to consider only sinusoidal voltages and currents. 
Eqn. (5) may now be written in terms of the usual complex 
r.m.s. voltages and currents V,, and J,: 


OL 
(Fao = oy In = he 52 V, ye (6) 
Ordinary a.c. circuit theory then ad the following results: 

9Co OX, 
ios * pees 

as VaVe ea ped Tels ape (7) 

where Neues GGei i ae Os, (8) 
Lag OXe6 

Also le = 5 ae ; (9) 


where X,8 = wlag 

After substituting eqns. (7) and (9) in eqn. (6) and considering® 
the element currents J, to be appropriate sums or differences of 
mesh currents J,, the resulting equation may be written in terms 
of mesh currents and total mesh reactances X;): 


ae I. ae 


(2) (11) 

Eqn. (11) is the basic force equation and expresses the average 
force in terms of derivatives of the total mesh reactances with 
respect to x and the corresponding mesh currents. The form 
of eqn. (11) is, of course, unchanged by the actual choice of 


independent meshes. 


(2.2) Mesh Equations and Variation of Mesh Impedances 


The circuit equations for a general linear passive reciprocal 
network may be written® in terms of V, and I: 


Vee lias (12) 
with LZ = Liye (13) 
= Ry t+ iXig . (14) 

Alternatively, the equations may be written in inverted form: 
I, = ZY} - (15) 
with eae (16) 
= Gy + JBri (17) 


The reciprocity relations (13) and (16) will be used extensively 
throughout the paper. 

The admittance and impedance matrices are inverses of each 
other, satisfying 


2X Y¥4Zin = On (18) 
where 6, =1 l=n 
= 0 otherwise. 


Using eqns. (14) and (15), the basic force equation (11) becomes 


1 OX, 
Fadav = 52,2 ViV ayy Yan Ve (19) 


=RF) . (20) 


230 
oa 1 OZ tn yy 
where FF, = ja ~ ViY ia rs 1 fal es (21) 
ee a2, 
2jw * dx i 2 


The complex power, P, which is invariant with respect to phase 
reference angle, is defined by 


P==VR - Looe. & See 


The real part of P represents power consumed by the network 
while the imaginary part represents the net energy exchange 
between the sources and the network. Consider small changes 
5Z,,, 5 Yq, in the network, keeping all voltages V; constant. 


dP = (2 VIF) (24) 
=X V,5iF (25) 
= ZX V,5Y2V; from eqn. (15) (26) 
But from egn. (18), 
XS ¥yZ, + X ¥pOZ_, = 0 (27) 
and therefors, 
BS Ye Vebasy 0 t (28) 
and, by using eqn. (18), 
$¥,= = 5y,67i0, (29) 
Substitution of eqn. (29) in eqn. (26) yields 
SP = — LV, YSZEY2VE - (30) 
or (=) = = Say ry ere ve G1) 
> yy cis (32) 


rx. 


where (0P/dx)p indicates that the differentiation has been per- 
formed with all V, held constant. 

Egn. (31) is seen to be very similar to eqn. (21) for finding the 
force (F,),,, and it will be shown later under what conditions a 
correspondence may be established. For the present it should 
be noted that, since the network is passive, P may be expressed 
simply as a sum over input terminal voltages and currents 
Ve, I K> i.e. 

P=ZV,iz . (33) 


and the Vx, I, are related by impedance and admittance matrices 
whose elements may be measured externally at the input 
terminals. The following equations (34)-(40) referring to the 
input terminals are analogous to the mesh equations (12)(18). 


Ve =2ZyI, (34) 

2x. = Zix (35) 

= Rey + iXx (36) 

ya 37) 

| a pee (38) 

= Gg + jBgt (39) 

U¥inZey=Sin - (40) 

Thus PHS oo Ce 
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O OD aan 
and (5), = 2 Ve SVE: ~ “ ie F (4 
However, analogously to eqn. (29), 
Oem _ oZ, 
ax = LYrr ax Yuu - ( 


and, as with eqn. (32), 
pa 
6a 


(3) EVALUATION OF THE AVERAGE FORCE 
(3.1) Force in Purely Reactive Networks 


For the case of purely reactive networks a cosnespolndiona 
between eqns. (32) and (22) follows directly from the fact that 
all Z;, and Y, are purely imaginary, so that 


5 ities 


— Br¥g ig 


Yr = — Yu Zi = — Zu . . . 
Zn pox ; 
and rs wee oe | ee 46) 


Thus eqn. (32) becomes 


2) = Xm 
Gee = -jiM Yash 47 
SHE ie (43) 
from eqns. (15) and (16). 
When compared directly with eqn. (11), this gives 
1/0 
a0 = sas) = . - - - (49) 
Y,x and Z;x are also purely imaginary, i.e. 
Yrer=— Yuc- - ~ =o 
Zix = — Zix-- (51) 
and we obtain from egns. (49) and (42), 
oY, | 
(Fac = ems Ve oe Vi. > 
or from egns. (49) and 7m 
1 OZKr¢ 
(fan = Few Lk Ix <—It s ° - ° (53) 


Thus, in eqns. (52) and (53) the force (F,), has been expressed 
completely in terms of quantities available at the input terminals. 
A measurement of the derivatives of impedance or admittance 
together with a force measurement then gives an absolute 
calibration of the instrament. Simple instruments whose ideal 
behaviour may be described by eqns. (52) and (53) are the 
quadrant electrometer and the dynamometer. These equations 
are particularly simple for 2-terminal networks (electrostatic 
voltmeter, moving-iron eo being 


oY 
Bet 5 citer 
Fav 55 ox = OE 
4 wAZ 
= Fal! es o « = an (55) 


which reduce to the original forms [eqns. (1) and (2)] for 2 
single reactive element. The 2-terminal network may have any 
number of individual elements, provided that it remains loss free. 
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(3.2) Force in Arbitrary Networks with One Variable 
Reactive Element 


| A general network in which only one pure reactance X’ is 
lependent upon x is considered. The 2-terminal reactance, X’, 
nay consist of an arbitrary number of loss-free elements any 
tumber of which may depend on x. The force (F,),, may then 
de found as in the previous Section, i.e: 


1 OX’ 
=|’ '* 
(Fao Fal I aE 
Consider now the derivative of a quantity X V,J, which has no 
obyious physical interpretation and is not invariant with respect 
to phase reference angle. 
Using eqn. (15), 


(= =) | (2 Vh) = Th! 


(56) 


oY, 
kl yy (57) 


rm) 
— —iViY gy Way Vere 


= (58) 


OZ; 
=—LI Ge — ry, from eqns. (15) and (16) . (59) 


“Suppose that X’is common to a number of meshes r, s, t,...: 
then 


ax 
(2), r)= (2x tie it 
+ 21 Ms he — + fa) . (60) 
=-j0,+h+4..~% (61) 
ax’ 
eRe oe 
a. (62) 


The signs of the coupling terms 2/,/,0X’/0x) in eqn. (60) 
depend upon the senses of the mesh currents J,, J,, I,,..., 
but the result, eqn. (62), follows regardless. This result is essen- 
tially a generalization of a theorem recently propounded by 
Vratsanos.7-!° 

' Using eqns. (62) and (56), the average force may be obtained: 


(dul = sal(G),E 0]. 
= = (es), (= tf (64) 
Aen)... « 


The transition from mesh voltages and currents in eqn. (63) to 
terminal voltages in eqn. (64) follows by an interchange of order 
of summation, since the mesh voltages V; are composed of sums 
of terminal voltages Vx and the terminal currents Ig are sums 
of mesh currents J,. 

Eqns. (64) and (65) thus achieve the desired aim of expressing 
the force in terms of quantities available at the input terminals 
of the network, although the sign of (F,),, has been lost. 
Eqn. (65) may be written in useful impedance or admittance form 
by the use of eqns. (37), (38) and (43): 


yo Ye 


| duel = 3 |E SMI. (66) 
— 5 Beh, (67) 
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Specialization to a 2-terminal aia gives 
r) Y| 
F. P= ) 
eel = 551”7I [5 (68) 
= — |]? PZ] 
- Bx (69) 


(3.3) Force in General Slightly Lossy Networks 


Exact expressions for the force have been found for special 
cases. Unfortunately, the methods make use of some special 
properties of the networks considered and are consequently 
incapable of extension to general parameter dependence in 
arbitrary networks. In this Section an approximate formula 
appropriate to the general case is derived for networks which 
conform to a rather special definition of being slightly lossy. 
Initially the parameter dependence will be general, i.e. 

Perewgg  iay 
However, later discussion will show that in practical instrument 
design the 0R,/0x are essentially zero and may usually be 


neglected. For convenient reference eqns. (20), (21) and (31) 
are rewritten as 


(70) 


‘4 Dav = AF,) (71) 
WZ, 
F, = hViN ua a Vs (72) 
aP\ iy Pe aed 
a) EV VESEY EVE (73) 


Now consider the effect of replacing ail voltages V, by their 
complex conjugates V;. From eqn. (73) and the reciprocity 
relation (16) it is seen that (OP/0x)y is unchanged but F,, and 
as a result (F,),,, will, in general, be different—F,; and (F),,, 
say. Hence 


2jnF, = XxV* el V,, (74) 
Zz Se Ss * ete = 
2jw(F, — F) = U(VjV* — VFV,)Y, Lem (75) 


By taking the imaginary parts of both sides of eqn. (75) and 
simplifying somewhat using the reciprocity relation (13), the 
following result is Sais 


OX, 
(Fao — Fav -5 (ViVi — VVC "Ban - (76) 
If all terminal voltages are of equal or opposite phase the 


right-hand side of eqn. (76) vanishes, giving 
(Fav = (Fran - (77) 
This, of course, always applies for 2-terminal instruments. 
Otherwise (F,),, and (F2),, are not necessarily exactly equal, the 
difference being given by eqn. (76). 


dZ, 
Also 2ja(F, + FA) = =UViY eg av Ve 


d 
+ iV Ye" Zim ye 


oa (78) 


which after some rearrangement together with the reciprocity 
relations (13) and (16) and egn. (73) may be written 


OP* 2) 
2ieF. + FD = (55), - GS), 
OZ, OR, 
ViGxi 5 mn — 22 Vi¥s, Aa ied yey (79) 
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Taking the imaginary parts of both sides of eqn. (79), and 
after some further algebra involving the reciprocity relations (13) 
and (16), the force (F,), -+ (Fav is obtained: 


; 2 Ses 
Ldn + Fda + F| (2) | = 227164 eC 


oR 
+ UVPVy + VaVPG > "Brn - (80) 


The right-hand side of eqn. (80) is of second order in lossy 
terms. Therefore, we may write to first order in G,);, i.e. for 


slightly lossy networks, 
1 OP 
-i4|@)]- 


As before, (0P/0x)y may, with the help of eqns. (42) and (44), 
be written in terms of terminal parameters; thus 


Da + Fda = (81) 


Fav + Fda = — =F (DVesEvE) . (82) 
Es 1 « Zi * 
3 = F(z Ve Yin Ii) (83) 


These are the required forms for expressing (F,),, in terms 
of quantities measurable at the input terminals to provide an 
absolute calibration. For 2-terminal networks (instruments) or 
for networks (instruments) with all applied voltages in phase, 
(Fg and (F{),, are equal and eqns. (82) and (83) may be used 
directly; otherwise (F),, — (Fay may be found from experi- 
ment and used in conjunction with eqns. (82) and (83). It must 
be noted that in instrument design every endeavour would be 
made to minimize (F,),, — (F),y, usually to good effect, but 
eqn. (76) shows that it is still a quantity of first order in the 
losses. 

The replacement of voltages by their complex conjugates may 
be made with any convenient phase reference, since eqn. (76) is 
invariant with respect to phase reference angle. The transfor- 
mation to complex conjugate voltages has the effect of reversing 
the relative angles between terminal voltages. 

For an indicating instrument containing no sliding contacts it 
will be seen that the variations in circuit-elements are essentially 
reactive, e.g. capacitances, self or mutual inductances are 
variable. It should be noted that the plate of a capacitor which 
may move in a lossy dielectric must be classed under the category 
of sliding contacts, although this is of no concern in practical 
instruments having a plate in a vacuum, air or some other gas 
of negligible power factor. Even eddy-current losses are 
changed not by any direct resistance variation but by changes 
of mutual inductance between current-carrying circuits and eddy- 
current meshes. A similar situation applies to lossy dielectrics 


where a capacitance change influences the dielectric loss. Thus, 
for most practical purposes, 
a © hae Glee eeete ee AO) 


leaving only one residual term in eqn. (80). 

The requirement that the right-hand side of eqn. (80) should 
be small may be fulfilled by having all Gy. < By. Such a con- 
dition (considered here as slightly lossy) is rather restrictive. 
However, eqns. (82) and (83) may still be useful approximations 
when some of the Gy, are not small, provided that the appropriate 
0X),,/0x are sufficiently small. The exact conditions under 
which eqns. (82) and (83) are applicable may not be stated 
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simply in terms of quantities directly measurable at the input | a 
terminals. It is necessary to examine a reasonable model of an } 
instrument before using them with confidence. 


(4) EXTENSION OF VALIDITY OF THE THEORY = | 


The work of the previous Sections has implicitly dealt with | 
finite lumped-element networks. The extension to networks | 
containing continuously distributed elements (e.g. transmission | ei 
lines) presents no difficulty except for Section 3.3. The results Bic 
of Sections 3.1 and 3.2 are expressible exactly in terms of para- | 
meters measurable at the input terminals independently of the | 
number of terms present in the various summations. These | 
results are thus integral results, which are unchanged by approxi } 
mating a continuous network by a larger and larger number of |’ 
finally infinitesimal elements, It is then concluded that the } 
results of Sections 3.1 and 3.2 are valid for distributed para- } 
meter circuits. Furthermore, without formal proof this validity | 
may be expected to extend to microwave networks or continuous } , 
systems in other fields where impedance is a useful concept, €.g. | 
acoustics and mechanically vibrating systems. For microwave | 
circuits each mode coupled to a generator would be considered | 
as a separate pair of input terminals. | i 

The results of Section 3.3 are not capable of immediate | . 
extension to continuous systems since they are approximate i 
results and the error may be estimated only from an examination |) 
of the internal structure of the network, i.e. the error is not} _ 
expressible in terms of parameters measurable at the input } ‘i 
terminals. Even in the case of lumped-element networks some | 
examination has to be made of the internal structure of the } 
network before applying eqns. (82) and (83) of Section 3.3.) 
For continuous-element networks such an examination becomes — 
more complex and it may not always be possible to estimate the | 
size of the error incurred. In a 2-terminal instrument having a | 
Q-factor Q it amounts to ensuring that the error is of order 1/Q”. | 


(5) APPLICATIONS 


The theory is applicable in principle to a wide variety of practi- | eu 
cal electrical instruments, ranging from power-frequency dynamo- |) 


meters and electrostatic voltmeters to microwave field or power | 
meters, used to determine experimentally both absolute sensi- |} 
tivities and variations of sensitivity with frequency. A deter- |} 
mination of the variation of sensitivity with frequency provides - 
an absolute calibration if a standardization has been performed | 
at some reference frequency. “sy 


The theory is of greatest utility as the basis of an experimental | 


calculable because of complications caused by secondary effects } 
or by unknown internal circuit parameters. However, to pro- | 
vide a simple illustration involving results from Section 3 the | 
force along the line on a short-circuit of a transmission line or |}; 
waveguide will be considered. To justify the use of the theory } 
here it may be supposed that the line constants are not accurately | 
known. | 

Consider a length / of lossless transmission line or waveguide | 
in vacuum having characteristic impedance Zp (real) with a | 
source of voltage V applied at one end and short-circuited by a | 
perfectly conducting plane at the other end. Let J be the source 
current. The force (F)),, on the short-circuiting plane may then - 
be calculated from Section 3.1. The impedance presented to the - 
generator is 


Qn 


Ay 


Z = JZ, tan (85) 


3qn. (55) then gives 


1 OZ 
= ihe 
(Ds Biot y (86) 
| Zor 2al 
— ]]* 2 
II Ich, sec i” (87) 


The force (F)),, is always directed in the sense of increasing / 
sand arises from the change in electromagnetic momentum 
required to reverse a travelling wave to give rise to the actual 
standing wave on the line. 

If another section of line or waveguide (lossy or not) or an 
“arbitrary reciprocal 2-terminal-pair network is interposed between 
the short-circuited loss-free line and the generator, the force 


|\(F)av| may be calculated from egns. (68) and (69). 


If the short-circuited length of line considered is lossy, the 
results of Section 3.3 may be applicable. Let y be the propaga- 
tion coefficient of the line. 

Eqn. (81) may be used to find (F)),, provided that the right- 


hand side of eqn. (80) is suitably small. In considering a 


lumped-circuit approximation to the line the meshes may be 


_ chosen such that the source V is contained in one mesh only 
“(mesh 1). 


Likewise the short-circuit may be confined to only 


4 vone mesh (mesh s). The remainder in eqn. (80) becomes 
in dX, dR 
. 2VV*( GASB + Ga Base (88) 


pe, 
Y,, = Gy +j8y = — pacar yl. (89) 


‘Sufficient conditions for applicability of eqn. (81) are 


» (3 cosec yl) < az cosec yl) ye 0) 


and Felgen ch ead alee (91) 
._ giving finally 
VV* 0B 
Fa = Pre! (92) 


In this example the force is directly expressible as 4/,J*L,, 


" but eqn. (92) involves only quantities accessible at the input 
"| terminals. 
) result of wider applicability: Using Vratsanos’s theorem’ as 


The theory of Section 3.2 may be used to give a 


| obtained in eqn. (36), 


2 WZ 
(5) Pte (93) 
= — Riel, (94) 
| if R, < aL, 
“But \(Fdal = HL, (95) 
£17 
Hence —|(Fau| xa |G) wn ss coal (96) 
VV*] AG\2 — By? |"? 
Se) + ay | es 
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This result is correct to second order in R,/wL, without the 
qualifying condition (90) required for the use of eqn. (92). 


(6) CONCLUSIONS 


The average generalized force (F,),, corresponding to a 
generalized co-ordinate x upon which a number of circuit- 
elements in a passive linear reciprocal network may depend has 
been expressed in terms of quantities accessible at the input 
terminals. For loss-free networks or networks in which a 
single loss-free 2-terminal subnetwork is variable, exact results 
are obtained. For a general network with general parameter 
dependence an approximation applicable to slightly lossy net- 
works has been derived. However, in this case some examina- 
tion of the detailed network structure may be necessary to assess 
the error incurred in using the approximation. The results have 
been generalized from lumped-element networks to continuous 
systems and are found to have applicability in other fields where 
impedance is a useful concept. 

Of particular immediate interest is the application of the 
theory to electrical measuring instruments. It has been shown 
that the theory gives, in principle, a method for establishing 
absolute standards of voltage, current and power over the range 
of the whole radio-frequency spectrum. However, practical 
problems concerning the accuracy with which the required 
derivatives of impedance or admittance parameters may be 
measured have not been discussed and need to be considered 
for each individual situation. 
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SUMMARY 


The paper develops further theory of a certain type of continued 
fraction relevant to the problem of determining the character of the 
zeros of a polynomial. Two theorems provide tests for the number 
of positive zeros, real zeros and pairs of conjugate complex zeros of a 
real polynomial. Two numerical examples are included, one of which 
shows the application of the method to a problem in linear-network 
theory. 


(1) INTRODUCTION 


In a previous paper! the author introduced a type of continued 
fraction which, it was suggested, was less laborious to form from 
two suitable polynomials than either a Stieltjes fraction or a 
J-fraction.2 Sufficient theory was given to deal with the question 
of linear system stability and related problems, and it is the 
purpose of this paper to develop further theory relevant to the 
problem of determining the character of the zeros of a polynomial. 


(2) CONTINUED-FRACTION EXPANSION AND TWO 
THEOREMS 


Let f(p) be a polynomial in p with real coefficients and f’(p) 
its derivative with respect to p. Now form the continued- 
fraction expansion 


1k G2) Mae 1 
{(p) 


i a 


The final quotient takes the form a,/p + b, or a;,p + b, accord- 
ing as k, the number of distinct zeros of f(p), is even or odd. 
If the polynomial f(p) has no multiple zeros then k = n, the 
degree of the polynomial. It is supposed that 


(hig aN Web SNR RMDP Se es uu cl walls) CD) 


We now have the following theorems, proofs of which will be 
given in Section 3. 
Theorem 1. 

The number of positive zeros of f(p) is equal to the number 
of negative b; minus the number of negative q;,. 
Theorem 2. 

The number of real zeros of f(p) is equal to (k — 2N) and 
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the number of pairs of conjugate-complex zeros is equal to N. | 
where WN is equal to the number of negative q;. ; 


Both theorems yield the numbers of distinct zeros in each 
case, the multiplicity of zeros not being counted. ve 


(3) PROOFS OF THEOREMS 
Eqn. (1) can be rewritten as 


Cpe 1 


(3) 
f(p) 1 
ap + by 5 i 
2b 
: 1 
2 a3p + bz — 
ae fe, 
> 4 
1 
= 2 
i (4) 
Chea 1 
i nanan! 
. q4 
ps 
Wk 
where gq; = ap + b; iodd. ie 
= —(7+8) jeven <a 
p 


Now define a sequence of rational functions fo, fy, fo, . . . 
by the relations 


fh = 4% a 
fing = Q—if; — fj-1 P= 1312,03,1 eee 


These functions, f;, would occur in the evaluation of the con- 
tinued fraction, in eqn. (4) from first principles, ie. from the 
bottom, and in these terms the value of this continued fraction 
would be f,_;/f,. When the g; have the values given in eqns. (5) 
and (6), if f(p) has no multiple zeros, 


prt, = f(p) and p*?f,_, =f) . aa 

for k even 
p&-DPf, = f(p) and p&-DPE, = fp). - ae 

for k odd 


The zeros of f, and f,_, can therefore be identified with the 
distinct zeros of f(p) and f’(p), respectively, and f,_, is positive 
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ff, is increasing through a zero and negative if f, is decreasing 
hrough a zero. 
The sequence of functions 


a aA (10) 


§ similar to the sequence of Sturm functions, and a similar type 
of argument to that used in the proof of Sturm’s theorem? is 
wpplicable. The functions f; have the following properties, easily 
erived from eqns. (7): 


(a) No two consecutive functions of the sequence can vanish for 
| the same value of p. 

(6) At a value of p that makes f; vanish, fj_1 and fj+; have 
| opposite signs. 


The number of changes of sign along the sequence fo, fj, 
5, . . - f;, can therefore change in only one of two ways, either 
2y p passing through a zero of f, or by p passing through the 
?drigin. This last possibility follows from the presence of poles 
it the origin in the functions f; owing to the inverse powers of p. 
Any difficulties caused by the presence of these poles are easily 
>vercome by excluding the origin itself from the discussion. We 
therefore have the following results: 


(c) The number of negative zeros of f, is equal to the number of 
changes of sign along sequence (10) at p = — oo minus the number 
of changes of sign along sequence (10) at p = — 0. 

(d) The number of positive zeros of f, is equal to the number of 
changes of sign along sequence (10) at p = + 0 minus the number 
of changes of sign along sequence (10) at p = + o. 


We shall now associate the numbers of changes of sign at the 
origin and infinity with the signs of the coefficients a; and 5;. 
First, it should be noted that it is the product terms q;,, 4;4;_1, 
'Uek—1Ik—2; - - . Which contain the highest and the lowest powers 
of p in fj, f, a . . . respectively, and therefore the behaviour of 
these functions at zero and infinity is easily obtained. As the 
argument is somewhat different in detail accordingly to whether 
/€ is even or odd, we shall consider the cases separately. 


(3.1) Case of kK Even 
The behaviour of sequence (10) at infinity for k even becomes 


| 
| 


if 


1, —by, — Gy ,P, by 244 —10P, Ay —3bp 24, 1yp”,... CD 
and at the origin 
= —a, —) b b b 

1, a k— 17% a ae 14k k—3Fk— Ses 19k . (2) 
| Pp Pp D Pp 
Thus, 


-number of sign changes in sequence (12) when p= +0 

| = number of terms a;, a@;,_>, . . . a that are positive 

: + number of terms 5; 1, b,_3, .. . b; that are negative 

| (13) 

E 
number of sign changes in sequence (11) when p = + 00 

= number of terms 5;, b;_5, . . . by that are positive 

+ number of terms a@;_;, @,_3, . . . a; that are negative 


(14) 


Therefore, 
number of positive zeros of f;, 
= (number of terms a;, a; _3, . . . & that are positive 
+ number of terms 5;_;, 5,3, .. . 5; that are negative) 
— (number of terms b;, b,_>, . . . b> that are positive 
+ number of terms a,_ 1, @,_3, . . . a; that are negative) 


(15) 
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Similarly, 
number of sign changes in sequence (11) when p = — co 
= number of terms b;, b,_>, . . . by that are positive 
+ number of terms a,_1, @,_3, . . . a; that are positive 
(16) 
and 
number of sign changes in sequence (12) when p = — 0 
= number of terms az, a,_>, . . . d that are negative 


+ number of terms 5,_;, b,_3,... 5; that are negative 
sMenteamee ee CUP) 
and therefore, 
number of negative zeros of f, 
= (number of terms b;, b,_>, . . . by that are positive 
++ number of terms a,_ 1, a,_3, . . . a; that are positive) 
— (number of terms a;, a,_>, . . . d> that are negative 
-++number of terms b;_;, bg_3, .. . 5; that are negative) 
(18) 
Adding eqns. (15) and (18), 
number of real zeros of f, 
= number of terms az, ay_1, G2, - - 
— number of terms a;, ay_1, Qy_2, - - 


. a, that are positive, 
. a; that are negative 
(19) 


(3.2) Case of k Odd 
The behaviour of sequence (10) at infinity for k odd becomes 


2 2 
1, agP, —bg_14%P, —Ag—2bg—19KD~, bg —34x—2b4—19KP*> + + 


(20) 
and at the origin 
FO Sai PK — bx 20, 10k Ag 3D, 20-10% ere 
Dp Pp P 
Thus 
number of sign changes in sequence (21) when p = + 0 


. b; that are negative 
. @ that are positive 
(22) 


= number of terms b;, by_9, - - 
+ number of terms a,_ 1, Q,_3, - 


and 
number of sign changes in sequence (20) when p = + © 
= number of terms ay, a,_>, . . . a, that are negative 
+ number of terms 5;_ 1, by_3, . . . bp that are positive 
(23) 
Therefore, 


number of positive zeros of f, 
= (number of terms b,, by_>, . . . 5; that are negative 
+ number of terms a;_;, @_3, - - - @ that are positive) 
— (number of terms a;, a,_>, . . . a, that are negative 
+ number of terms 5;_ 1, bg_3, . . . 62 that are sen 


which is exactly the same result as eqn. (15) for & even. 
Similarly, 
number of sign changes in sequence (20) when p =—o 
= number of terms ay, a,_2, . . . a; that are positive 
+ number of terms by_, b,_3, . . . 62 that are positive 


(25) 
and 
number of sign changes in sequence (21) when p olla 0 
= number of terms a, _;, @,_3, . - . @ that are negative 
+ number of terms b;, by_>, . . . 5; that are negative a 
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and therefore, 
number of negative zeros of f, 
= (number of terms ay, a,_2, . . . a, that are positive 
+ number of terms b;,_1, 5,3, .. . bz that are positive) 
— (number of terms a;,_1, 4,3, . - - @ that are negative 
+ number of terms b;,, by_>,... 6, that are negative) 
: (27) 
Adding eqns. (24) and (27), 
number of real zeros of f, 
= number of terms a, a,_1, A_2,-+ 
— number of terms a,, ay_1, A_2, 


. a, that are positive 
... a, that are negative 
(28) 


which is exactly the same result as eqn. (19) for k even. 


(3.3) Completion of Proof 


The results of Sections 3.1 and 3.2 can be rearranged as 
follows: 


Let N = Number of negative a; (29) 
then k — N = Number of positive a; (30) 
and eqns. (19) and (28) both yield 
number of real zeros of f, =k —2N . (31) 
and 
number of pairs of conjugate complex zeros of f, = N (32) 
which completes the proof of Theorem 2. 
As eqns. (15) and (24) correspond to the following result: 
number of positive zeros of f, = 
number of negative b, — number of negative a; . (33) 
the proof of Theorem 1 is also complete. 
(4) NUMERICAL EXAMPLES 
(4.1) Example 1 
If f(p) = p* + 2p? + 3p? ++2p4+-1 (34) 
then f’(p) = 4p? + 6p? + 6p +2 (35) 
f'(p) 1 
and =— = ei eee (3 
ED) Eas gs aon oe 
Feet ands 8 
3p 3 


which indicates no positive zeros and one pair of conjugate 
complex zeros each member of which must be of the order 2 
owing to the premature termination of the continued fraction. 
Since 


f(p) = (p? +p +1) = (p+ 1/2 +4/3/2%e + 12 —jy/3/2P 
(37) 


this result is seen to be correct. 


(4.2) Example 2 


This example illustrates the application of the continued 
fraction in testing for positive real functions in network theory. 
According to Bode,’ a driving-point impedance function of a 
passive network can have no poles or zeros in the right half- 
plane and its real part cannot be negative at real frequencies. 
Consider now the examination of the function Z(p), where 


A CERTAIN CONTINUED FRACTION 
pe+4p?+2p+1 


AP) S53 1 Og ap ee 
f : 2w® —wt — 4w2 + 3 1 
<5 OD Ne sum of squares “4 
It is required to verify that 
F,(p) = p? + 4p? + 2p +1 (40) 
and F,(p) = 2p? + 2p? + Sp + 3 (41) 


have their zeros confined to the left half p-plane, which is 
evident by inspection (see, for example, Reference 5), and that 


f(x) = 2x3 — x2 —4x +3 (42) 


has no positive real zero of odd multiplicity. 
From eqn. (42), 


f(x) = 6x? — 2x —4 


and the working for the appropriate continued-fraction test is 


6x2 2x4) 2x9 — x? ae $3(Z—G 
2x3 ae noe 
22 43x43 
2, 
25 5 ae A 367082 
Gu GH 68 — 2x — a Get aes 
6x2 = 6x 
4x —4 


Using Theorems 1 and 2, therefore, f(x) has one positive and 
one negative zero, one of which must be of order 2 owing to 
the premature termination of the continued fraction. However, 
since f(0) and f(+ 0) are both positive it is the positive zero of 
f(x) which is of order 2 and hence the original function Z(p) 
corresponds to the driving-point impedance of a passive network. 


(5) CONCLUSIONS ‘ 


The theory of a continued fraction, begun in a previous paper 
has been extended here to provide a test for the character of the 
zeros of a polynomial and, in particular, for the number o 
positive zeros of a polynomial. The results are given in the 
form of two theorems which are illustrated by numerical example: 
in Section 4, the second example being an application to linear 
network theory. The methods can also be used to investigate 
other types of continued fraction that may arise, for example 
from degenerate cases. 

By using the determinantal expressions for the continuec 
fraction coefficients in terms of the coefficients of the diviso: 
and dividend polynomials given in Reference 1, the tests fo: 
the character of the zeros of a polynomial can be put int 
determinantal form giving results alternative to those given it 
Reference 6. 

In the author’s opinion the type of continued-fraction expan 
sion given here is quicker to compute than either a Stieltje: 
fraction or a J-fraction.2, For most rapid computation a schem 
of detached coefficients should be used or, better still, an easil 
constructed numerical algorithm. 
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SUMMARY 


In the measurement of the distribution of magnetic flux in the cores 
of electrical machines by locating search coils in them, the presence of 
a search-coil will alter the flux in that region. It is therefore necessary 
to make a correction to the measured flux. The problem is the solu- 
tion of Laplace’s equation in two dimensions in a material assumed 
to be of constant permeability, and it has an analogy in hydrodynamics. 
The solution is obtained by a conformal transformation; it is found 
that the correction is quite significant when the distance of the centre 
of the hole from the edge is equal to its diameter. 


(1) INTRODUCTION 


The distribution of magnetic flux in a sheet of constant finite 
permeability with a hole near an edge is similar in nature to the 
flow of a frictionless incompressible fluid past a circular cylinder 
parallel to a plane in hydrodynamics, or any other analogous 
problem obeying Laplace’s equation in two dimensions. In 
electrostatics the equivalent is a conducting cylinder held insu- 
lated near a plate at some potential and where the electric field 
is initially perpendicular to the plate, which would be the case if 
there is another plate at a great distance from it. In electro- 
dynamics the equivalent is current flow in a conducting medium 
round an embedded insulator. The problem of magnetic 
flux distribution mentioned above has arisen in the deter- 
mination of the penetration of flux in the cores of electrical 
machines, built up of laminations, by locating search coils in 
them.! In the presence of a search-coil hole sufficiently close 
to the edge of the laminations the flux distribution will clearly no 
longer remain the same as it would be in the absence of the hole. 
The measured flux, therefore, as deduced from the e.m.f. induced 
in the search coil when the machine is excited, will be less than 
the flux which exists in the region enclosed by the search coil 
in the absence of the hole. An attempt has been made here to 
determine analytically the correction necessary to the measured 
flux. Alternatively, an allowance may be made in the location 
of the hole. 


(2) GENERAL SOLUTION 


In the hydrodynamic problem of the flow past a cylinder, 
as with the other analogous problems, the streamlines and 
velocity potentials can be determined by means of a conformal 
transformation. This conformal transformation, in the form of 
an infinite series, is derived from the fact that the disturbance 
of a cylindrical obstacle to the flow in an unbounded, initially 
uniform, stream can be represented by means of a doublet 
source placed at the centre of the cylinder in the stream. The 
effect of another cylinder of a different radius, and in the limit 
of a plane surface, i.e. a cylinder of infinite radius, is accounted 
for by the method of images. The successive approximations 
then give an infinite series, the terms of which involve the 
radius and the displacement of the cylinder from the plane 
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surface. Assuming that the plane surface and the cylinder 
extend to and from infinity, i.e. a purely two-dimensional 
problem, if the radius of the cylinder is R and the distance of its” 
centre from the plane surface is b, the series for the complex, 
potential for the region can be written as (see Section 7) 


w= +7 = —jUz 


1 o Rn ‘i 
+ 2jUR2z ae ae = (1) 
woh TL +x). @ x9) 
R2 
= iy; X) = band x, = b — ———— 
where 2Z=x + jy; Xo and x, ere 


(3) MAGNETIC CASE 


In any of the problems stated, to determine completely the 
field in the region it is necessary to evaluate the complex potential 
W, i.e. the values ¢ and ¢% of the real and imaginary parts of the 
series at different points in the z-plane. In the magnetic case 
‘constant :’ lines represent the flux lines and ‘constant ¢’ lines 


AS 


Fig. 1.—Field plot in the region of a hole near an edge. 
A=b=1:1R. 
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Fig. 2.—Field plot in the region of a hole near an edge. 
Oo. 


the scalar magnetic equipotentials. It would be virtually 
impossible, however, without the use of a high-speed digital 
computer to evaluate these quantities from the series, at the 
number of points in the z-plane, to give the field plots (Figs. 1-3) 
each for a different location of the hole. In these Figures the 
edge of the laminations is assumed to be the imaginary axis 
and the hole is located a distance b along the real axis in the 
z-plane. The series is rapidly convergent and it is sufficient to 
evaluate the first five terms only. j 

The flux in these Figures as measured by a search coil is the 
value of the stream function ys, on the circumference of the hole, 
or the value of the dividing streamline (which is shown dotted in 
sach field plot of Figs. 1-3). The flux in the absence of the hole 
would be the x-co-ordinate of the centre of the hole, b. The 
sorrection is therefore the difference of these two quantities, i.e. 
h — w,, and as a percentage it may be expressed as 


Percentage correction = 100(1 — %,/b) . . (2) 


(4) RESULTS AND CONCLUSIONS 


The calculated corrections for a range of positions of the hole 
ire given in Table 1. 

For the purposes of calculating only the correction factor of 
Table 1 it is not necessary to obtain the field plot of the whole 
‘egion. Since the stream function anywhere on the circumfer- 
ence of the hole is the same, 7, may be calculated with greatest 
sase at the point where the circle cuts the x-axis, i.e. y = 0, from 
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Fig. 3.—Field plot in the region of a hole near an edge. 
O 


Table 1 

Distance of the centre of Percentage 
the hole from the edge correction 

1:1R 58-27 

1:5R 25-47 

2R 13-40 

3R 5-73 

4R 3-20 

5R 2-02 

6R 1-40 


The distance of the circumference of the hole in these cases above will be 0:1R, 
0:5R, R, 2R, 3R, etc. 


the imaginary part of the series conformal transformation [eqn. 
(1)]. This value may also be approximately calculated as 


PaO eR ns 1) 


It has since been brought to the notice of the author that the 
correction factors may be calculated by the following formula: 


n 


1 
Percentage correction = 100 x E Al (1 SS | . (4) 


Distance of the centre of hole 
Radius of the hole 


This result is obtained by substituting the value of yb, from 
eqn. (3) in eqn. (2). 

An assumption besides that of a constant permeability for the 
material, implicit in drawing the field plots, is that of zero 


where n = 
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permeability of the hole. At high flux densities, where the 
permeability of the material is no longer constant and may 
itself become comparable to that of the region of the hole, no 
rigid analytical treatment would seem to be valid. Another 
problem where the hole has a different but definite permeability 
is that of bolts in poles.2 An analytical treatment of this 
problem along the lines indicated here, but with a good deal 
more complexity, is thought possible and is contemplated. 
However, it seems that in this problem only a combination of 
experiment and analytically obtained field plots would give 
results consistent with practice. 

The formula given shows that the correction diminishes 
approximately as the square of the distance of the centre of the 
hole from the edge, except when very near. 

The results of the analytical solution are now being used for 
the flux-penetration measurements in rotating electrical machines 
with search coils located in the cores, especially for the tooth- 
ripple flux measurements, In the case of the tooth-ripple flux 
penetration, owing to the high ripple frequencies it is of extreme 
importance to locate the search coils as close to the inside edge 
of the core as possible. The corrections are therefore of con- 
siderable value in determining with greater accuracy the flux that 
penetrates the core laminated or otherwise. 

The field plots have also been used to check the accuracy of 
an electrolytic tank with a new type of probe under development 
by setting up a model of the electrostatic case and by comparing 
the tank measurements with the analytical field plots. 
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(7) APPENDIX 
The disturbance of a circular cylinder in an unbounded, 
initially uniform flow can be represented by a doublet at the 
centre of the cylinder. Thus the complex potential for a 
circular cylinder of radius R in an unbounded stream of velocity 
U along the imaginary axis [Fig. 4(a)] is 


2 
w= —jU (z -/- =) 
Ly 
where UR?/z is the complex potential due to the doublet. 


We can then take into account’ the presence of the plane 


surface by the method of images using the following well-known 
theorem: 


A doublet of strength pz at a point (—€, 0) has an image in 

the circle (x — by + y* = R? of strength H( 
R 

inverse point (6 — qa D+! 0) [see Fig. 4(b)]. 


A doublet of strength UR? at the point (b, 0) has an image in 
the plane x = 0 of strength UR? at the point (—b, 0). This 


2 
and at the 


i?) 
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J i 
| | i 


+c 


(d) (b) 


Fig. 4.—(a) Cylinder in an unbounded region. 
(b) Cylinder near a plane boundary. 


2 
doublet has an image in the cylinder of strength uRr(Z), 
R 


at the point (6-5 55° 0)s which, in turn, has an image in x = 0 


of strength om(8); at the point E ( _ a 0]; this latter 


doublet has an image in the circle at the inverse point of strength 


R\?2 R 2 
2 
2 ) (5-8 z) bia 
2b 
Accordingly the flow is built up of a doubly infinite set of 


doublets arranged symmetrically with respect to the plane x = 0. 
The location of the doublets in the region x > 0 are given by 


2 2 
xb xab—% x=b— x 


or as indicated in Fig. 5, 


X = Xq9 X= Xp XH XQ | - KH Ay 
R2 
where x, = b: x ee 
0 ? n b ui ay 
Fig. 5.—Successive images of a doublet representing a cylinder 


near a plane. 


The strengths of these doublets for the indicated direction ¢ 


flow are 
rex): 4 4 a (#2), 


UR" 
aS a ar 
Il (b + x,)? 
r=0 


p= UR, UR? 
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The complex potential from the double set (one set lying in UR 1 ee 1 Re 

le region x > 0 and the other in the region x < 0) is therefore ae) z+b a > z+ Xn 7 4x 

=o +i C 

(ce) id 1 fo) 2n 
= —jUz + jUR? = nee on n—1 : = —jUz + 2jUR%z z2 — h > n— 1 . 
PA n=1 2 n Il (b ee x, 4 2u=1 I (b +x,)?.(z2 — x2) 
r=0 r=0 
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SUMMARY 


Code alphabets whose characters can be represented by a finite 
sequence of digits of value +1 or —1 have been extensively investi- 
gated. The characters of these binary codes may be considered to be 
superpositions of orthogonal functions, one for each digit, which are 
multiplied by +1 or —1. A character of an orthogonal code consists 
of one function of a set of orthogonal functions multiplied by +1 
or —1. 


(1) INTRODUCTION 

Since Hamming’s early work on error-detecting and error- 
correcting codes! considerable effort has been devoted to the 
study of binary codes,”»* the main drawback of which is the 
difficulty usually involved in producing the characters of a 
code. Among possible non-binary code alphabets, those con- 
sisting of sets of orthogonal time functions will be investigated 
in the paper. 

The term ‘distance’ is used for the comparison of binary 
codes. The distance between two characters of a binary code 
is the number of binary digits by which the two characters 
differ. For instance, the character 1 in Fig. 1 has the distance 


| o SARRARAR 7 RA EL 
2 10 SARA s RP eo 
3 a EE 9 LRA 
4 9 RA OL 
5-ELAL ALAS 3 ELPA P 2) PER 
6 FLAP eRe ERR 
7 ALF SRL Pes GER) 
DE ee —— 


Fig. 1.—Orthogonal code consisting of step functions. 


16 from the character 32 and the distance 8 from any other 
character. A closer inspection of this Figure shows that each 
character i @=1, 2, ... 32) has the distance 16 from 
the character 32 —i-+ 1 and the distance 8 from any other 
character. 

To generalize the concept of distance for non-binary codes 
one may proceed in the following fashion: ,Consider the 32 
characters in Fig. 1 as time functions F,(¢) to F3,(f) with ampli- 
tudes +A and with duration 7. The purpose for the introduc- 
tion of the concept of distance is to provide a simple measure 
of the ease with which one character can be distorted into 
another by additive noise. Since such a distortion requires a 
certain noise energy, we determine the energy, W,,, of the time 
function F,(¢)-F,(1) which, superimposed on the character F,(*), 
transforms it into F,(4), i, k = 1, 2,..., i. 


Wa = | ORO — FO Pat ok ae ok 


Correspondence on Monographs is invited for consideration with a view to 
publication. 

Dr. Harmuth is in the Research Division, Stromberg-Carlson Co., a subsidiary of the 
General Dynamics Corporation, Rochester, N.Y. 


The distance, d, between F,(t) and F,(f) will be defined as Wiz 
normalized by the average energy, W, of all characters of the 
code alphabet: 


1 Tv 

2d = Fy | TC) — Fo Pat eee 
Wetec 

(Bier age 


W,= [ F?(t)dt 
0 L 


where m = Number of characters in the code alphabet. 
If all characters have the same energy, W; = W, eqn. (2) yields 


1 a5 
d=1~ 7] Flora | RS ae 


The definition (3) yields the values 2 and 1 for the distances 
between the characters in Fig.1. If W,, had not been normalized 
by W but by W/8, the energy required to change a negative 
digit into a positive one or vice versa, we would have obtained 
the distances 16 and 8. Although this latter normalization has 
merits in the investigation of binary codes, it cannot be applied 
to codes whose characters do not consist of a superposition of 
readily distinguishable functions, such as the 16 block pulses with 
positive or negative amplitude, of which the characters in Fig. 1 
may be considered to consist. 

The first 16 characters in Fig. 1 satisfy the relation 


[A fori 
~ | Ofori xk 


and form a set of orthogonal time functions. The character: 
17-32 equal the characters 1-16 with reversed amplitude; they 
also form a set of orthogonal time functions. Together the set: 
form an ‘extended set of orthogonal functions’ or an ‘orthogona 
code’. 

A set of m time functions is called an orthogonal code if the 
following relation holds for any two functions F,(t), F,(f) o: 
the set. 


A FOE,()dt 
0 


berg 1 for i= 
w-{ F,OF,Odt = 4 —lfori=m+1—k (4 
ae Oforitxk,m+1—k 


The extension of the integral from —c to +00 makes thi 
definition sufficiently general to include band-limited function: 
but is of no consequence if F,(t) and/or F,(f) are zero outsid 
the interval —t7< t< +4. 

It will be assumed that the characters are always listed iz 
such a sequence that the relation 


F,(4) ad Ba) . . . . . (5 
holds. 

The following property of the characters of an orthogona 
code is seen to exist from eqns. (3) and (4): character i has th 
distance d = 2 from character m + 1 — iand the distance d = | 


from all other characters, i = 1, 2,...m. 
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According to the definition (4), the characters of an orthogonal 
>ode may be represented by m orthogonal vectors with positive 
or negative sign in an m-dimensional signal space. 


(2) TRIGONOMETRIC CODES 


Orthogonal codes of practical interest may be obtained from 
sine and cosine functions. The characters of the code shown 


eo 


V2sin279 


a 
a 


/2sin\678 


LN SOTO TOTO TAO Ar Rr 


16 


=/2cosi679, 


~/2sinl6) 


-/2cos278 


Ri Seen 


2sin27e 


Ne 


—————————————ESEE eee 4 =a 
L ol 
“5 a fo) + 
=t/t1— 


Fig. 2.—Orthogonal trigonometric code. 


n Fig. 2 may be written in the following form (@ = ¢/7, 
-$<0< +4): 


FAQ) = — Fy3_,(2) = AW/2) sin G + 1) 


i ee eS 
F\Q) = — Fy3_ (0) = AG/2)c0s ix 6) 
biz 2A... 16 
Fa) = — F3,(7) = 1 
[he energy of any one of these characters is 
W = A*r (7) 


ind relation (4) is obviously satisfied. The distance, d, between 
he characters in Fig. 2 is the same as that between the characters 
n Fig. 1. The code in Fig. 1 is a 4-error-detecting 3-error- 
orrecting code in Hamming’s terminology, since any two 
‘haracters differ by either 8 or 16 digits, but these terms cannot 
e applied to the code in Fig. 2. However, the ‘error correcting’ 
eatures of the code in Fig. 2 may be stated in the following form: 
he minimum energy (d = 1) required to change any character 
nto another character is 2dW = 2A?r; hence no noise sample 
vith energy smaller than A?7 superimposed on a character can 
-+hange this character so much that it could not be distinguished 
rom the other characters. 
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The information contained in each character in Figs. 1 or 
2 equals 5 bits, since each code consists of 32 characters. In 
binary coding theory it is possible to define the ‘redundancy’ of 
the characters. Originally, the redundancy of a character was 
defined as the number of redundant digits added to the informa- 
tion digits. No distinction between information digits and 
redundant digits can be made for the code in Fig. 1. However, 
one may still apply the concept of redundancy to this particular 
orthogonal code, since each character may be considered to con- 
sist of a superposition of 16 block pulses with amplitude +-1 or 
—1 which form an orthogonal set of 16 functions. Since only 
5 block pulses are required to produce 32 characters, one may 
say that this code contains 5 bits of information and 11 bits 
of redundancy, but the term ‘bits’ rather than ‘digits’ must be 
used now. No such statement can be made without ambiguity 
about the code in Fig. 2, One may, of course, represent the 
characters in Fig. 2 by a superposition of functions of an 
orthogonal set, but it is not obvious which set should be used. 
Since we will not need the concept of redundancy we will not 
attempt to elaborate a new definition for it that is sufficiently 
general to be applicable to orthogonal codes. 

The frequency band required for the transmission of the 
characters defined by eqn. (6) is readily obtained by a Fourier 


transformation. With the definitions 
HERO pe sin 7rv | 
TV 
sina(v —k) , sina(y + ’) 
a(c, k, v) = ! TDN eB | . 9 
oe sina(v —k) sin w(v + A 
ste 2 mv — kb) mv+kh || 


the frequency spectra for the sine, cosine and constant terms of 
eqn. (6) become 


ad 
a,,1410) = AG/2)a(s,—, ») 


= A(v/2)a(c, ti, v) 
= Aa(c, 0, v) 


a, ;(v) (10) 


ag(/) 


where v = tf, f = frequency and 7 = length of the characters. 
The frequency spectra, eqns. (10), are plotted in Fig. 3; this 
shows that almost all the energy of the characters is concentrated 
at frequencies v < 9. 
An orthogonal code with frequency components only in the 


2 © 20 20D OO 
ZO oO OO Oo oO © oO fan) aie Vix 
es $$ 55 55 SS SH FF GO 
In oO Nn Xs Qs YW, Ys Qs az 
\58 88 8% S5 S65 85 SG Bo 
VEIVeN MRE) eee igi ee 
Wea OM 277 
\ aN 
pee ane 
\/ i] f 
S ost ;\¥ \V 
o / q N' 
bri\ UN 
/ ! \ \\ 
| / \ i \ 
paves ~ 
OY Scere, oe Ee eS ee nT 
sae lp 
\ f Nout 
| 7 cls 12cls 18cls 24c/s 30cls 36c/s 42c/s 48c/s 54cls 


v=71f —— 


Fig. 3.—Frequency spectra of the characters of a trigonometric code. 
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interval -4< v< + $ is obtained by substituting f for t and 
v for @ in the functions (6), giving 


F,(/) = F33_ (/) = A(a/2) sin @ + 1)av 
where 7 —="1 NS eel) 


F,(/) = — F33_,;(1) = AW\/2) cos inv 
where i = 2, 4,... 16 


(11) 


—$<v<+H4 
The functions shown in Fig. 2 now represent frequency spectra 
rather than time functions. The time functions belonging to 
these spectra are obtained by applying an inverse Fourier trans- 
formation to the functions (11). This transformation yields 


i+] 
F() = — Fys_ = Ab/2a(s, 2, 6) 


where — lS. wis 


FQ) = — F33_;(@) = AW/2)ate, $i. 4) 
where? == 254 G 


Fo(t) Sp F33(t) = Aa(c, 0, 0) 


a(c, 0, @), a(c, $i, 8), and a(s, 4i 
v being replaced by 0. 

The functions (9) are orthogonal in the interval — o<v<+o; 
in addition, the symmetric and the skew-symmetric functions 
for themselves are orthogonal in the interval O0< v< +0. 
Fig. 3 shows that the frequency spectra for sine and cosine 
functions differ little for vy >0 but these functions may be 
distinguished by their symmetry and skew-symmetry for v < 0. 
The continuation of the functions in Fig. 3 to negative values of v 
and the substitution of @ for v yields a graph of the functions (12). 

The functions (6) as well as their Fourier transforms (12) form 
extended orthogonal sets. This preservation of orthogonality 
under a Fourier transformation is true for all functions which 
have a Fourier transform. Let fw) and f,(w) denote the 
Fourier transforms of F,(f) and F,(t), where F,(4) and F,(A) 
satisfy eqn. (4), and let the conjugate complex be denoted by 
an asterisk.> Then 


(12) 


J 


+ 4, @) are defined by eqns. (9), 


xo = xo | Foerrar] des 
“ [Fao [ J fCoye rede] dt 


= [Feo [ J foo vide | at 


W fori=k 
—Wfori=m+1—k 


: (13) 
Ofori~Ak,m+1—k 


= | FOFH(Odt = 


(3) ORTHOGONAL CODES AND NOISE 


Let the character F;(f) of an orthogonal code be represented 
by a Fourier series. The functions of this series equal zero 
outside the interval —t7< t< +47. This means that the 
functions F;(¢) are represented by a superposition of the functions 
in Fig. 2—if the real Fourier series is used—and not by a super- 
position of sine and cosine functions of infinite extension. 
Although this representation of a time-limited function is con- 
ceptually different from the representation of a periodic function 
by a Fourier series, there is no difference in the mathematical 
sense since any function defined in a finite interval only may be 
extended as periodic function outside this interval to infinity. 
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CODES 
F,() a Sy Apes?kr8 
k=—0© 


z/2 
An = Foe Peta | 
. 04 | 
/2 : 
W = | FRoa=7 3 2 Audit 


eee fs AR Ee OA BEATS eee 


Consider white noise in the frequency domain and let the | 
frequency band be divided into intervals Af =f; —fj_1. The } 
probability that a sample of noise has a frequency component 
between f; and f;_; is independent of /. The amplitudes of the | 
frequency components in any interval Afhave a normal distribu- | 
tion. A sample of noise can be represented by a Fourier 
series;°1.€. 


where 


6 


io2) } 

g(t) = Sy) AjeiinAf (15)¥ 

l=—© | 

If the character F,(‘) is transmitted through a channel with — 

additive noise the signal arriving at the receiver has the form | 

F,@ + g@. The correlation of this signal with the m characters 

F,(0) yields the values W, 0, or —W according to eqn. (4) plus 
the contribution P,,,7 of g(t), where 


P,it = | aOR (Oat 
—1/2 
[2 
=a ie >} A Perea > Asian] dt 
—1/2+k=— 0 


=7.5 ate AyxA,sin 7 (k + v)/a(k + v) 


vy = IAfr = fr 


v becomes a continuous variable for Af—> 0 and the sum over 
1 becomes an integral. 

For computation of the error probability the distribution of 
N,,;7 normalized by W is required. Since A; has a normal: 
distribution with the average equal to zero, the joint distribution 
of P,,,7/W has the form 


(P,;7] W) = (27)—2o—! exp [—(P,it/W)7/207] 7) 


A component of g(t) with amplitude A, and frequency 
v = Afr correlated with F,(#) produces the term for / = A in” 
eqn. (16). Jue square of this term divided by W is the square © 


deviation o%,, from the average <P,,;7/E> = 0. 
2 ce) 1 ee) ; ats 
ay nes m sin w(k + v) , sin ak + v) 
mo i AAR 2 At alee) be aot ae EY) 
(18) 


o? is the average of R deviations 0%, for large values of R. 
The averaging may be performed first for the frequencies and 
then for the amplitudes. 


gaxes te lim | 3 (0%,,) 
Af—0, R-> r=1 


=| ody =(/WPAAY YS Ag 
— oo k=—o 


= aWr AAs ong ipo line Es 


A,A* is the power dissipated in a unit resistance by the noise 


fomponents with an amplitude in the interval AA, = |4)| — 
A,_1|. Hence it follows from eqn. (19) that the average 
power of all noise components with amplitudes |A,| in the 
Tequency interval —0o0O <v< + © equals after the correla- 
fion (16) the average power of all pore components with ampli- 
udes |.A,| in the frequency band —4< v< +4 before correla- 
tion. Averaging eqn. (19) over Al pee itide: Ay yields the 
“average noise power P, in the band —4<v< +4 or 
la < f< 1/27 in real notation. 


o? =7W-'P, = P,|P, = P[nP, (20) 


|x Je designates the average signal power, W/r. P is the 
vaverage noise power in the band 0< f< n/2r7, which is the 
theoretical minimum of the bandwidth required for a trans- 
“mission rate of n binary digits per time interval r. 

In the presence of noise the correlation integral (4) becomes 


4 


— 


ive) 
w-'| OTE) + slat 
1 + ap) LOR ks 
=< -(1 + a) fori=m+1—k 
Smiy;forix~k,m+1—k 


The probability of P,,,7/W equalling «; is obtained from eqns. (17) 
and (20): 


(21) 


oe ee oe 


W(ce;) = Qr)-'P, |P)'2 exp (—4o2nP,JP) (22) 
The probability of |P,,;7/W]| exceeding |«,| becomes 
p(|o;|) = 1 — O[2-"?|a;|(eP./P)'?7] 
(23) 


O@ = anf e—dy 
0 
Assume for afhy F,(t) that it is equally probable to have been 
transmitted. An error occurs if either one of the following 
conditions holds: 


© - + ORS 
SA 


o . a“; >1 + %,>0; character k will be interpreted as one of 
the characters 7. 


<0; character k will be interpreted as character 
m+ 


The probability of the first case occurring follows from 
eqn. (22). 


= 4{1 — O[@P,2P)!7]} (24) 


The factor 4 takes into account the fact that only negative values 
of o, can cause an error. 

The probability W(a,) that 1 + a, will occur is obtained from 
eqn. (22) by substituting o, for «(—l<oa,.< +0). The 
probability p(1 + «;,) that «; will be larger than 1 + «, follows 
from eqn. (23). 


pd + o%) =1— O[(1 + a,)mP,/2P)!/?] (25) 


If Wa) and pl +«,) are statistically independent, the 
probability p, that «, will be larger or equal to 1 + «, becomes 


ie) 

p2 =| Wap(l + ay)do, (26) 
It is shown in Section 7 that W(«,) and p(1 + «,) are statistically 
independent if the bandwidth of the transmission channel is 
sufficiently large. p, may be obtained from a table of the error 
integral, but p, must be computed by numerical methods. 

There are 15 characters F,(t) into which the correct character 
F,(t) may be decoded erroneously by the process with probability 
P2, because of the relation a = — «33_;. Since this relation 
shows that for any negative «; there is an equally large positive 


HARMUTH: ORTHOGONAL CODES 


245 


0&33_;, the probability p, is not multiplied by 4. The probability 
P2,15 for F,(t) to be decoded into FU 4 k, 33 — k) becomes 
Leas ein @! — pp)". 

Fig. 4 shows a graph of p25; for comparison the error 


ERROR PROBABILITY 


3 5 7 9 11 13 15 
NORMALIZED SIGNAL POWER R/P, dB 


Fig. 4.—Variation of error probability with normalized signal ee 
for an orthogonal code with five bits of information (p2,15) and a 
5-digit binary code with five bits of information (p4,5). 


probability p45 for a balanced system transmitting binary 
pulse characters with five digits, using amplitude sampling, 
sin 27fot/27fot pulses and an ideal low-pass filter of bandwidth 
fo is also shown. 


Pa,s =1— (1 — py)? 
pa =3{1 — OD'2RP)'?]} 


P is the average noise power in the band 0<f<fp. fo 
equals 5/27 for a transmission rate of 5 binary spars per time 
interval 7. Comparison of p, and p,; shows that 7 times less 
signal power is required to obtain the same value for p, as for py. 
In Fig. 4 the graph of p, will thus be more than 7 dB to the left 
of p45, and p, can be neglected in comparison with p> ;5 for 
the range of values shown. 

P4,5 is the theoretical limit of the error probability for ampli- 
tude sampling if a binary code alphabet with five digits is used. 
This limit also holds if correlation schemes are used, e.g. pulse by 
pulse integration of teletype signals. 

It follows from Fig. 4 that orthogonal codes with 5 bits of 
information require about 3 dB less signal power than a 5-digit 
binary code with 5 bits of information for error rates between 
1%and0-:01% if the datarateisthesame. This gain is obtained 
at the cost of increased bandwidth. A teletype system trans- 
mitting six letters per second with the code in Fig. 2 requires a 
bandwidth of about 60c/s according to Fig. 3, but only some 
24c/s are needed if each teletype character is transmitted by a 
superposition of five orthogonal sine and cosine functions. 

For large values of n one may compute the error probability 
analytically. Since p, decreases with n it may be neglected for 
large values of n, and the error probability, p, for orthogonal 
codes with n bits of information becomes 

lim p = lim {1 — 1 — p,)?"* — 3] 


n> oO “> 


(27) 
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Using the asymptotic expansion 
Jigs | 


~1——— —e-*’ 28 
Ox) ~ 1 ENP é (28) 
for the error function one obtains, from eqns. (25)-(27), 
; : 1 
lim p = lim 41 — | 1 — — exp (—nP,/4P) 
n> n> 7 
ee) Qn-1 


1 2p 
| Ts Basle no, +4)°P,/2P] 
148 


6 is an arbitrarily small constant whose purpose is to keep the 


32 
MULTIPLIERS 
(SUPPRESSED 
CARRIER 
MODULATORS) 


+ SIN 2aft 
+ cos 2nft 


f= 6,12,18, 
24, 30, 36, 42, 
48 cls 


+ SIN CLOCK 
6cls ~ SIN 
+ COS 
— COS ; GENERATOR) 
SYNC S 
CLOCK S MULTIPLIER 
(SQUARE —WAVE FOR SQUARE 
GENERATOR) WAVES 


TRANSMITTER 
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tsouane me [| 


follows from Fig. 4 that one cannot ieee the required si, 
power by more than about 6:44:-4—=2dB for an error 
probability of 0-01 if one replaces the 5-bit orthogonal co 
(P2,15) by one which contains more information per charact 
For an error probability of 10~°, however, the possible sain 
increases to about 10:64-4 = 6dB. | 


(4) PRINCIPLES OF A COMMUNICATION SYSTEM USING 
A TRIGONOMETRIC CODE i 


Fig. 5 shows the block diagram of a communication system 
using the characters in Fig. 2. Eight oscillators deliver the 
required sine and cosine functions, and synchronous closing of 
any one of the switches 1-32 for the period 7 produces the 
respective character. 


Note that none of the characters has a 


DIODE 
NETWORK 


FEEDBACK , 
(SYNC CORRECTION) a 


32 
SAMPLING 
SWITCHES 


32 
INTEGRATORS 


OUTPUT 


INTEGRATOR 
RESET 


SAMPLING 


INTEGRATER 


RECEIVER 


SAMPLING 
SWITCH 


Fig. 5.—Block diagrams of a communication system using orthogonal functions. 


pole at «, = — 1 outside the integration interval. 


(1 + a)7} 
may be expanded into a geometric series. We obtain 
lim p = lim [1 — exp (— 7e”)]— ne"=] (29) 
n—> oo n>o 
2 P 
where aS Fe as and € = log 3 


The function defined by eqn. (29) equals zero for € <0 and 
unity for €>0. It follows that the error probability for 
orthogonal codes “approaches zero with increasing information 
content, m, per character for P,/P >4log.2 and unity for 
P,|P < 4 log, 2 

The ratio 4log:2 expressed in decibels yields 4-43. It 


d.c. component. Sine and cosine oscillations with stable phase 
difference may be obtained by integrating a sine wave by a 
RC integrator. 

A transmitted character is fed in the receiver to 32 multipliers. 
Eight oscillators of the type used in the transmitter continuously 
feed sine and cosine functions to these multipliers. The products 
of the received character with the sine and cosine functions are 
integrated over the period 7. The output voltages of the 
integrators at the end of the period 7 represent the values 
+(1 + o%) and +a; of eqn. (21). By feeding these voltages via 
sampling switches to a diode network one may determine the 
largest voltage and obtain the character which has most likely 
been transmitted. 

For the synchronization of the communication system one 
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TRANSMITTER CLOCK 


t/T 
RECEIVER CLOCK 


Fig. 6.—Synchronization by orthogonal functions. 


| may alternatingly transmit characters 0 and 33 of Fig. 2. The 
resulting square wave of period 27 is shown in Fig. 5. A similar 
square wave, delayed by 47, is produced in the receiver. Multi- 
plication of the two square waves and integration of the product 
over the period 7 yields zero if transmitter and receiver are in 
phase. A phase difference of +7 between the two square waves 
‘makes the output of the integrator vary like the sawtooth 
function in Fig. 5. Transmitter and receiver are in phase at 


Table 1 


Pep RACTERS OF A TELETYPE ALPHABET 


Limit for 
tolerable 
synchronization 
error 


Fundamental 


Character frequency 


+ millisec 
sin 270 
cos 270 
sin 470 
cos 470 
sin 670 
cos 6770 
sin 870 
cos 870 
sin 1070 
cos 1070 
sin 1270 
cos 1270 
sin 1470 
cos 1470 
sin 1670 
cos 1670 

—cos 1670 

—sin 1670 

—cos 1470 

—sin 1470 

—cos 1270 

—sin 1270 

—cos 1070 

—sin 1070 

—cos 870 

—sin 870 

—cos 670 

—sin 670 

—cos 470 

—sin 470 

—cos 270 

—sin 270 
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the points T/r = 0, +1, +2,... The deviation of the integrator 
voltage from zero may be used to correct the phase of the 
receiver. The points 7/7 =0, +2, +4,... of the sawtooth 
function are stable if the receiver is retarded by a positive 
integrator voltage and advanced by a negative one. 

If the communication system transmits six characters per 
second (U.S. teletype standard), the oscillators must provide the 
frequencies shown in Table 1. This Table also lists the tolerable 
synchronization error which is obtained by considering that a 
sine wave advanced by one-eighth of its period cannot be 
distinguished from a cosine wave of the same frequency retarded 
by one-eighth of its period. 
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(7) APPENDIX 
The statistical independence of W(a;) and p(1 + a,) follows 
from that of «, and «;; i#Ak, m+1-—k. To prove the 
statistical independence of a, and «; it is sufficient to prove that 
the relation <(1 + «,)o«;> = 0 holds, since «, and «; have a 
normal distribution according to eqn. (21). 
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From eqn. (21) follows <«;) =0. The average of the noise 
samples <g(A)g(t’)> equals zero for tz’. For t=?’ the 
integral over F,(t)F;(1) vanishes, owing to the orthogonality of 
these functions. However, <g?(t)> is infinite, since the noise 
energy received during a time interval 7 ~0 from an infinite 
frequency band is infinite and the integral is indetermined. By 
limiting the bandwidth with an ideal low-pass filter one may limit 
the noise energy to a finite value and may then make the transition 
to arbitrarily large bandwidths. 

<g(t)g(t’)> is the auto-correlation function of the noise which 
depends on ¢ — ?¢’ only, since the statistics are assumed to be 
stationary. Writing R(t — r’) for <g@g(t)> and substituting 
t — t’ = T one obtains 


+0 
<A + o> mae R(T) fz Ae dre: (at |ar 


RW) is a symmetric function. If the integral over 
F,(@¢ + T)F;(@ yields a function skew-symmetric in JT, one 
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obtains <1 + ey JO; > = = 0, and this result remains uncharaa | 
for arbitrarily increasing bandwidth. 

For more general functions, F,(¢) and F,(¢), the argument is 
as follows: Let f F,(t + T)F,()dt be in a certain small regio 
around T =O, either symmetric or skew-symmetric. If th 
integral is skew-symmetric the relation <(1 + «,)a«;> = 0 will be © 
satisfied in the limit for arbitrarily large bandwidth, since R(T) 
becomes an arbitrarily narrow peak, symmetric in 7. If 
J F,@ + T)F;, (pdt is symmetric in T the relation <(1 + «;,) «;> =0 | 
can be satisfied if this integral is zero not only for T = 0 but 
also in a certain region +Ar around 7 = 0, since R(T) will } 
differ arbitrarily little from zero outside the interval —At< | 
T< + At for a sufficiently large bandwidth. For At— dt it | 
follows that f F,(t + T)F,(dt and at least its first derivative | 
must vanish at T= 0. The statistical independence of a and } 
«; is thus assured for all orthogonal functions F,(1), F;(¢) which’ } 
are continuous in the region of definition if the bandwidth” 
approaches infinity. The statistical independence is not assured | 
for discontinuous functions, e.g. those in Fig. 1 whose cross- | 


correlation behaves like |T| around T = 0 for some characters. { 
{ 


i, 
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A CALCULATION OF SWITCHING FUNCTIONS AS A MEANS OF MINIMIZING 
ERROR IN AN ON-OFF CONTROL SYSTEM 
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(The paper was first received 31st August, 1959, and in revised form 22nd January, 1960. It was published as an INSTITUTION MONOGRAPH it 
April, 1960.) 


SUMMARY 


Self-optimization of control systems is becoming a practical proposi- 
tion through new developments in the electronics field, notably in 
digital-computer techniques. To this end, the paper, after discussion 
of some essential basic concepts, proposes an adaptive switching func- 
tion as an on-off controller. Results are given for repeated application 
of step and ramp inputs to a mathematical model of an ideal servo 
mechanism, set up on a Deuce digital computer. The results neglect 
relay imperfections, they are preliminary in nature, and intended to 
provoke further research. 


(1) INTRODUCTION 


The term ‘on-off control’ usually implies that the servo- 
mechanism input has two possible states, equal in magnitude 
but opposite in sign. An example is the use of a relay to 
reverse the d.c. connections to the field winding of a d.c. motor 
in order to control the shaft position. In the present context 
the relay position (on or off) is given by the sign of a switching 
function, which, in general, will be dependent upon the reference 
input, the controlled output, and the parameters of the controlled 
system. On-off control elements were originally used in auto- 
matic control systems because of their simple construction. In 
recent years it has been found that they can be designed to give 
performance superior to linear servo mechanisms. However, 
the potentialities of on-off control have not been explored to 
the full because of the impracticability of the switching function 
as a relay controller except for the simplest of systems. 

In the paper an elementary self-optimizing control is described 
whereby the switching function may, to a limited extent, adapt 
itself to the nature of the input and to a slow variation in the 
characteristics of the controlled system. This manner of 
approach reflects a growing trend in automatic control, evidence 
of which was given by the large number of participants in the 
Symposium! on the Mechanization of Thought Processes held 
at the National Physical Laboratory in November, 1958. A 
classification of adaptive systems in general has been attempted 
by Aseltine, Mancini and Sarture. 

In Section 2 some basic ideas are introduced to provide a 
foundation for the treatment of adaptive switching functions 
given in Section 3. In Section 4 the principles outlined in 
Section 3 are demonstrated on a mathematical model of an ideal 
servo mechanism. 


(2) BASIC THEORY OF ON-OFF PREDICTION 


(2.1) Techniques for the Synthesis of On-Off Servo Mechanisms 


The published methods for the synthesis of on-off servo 
mechanisms may be classified into two broad divisions which 
Fliigge-Lotz and Lindberg? have described as the phase-space 
method and the frequency-response method. 


Correspondence on Monographs is invited for consideration with a view to 
publication. vor te 

Mr. Brown is in the Electrical Engineering Department, University of New South 
Wales, Australia. 


(2.1.1) Phase-Space Method. 


Consider a system whose controlled output position, c(r), is 
given by the Nth order linear differential equation 


N n x 
See al ie agi) 


n= 


where F, the relay input function, has two possible states, equal 
in magnitude but opposite in sign. For convenience, the states 
will be given normalized values F = + 1, 

Suppose, for the present, that the reference input, r(t), can 
be represented as a Maclaurin series expansion to the Mth term, 
namely 

M 


rt) = YOO Ba. a Baerga) 


n=0 


qd” 
where r(0) = Gt Olio 


Provided that M is less than N, the system error and all its 
time derivatives may be reduced simultaneously to zero by 
appropriate switching of the relay input function. If M equals 
N, the relay input function must be sufficiently large to reduce 
the Nth derivative of the error to zero. A manner of switching 
such as to reduce the error and all its time derivatives to zero 
in minimum time has been defined by previous workers*: 5° as 
‘optimum’ switching. 

In the phase-space method, the instantaneous polarity of the 
relay control is given by the sign of some function of the error 
and its time derivatives, the function being referred to as the 
switching function. In a phase space whose dimensions are the 
error and its time derivatives, the transient response of the system 
becomes a trajectory, the switching function becomes a switching 
line, and the switching instants are marked off as discontinuous 
changes in trajectory occurring at the intersections of the 
trajectory with the switching line. Since eqn. (1) is unaltered 
by replacing c(t) by c(t) + constant, the optimum switching line 
is uniquely given by the error and time derivatives of error for 
steps of reference input. For arbitrary reference input, dimen- 
sions of time derivatives of the reference input must be added to 
the phase space if the optimum switching line is to remain 
unique. 


(2.1.2) Frequency-Response Method. 


Fliigge-Lotz and Lindberg? give a good summary of the 
frequency-response method originally presented by Kochen- 
burger.’ In the method the action of the relay is expressed by 
a describing function, thereby enabling the Nyquist stability 
criterion to be applied to the design of a series-compensation 
network. The application of root-locus techniques in such a 
design are given by Embler and Weaver. 

This topic is not pursued further since the phase-space method 
is the one followed in the ensuing treatment. 
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(2.2) Linear and Quadratic Switching Functions 


Let us consider an ideal system consisting of a frictionless 
motor, capable of instantaneous torque reversal, coupled to a 
pure inertia load. Such a system has been treated by a number 
of workers* 5: © in order to illustrate optimum switching. 

The torque equation is 


Te Th, ON Pn rae lGe papeneteat(S)) 
where J = Moment of inertia. 


T,, = Motor torque. 


2 
Cc © ati) = Angular acceleration of controlled variable. 


In torque-normalized form eqn. (3) assumes the form of 
eqn. (1), i.e. 
Ci noe aa | Oe, oem) 
For reference input 


r(f) = r(O) + F(O)t 
to be written as 


Pro ithe 1 Sa EO) 
the optimum switching function is easily shown* >: © to be 
F= sgn Qe + [élé) .. 5 =) 2 ae 


where e = r — cis the error of the controlled system. 
If the system is initially at rest, eqn. (6) may be expressed in 
the form 


F = sgn (2e + Toé) storie Leh ee) 

where To = [él =v/[lrol +407] «2 7) 
The linear switching function is defined as 

F = sgn (2e + Té) are Le. ARS) 


where T is an arbitrary constant chosen as a compromise to the 
variable To. 
For linear switching it follows from eqns. (4), (5) and (9) that 
the error torque equation is 
é=-—F 


= — sgn (2e + 7é) . (10) 


Let us consider the effect of scaling the variables in eqn. (10). 
Thus if e = de, and t = pt,, eqn. (10) becomes 


A de, A de, 
aoa — sgn (2Xe, + aa 
Hf == p+, 
de T de 
i a ‘ay past 2 
dt2 eh (26 a be 7 sod 


Eqn. (11) has the same form as eqn. (10). Therefore the error 
response is independent of the initial values of rg and 7) provided 
that the variables are scaled according to the relations 


2 


e = pe, 
t= pl, (12) 
T= pT, 


Eqn. (10) was solved (using a Deuce digital computer) for a 
step and ramp input, respectively. The scaling factors of 
eqn. (12) were chosen such that the values of the step, rp = 64, 
and the ramp, 7) = 8/2, gave a convenient time scale for pro- 
gramming purposes, and such that Ty would be the same in 
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each case, namely Ty) = 8. The results are plotted in Fig. 1 
for a range of values of 7. It will be seen that T, normalize 
with respect to Ty, becomes analogous to the damping coefficien 
¢ in a second-order linear servo mechanism. Thus the wave 
forms of Fig. 1, for the analogy of T/T) = ¢, exhibit the pheno- 
mena of critical damping (€ = 1), under-damping (¢ < 1), 
over-damping (¢ > 1), and zero damping ({ = 0). The case 
of zero damping, for which T= 0, represents simple on-off 
control, i.e. switching of the input as the error reverses sign. 
For T= 0, the magnitudes of successive peaks should be the 
same, whereas they differ slightly. This is attributed to the use 
in the Deuce programme of a finite sub-interval of time, h = 1/32, 
for evaluation of the switching function, thus allowing a maxi- 
mum time error in switching of 1 [32 of a unit. 
Let us now consider the effect of viscous and Coulomb friction’ 
upon on-off control of a second-order linear servo pee 
As illustrative of typical values, the differential equation charac- 
terizing the experimental system of Coales and Noton* has beet 
chosen. In eqn. (21), their torque equation in normalized form, 
is shown to be 
(13) 


The results of Coales and Noton for a step input (upper curve 
of Fig. 11 of Reference 4) and for a ramp input (upper curve of 
Fig. 12 of Reference 4) are shown as dotted curves in Fig. 2; 
the curves represent an attempt at optimum switching by the 
use of an analogue computer operating in faster than real time. 
The full-line curves in Fig. 2 give the solution to the respective: 
error-torque equations [eqns. (22) and (23) of Section 8.1] for 
the linear switching function of eqn. (9); the results are plotted 
for a range of values of T and were obtained using a Deuce 
digitalcomputer. Results were also obtained when the Coulomb 
friction term, 0-144 sgn ¢, was omitted from eqn. (13), but they 
were not significantly different and are not included. The lack 
of difference is understandable, since Coulomb friction, being the 
constant component of the dynamic friction, will not become 
the dominant cause of damping until the output shaft velocity 
is small. For the curves T = 0 in Fig. 2, the full decelerating 
torque is being applied as far as the zero-error cross-over point; it 
should not therefore be possible for the experimental curves of 
Coales and Noton to lie below the curves T=0. The dis- 
crepancy probably arises from non-constancy in calibration of 
the system parameters and from eqn. (13) being an ideal not 
attained by their experimental apparatus. 

In Section 8.2 it is shown that the switching function to 
minimize the integral of the absolute error over advanced time 
Ts 


€+0:2c + 0:144sené=F. 


A 
F = sgn (2e + Té + 477é) . (14) 
if the assumption is made that the error acceleration é is con- 
stant. Eqn. (14) is a quadratic switching function and reduces 
to eqn. (9) for the physically trivial case of constant error velocity 
é. At the instant when the function of eqn. (14) changes sign, 
the parameter T may be interpreted as the advanced time over 
which the integral of the absolute error is minimum. Quadratic 
switching functions are mentioned by Fliigge-Lotz and Lindberg,’ 
who give no indication that a unique relation exists between the 
coefficients of é and é. The interpretation given in Section 8.2 
is believed to be novel. 

Most of the previous workers stress the importance of noise 
at the input and the difficulties of measuring time derivatives 
of the input and output higher than the first derivative. For 
example, Bognor and Kazda° develop a switching theory for 
nth order on-off servo mechanisms. But in the discussion on 
the paper it was pointed out that noise, inherently present in all 
physical systems, makes the development of the theory to higher- 
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order systems of little or no practical importance. Such com- 
ment is admittedly debatable, but none the less there seems need 
to investigate the effect of noise on any switching criterion which 
has been established. This is not attempted in the present 
paper, but bearing in mind the problem of noise, the ensuing 
treatment has been restricted to consideration of linear switching 
functions. 


(3) ADAPTIVE SWITCHING FUNCTIONS 


(3.1) General 


Physical realization of the optimum switching function as an 
electrical network has been found difficult, even for a second- 
order linear system. Thus Smith and Leondes® propose approxi- 
mation to the function by straight-line segments since these may 
be realized by biased diodes. Coales and Noton* regard the 
use of switching functions as impracticable except for the 
simplest of systems and propose an analogue of the system, 
operating on a fast time scale compared with real time, in order 
to predict the required switching instants. In Section 3.2 and 
3.3 a self-optimizing control technique is advanced, its merit 
being that the switching criterion is not explicitly dependent 
upon the characteristics of the controlled system. 


_ (3.2) Concept of Adaptive Switching 


For the ideal system of eqn. (4) and an input given by eqn. (5), 
it was shown that the optimum switching function could assume 
the form of a linear switching function [eqn. (7)], where the 
parameter Tp is a function of the input [eqn. (8)]. In general Ty 
will also be a function of the output. The remainder of the 
paper is devoted to consideration of the linear switching function 
of eqn. (9), where the parameter T is continually adjusted 
according to some criterion in order to approximate to the 
optimum value Ty. The restriction is imposed that the switching 
function should not involve explicitly the parameters of the 
controlled system; i.e. the information to be used in adjustment 
of TJ may be derived only from the reference input and the 
response of the controlled system to the input. This allows the 
switching function to become adjusted to slow variation in the 
parameters of the controlled system and in the nature of the 
input. It is in this sense that the switching function is to be 
described as ‘adaptive’. The discussion on the paper by 
Drenick and Shahbender,? is informative as to the appropriate- 
ness of the term ‘adaptive’. For a system to exhibit adaptive 
properties it must have a ‘memory’. In the present context this 
means that previous values of 7, computed for particular input 
and output conditions according to some criterion, must be 
stored in order to be used as a basis for the computation of 
fresh values of T for other input and output conditions. A 
criterion for computation of T is propounded in Section 3.3. 


(3.3) A Simple Adaptive Switching Function 


Let us consider the ideal system given by eqn. (1). At some 
time t = fo, the error velocity will become zero; let the error 
at this instant be ep. At a later time t= f,, F, as given by 
eqn. (10), will change sign; let the error velocity at this instant 
be é,, and the error be e,. Then T must satisfy the equation 


2e, + Té, =0 


Assuming that F does not reverse sign again, the error velocity 
will eventually become zero at some time ¢ = f,; let the error 
at this instant be e;. 

Since the left-hand side of eqn. (1) is unaltered by replacing 
e by e+ constant, the final error e; may be chosen as reference 


. 


zero without changing time-instants ¢, and t,, provided that T 
now Satisfies the equation 


2(e, — e4) + Té, =-0 
e 2(e; — e,) 


es 


BROWN: A CALCULATION OF SWITCHING FUNCTIONS AS 


1c. i (15) 

The value of T given by eqn. (15) causes switching at time f, 
to reduce the error velocity é, and error e, — e; simultaneously 
to zero, and hence gives optimum switching for these values. 
Let us assume that this value of 7 is stored in a memory unit 
in compartment m where m< |e, — e,| <<m-+ 1. In other 
words, T is tabulated at unit intervals of the numerical error 
|e; — e,|. Initially the memory unit is empty, i.e. the value of T in 
each compartment is zero. As the simplest means of filling the 
table quickly, ‘stepped’ approximations to T may be made by 
causing a newly inserted value to fill also all previous compart- 
ments up to an occupied one. Since, from eqn. (15), T= 0 
when e,; — e, = 0, an alternative is ‘tapered’ approximations to 
T. By this is meant that a newly inserted value, in filling all 
previous compartments up to an occupied one, is scaled linearly 
toward zero at zeroerror. A better approximation still would be 
to fit some curve, say a parabola, to the computed points to 
give minimum deviation. For the ideal system so far considered 
the latter method would be able to give an exact solution, since 
the optimum curve, as may easily be shown, is parabolic. 

Let us consider now the effect of viscous damping, i.e. eqn. (4) 
becomes 


c+Dé=F (16) 
where D is the viscous damping coefficient. 
Then eqn. (10) becomes 
€ Dé. Fo) ee 
=—sgn(Ze+7é . . (7 


For viscous damping the reasoning leading to eqn. (15) is still 
valid. However, eqn. (17) is a function not only of the error 
and its time derivatives, but also of the reference input velocity 7g. 
Therefore the value of T obtained from eqn. (15) will be depen- 
dent upon rp. Thus, for optimum switching, the memory unit 
must be a two-dimensional table of T values, with co-ordinates 
(e, F 0) 


(4) MATHEMATICAL MODEL OF ADAPTIVE ON-OFF 
SERVO MECHANISM 


(4.1) General q 


A convenient engineering realization of the memory unit 
propounded in Section 3.3. follows if the values of 7, e and ig 
are expressed in binary units. The adaptive control system then 
contains a special-purpose digital computer. Analogue-to- 
digital conversion will be required at the reference input and 
controlled output terminals, but no digital-to-analogue conver- 
sion will be required for on-off control. Useful background 
information on the engineering problems involved is given in 
Chapter 1 of Reference 10. 

In the present investigation a high-speed general-purpose 
computer (Deuce) has been used as the control element for the 
servo mechanism. The investigation being of a preliminary 
nature, the servo mechanism itself has been simulated within the 
computer by a differential equation. The ideal system of 
eqn. (10) has been chosen rather than the damped system of 
eqn. (17) in order that the switching condition of eqn. (15) 
might not be dependent upon fp. But this consideration apart, 
the lack of intrinsic damping (damping for T = O) in the ideal 


yystem enables the corrective action of the adaptive switching 
junction to be demonstrated clearly without being obscured 
by the natural damping of the system. 

| Fig. 3 is a block schematic of the manner in which the adaptive 
switching function given in Section 3.3 was programmed for the 
Deuce digital computer. Broadly speaking, the blocks above 
mid-level refer to storage and punch-out of computed data; the 
blocks below mid-level refer to computation of the relay input 
function F according to eqn. (9), and of the switching parameter T 
according to eqn. (15). The value of the input (a step rp or a 
ramp f 9) is read in by a parameter card. The differential 
equation of the controlled system [eqn. (10)] is solved by the 
finite-difference method, using a counter n,, for the sub-intervals 
of time A = 1/32. Counters m, and n3 control storage and 
punch-out of the error e over a length of time 32N3, after which 
the values of J are punched out and another parameter card is 
read in. In operation, storage of successive values of error (in 
consecutive minor cycles of delay line 12) were found to occur 
at about half-second intervals and could be watched on the 
console display tube. 

It may be noted that the layout of Fig. 3 was chosen to simplify 
programming and is not intended to be optimum. For example, 
the punch-out process could be improved if the contents of delay 
lines 9, 10 and 12 (containing T and e) were transferred to the 
magnetic drum store. Results could then be punched out in one 
operation and grouped better for subsequent tabulation. 


(4.2) Stepped and Tapered Approximations to the Adaptive 
} Switching Function 


The results given in Fig. 1 were repeated using the computer 
system of Fig. 3 and are plotted in Figs 4and 5. The significant 
difference between the two sets of results is in the switching 
parameter 7, which for Fig. 1 was a constant, but which for 
Figs. 4 and 5 depended upon the stepped and tapered approxi- 
mations referred to in Section 3.3. 

‘Let us consider curve (i) in Figs. 4 and 5, namely the first 
application of the step or ramp input. Since the memory unit 
is empty until the error velocity reverses sign, the waveform 
until the time of the first overshoot peak will be identical with that 
given in Fig. 1 for T= 0. However, at the instant of error- 
velocity reversal a value of T will be computed according to 
eqn. (15) and be stored in the memory unit. Let us consider 
the manner of storage. For a step input, the contents of the 
memory unit at the end of each application (after 64 intervals) 
are given in Fig. 6. (For aramp input the contents were almost 
identical and are not given.) _ It will be.seen that the computed 
values of T become levels in the stepped approximation and 
become varying inclines in the tapered approximation. Further- 
more, it will be seen that the stepped approximations always 
lie above the optimum curve [given by eqn. (8)], whereas the 
tapered approximations always lie below the curve. Therefore, 
from the discussion given in Section 2.2 on the results of Fig. 1, 
it is to be expected that the stepped approximations will give 
tise to an ‘over-damped’ response [curve (i) of Fig. 4] and the 
tapered approximations to an ‘under-damped’ response [curve (i) 
of Fig. 5]. 

The results of Figs. 4 and 5 exhibit a number of remarkable 
features. Most noteworthy is that, after a very limited number 
of applications (two for the step input, four for the ramp input), 
there ceases to be any improvement in performance. A quali- 
tative explanation is readily forthcoming in terms of the ‘over- 
damped’ and ‘under-damped’ effects mentioned earlier. Thus, 
for the stepped approximation, ‘over-damping’ caused the changes 
in error between error-velocity reversals to be small. Therefore 
newly computed values of 7 were written into the small-error 
end of the table (Fig. 6), with no further improvement at the 
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Fig. 6.—T as a function of error. 


‘Stepped’ T for results of Fig. 4, 
‘Tapered’ T for results of Fig. 5. 
——-—— ‘Optimum’ T. 

Numbers denote repetition sequence. 


large-error end. (The second application of step input caused 
two extra levels to be inserted at the small-error end of the 
table; these are not shown in Fig. 6 because the changes were too 
small to be clearly depicted.) For the tapered approximation 
‘under-damping’ caused the response to settle down to a steady 
oscillation, as shown in Fig. 5. An ultimate steady oscillation 
would be expected from the switching condition of eqn. (15), 
which, for 7 varying directly as the error (tapered approximation), 
becomes 


2(e; — e;) 


Ss 


T = constant X (e,; — e,) = (18) 
Eqn. (18) can be satisfied only at zero error for which T is zero, 
and this is the condition for steady oscillation (see curve T = 0 
in Fig. 1). That the oscillatory state is unstable is shown by 
curve (iii) of Fig. 5(a), where, at t = 55 units, the oscillation 
jumped to a smaller value. The jump occurred because the 
amplitude of the oscillation was increasing slowly, and is indi- 
cated in Fig. 6 by a jump from curve (ii) to curve (iii). [Note 
that curve (ii) is curve (i) in which is inserted incline (ii), and 
that curve (iii) is curve (i) in which is inserted incline (iii).] 


(4.3) Further Considerations 


For many practical systems the spectral-energy distribution 
of the reference input does not differ markedly from that of 
‘white noise’, when integrated over an indefinitely long period. 
Therefore, repeated application of random values of step and 
ramp input, rather than the constant values so far considered, 
would be nearer to reality. It follows from the adaptive pro- 
cedure of Section 3.3 that, for an infinite sequence of random 
values, the optimum curve for T will be obtained ultimately 
regardless of whether or not some quick method, such as stepped 
or tapered approximations, is used to fill the table. However, 
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the particular curve-fitting technique will determine the rate of 
approach to the optimum curve, this being expressed in some 
statistical measure. The rate provides an indirect performance 
criterion for comparison of different curve-fitting techniques; a 
more direct criterion would be given by the minimization of 
some function of the error, e.g. the absolute or the mean-square 
error. 

Detailed investigation of the effect of random input to the 
mathematical model of Fig. 3 has not been attempted. Instead, 
present efforts are being directed toward a model which simulates 
more closely a practical servo mechanism. 


(5) CONCLUSIONS 


The use of adaptive switching functions to self-optimize on-off 
control systems appears to have engineering possibilities. In the 
case of an ideal servo mechanism, a learning process has been 
shown to take place. However, no account has been taken of 
relay imperfections, in particular inertial time delay and hys- 
teresis effects. Also only step and ramp inputs have been 
considered. 

Further theoretical work is being undertaken prior to an 
experimental investigation. In the meantime it is hoped that 
the paper may be of some value even in an imperfect state. 
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(8) APPENDICES 


(8.1) Differential Equation of On-Off Predictor Servo 
Mechanism of Coales and Noton (Reference 4) 


The differential equation of Coales and Noton, defining the 
angular position X of their output shaft, is given in eqn. (21) 
of their paper as 


7X LEXAR Se (19) 


where the moment of inertia, J = 29 x 103 g-cm” 
= 29-56 g-cm per unit X 
L= + 660g-cm 
F(X) = 95 sgn X¥g-cm 
J/X = 5:Osec 


Applied torque, 
Coulomb torque, 


For convenience, the controlled output variable X will be 
replaced by a normalized variable c = (J/L)X to give 


iW d. 
+ FO a Cle (20) 
where F= + 1. 
Substituting numerical values in eqn. (20), 
€+0:2¢6+0:144sgné=F . (21) 


In Fig. 11 of their paper the upper curve corresponds to a 
normalized step input 


= 7 (0-87 x 133) = 15-0 


i.e. the error torque equation is 
é+0-2é —0:144sgn¢ = —F (22) 

In Fig. 12 of their paper the upper curve corresponds to a 

normalized ramp input 

910 


0-34 x 2 
=7( et: 


a) = 1-45 


i.e. the error torque equation is 


é + 0:2(é — 1-45) —0-144sgné= —F. (23) 


(8.2) Switching Function to Minimize the Integral of the 
Absolute Error 


Let us assume that the error acceleration é is constant. Then 
the error at time ¢ may be expressed in terms of the error and its 
time derivatives at time t = 0 by the relation 


€ = ey + &ot + hé,0? (24) 


Suppose that the initial error eg is positive and that the error 


reverses sign at some time t; < 7. Then the integral of the 
absolute error over a range of time 0 << t< Tis 


ty i 
I= | (ey + éot + $ot?)dt = (ey + épt + 4éo22)dt (25) 
0 1 


where f, satisfies the equation 


0 — €oty -- 41? — 0 


SWITCHING FUNCTIONS FOR MINIMIZING ERROR IN AN ON-OFF CONTROL SYSTEM 


Integrating eqn. (23), 


1 1 1 ee 
if = 2( eons + 560! + aéotl) =—s (co + a + 240?) 


2 1 1 
= Phi E + 600" +r AG + Coty +. 508 ’) ; 
= (cor es eat? zs seoT*) 


Substituting from eqn. (26), 


fa 2t; (Feo + -é0t1) (eo + scot? + 50") cy) 


It is required to find a switching function which involves e, & 


and é, and which reverses sign when the integral J is minimum,” 
The necessary condition is that , 


di nat 


are ee 
dt Sek0s yes a ce oe 


But eqn. (24) implies that é is constant. 


ie ol. 

Therefore de ° + dé ° = 0 28) 

Eqn. (28) defines the switching function. 
From eqn. (27), | 
ry ae te = 
a 2 | 
Beg 3 Deg tite geo ED | 
a Be ay : 
ied ams 5 (26 + eof 55, (29) 
Ajuda dt} :Avduasaiiodee, | 
AAG napa 1B dds. 180BE St PI q 
1 1 2 or | 
—S al 2 — << 2 _ > 0) ’ 
311 ia ale 3 (2¢0 + €ot1) 4 es 


Substituting eqns. (29) and (30) into eqn. (28), the switching 
function is 


a7 Biel Bates) 
“o (GA r) ! éo(3f a) | 
2 : . ory . or 
+ 320 + eot) (a5 + “o5n) 0 GD 
From eqn. (26) it follows that J 
dt Statf 4 
ops rt “056, ot : 
Therefore eqn. (31) becomes 
aii Lengel i dpi (Fs avait | 
== 360 + 36041 + 3¢olf a oT =7 xe0T* =O (32), 


Substituting for 17 from eqn. (26), eqn. (32) becomes 
2&9 + oT + 46)T? ny 
i.e. the switching function is 


i sgn (2e9 + éoT + 4é9T?) (33) 
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EDDY-CURRENT EFFECTS IN RECTANGULAR FERROMAGNETIC RODS 
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in April, 1960.) 


SUMMARY 


Expressions are obtained for the eddy-current distribution and the 
resulting loss angle for an infinitely long ferromagnetic rod of rect- 
angular cross-section containing a number of domains magnetized 
parallel and anti-parallel to the axis of the rod and separated by 
domain walls running perpendicular to the long edge of the cross- 
section. Results are expressed in terms of the ratio of the lengths of 
the sides of the rod and the number of walls. Two cases are con- 
sidered—the low-frequency limit in which the domain walls remain 
plane and the more general case in which the wall becomes bowed 
because of eddy-current screening effects. 


LIST OF PRINCIPAL SYMBOLS 


a = Half-thickness of ferromagnetic domain in a multi- 
domain sheet, cm. 
d = Thickness of ferromagnetic sheet or bar, cm. 
1 = Half-width of ferromagnetic bar, cm. 
m = Effective oscillating mass of domain wall, g. 
n = Odd integer. 
gq = Number of domain walls in a multi-domain sheet of 
finite width. 
t = Time, sec. 
v = Velocity of propagation of a ferromagnetic domain 
boundary, cm/sec. 
« = Restoring force per unit area of domain wall, dynes/cm2. 
8. = Domain-wall viscous damping constant due to eddy- 
currents. 
_ B, = Domain-wall viscous damping constant due to spin 
relaxation. 
y = Magnetomechanical ratio equal to ge/2m, where g is the 
Landé splitting factor (2 for electron spin) and e/m is 
the charge/mass ratio of the electron (y = 1-76 x 107 
ig? =—"2)> ; 
5 = Loss angle due to eddy-currents, rad. 
or = Loss angle due to spin relaxation, rad. 
7 = Loss ratio defined in Section 2.3. 
é = Scalar magnetic potential. 
= Spin relaxation damping constant, sec.—! 
ft = Magnetic permeability at zero frequency. 
p = Electrical resistivity, e.m.u. 
w = Angular frequency of magnetic field and magnetization, 
rad/sec. 
A = Exchange energy per unit volume, ergs/cm?. 
B = Magnetic induction, gauss. 
B, = Magnetic induction at saturation, gauss. 
H = Magnetic field, oersteds. 
K = Magnetocrystalline anisotropy constant, ergs/cm?. 
M, = Intensity of magnetization at saturation, gauss. 
P = Instantaneous power loss, ergs/sec. 
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(1) INTRODUCTION 


There is at the present time considerable interest attached to 
the behaviour of ferromagnetic substances possessing a simple 
domain structure. There are several reasons for this. First, 
if the domain structure is simple the mechanism of magnetization 
is also likely to be simple, and by studying the behaviour of such 
materials one may reasonably hope to gain further insight into 
the behaviour of materials which are magnetically more com- 
plex. Secondly, materials possessing a simple domain structure 
usually exhibit rectangular B/H loop characteristics; the rect- 
angular hysteresis loop is, in fact, one of the most elementary 
types and is a direct consequence of a simple magnetization 
mechanism. Nowadays rectangular-loop materials are much in 
demand for use as storage elements in magnetic memory arrays, 
and for such an application it is desirable to have some know- 
ledge of, and—ideally—some degree of control over, the 
switching time of a magnetic core. If the domain structure is 
simple and the mechanism of the magnetization-reversal corre- 
spondingly simple, it is quite an easy matter to investigate 
theoretically the factors which limit the switching time and steps 
can then be taken to reduce it. Finally, it is known widely that 
simplicity of domain structure is invariably accompanied by 
eddy-current losses which are greater—often by a large factor— 
than those to be expected if the material could be characterized by 
a uniform scalar permeability.! A study of losses in these simple 
materials should go some way towards an explanation of the 
well-known eddy-current anomaly such as is observed, for 
example, in electrical transformer sheet. 

These points may be illustrated with reference to Perminvar 
(43% nickel, 34°% iron and 23% cobalt); when annealed in a 
magnetic field it develops a characteristic uniaxial magnetic 
anisotropy and the B/H loop becomes markedly rectangular. 
Powder-pattern and other observations? indicate quite clearly 
that in a Perminvar specimen in the form of a punched ring 
the magnetic structure is often simply that of two anti-parallel 
domains running tangentially round the ring and separated by a 
circular 180° wall, as shown in Fig. 1. When a magnetic field 


=r 


Fig. 1.—Domain structure in Perminvar after being annealed in a 
circular magnetic field. 


Sometimes more than one domain wall is observed but the structure shown is quite 
usual. 


is applied the wall moves to the left or right in such a way as to 
reduce the field energy, —M,H. The B/H loop is rectangular 
with a remanent induction which often approaches 0:95 of the 
saturation induction, and experiments! have shown that the 
velocity of propagation of the domain wall is limited almost 
entirely by the eddy-current system set up by the moving wall. 
The eddy-currents and the associated losses in a material con- 
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taining a single domain wall are considerably greater than those 
which would exist if the permeability were uniform. The 
reason for this is quite simple. In a domain-and-wall structure 
One must associate a very high permeability with the wall, since 
the permeability is unity outside it. Now a given flux change 
gives rise to a definite e.m.f., V, and fVdlis the same whatever 
mechanism is responsible for the change in flux. However, the 
power dissipation is proportional to V? and will be large if the 
current lines are close together, owing to the production of a 
highly localized e.m.f. such as would be produced by a moving 
domain wall. 

So far as is known, all magnetic materials possess a domain- 
and-wall structure; consequently, calculations of eddy-current 
losses based on the assumption of a uniform scalar permeability 
can never give any more than approximate results. The fact 
that the eddy-current loss in sheet steel is always greater than the 
calculated loss is well known, and it has been suggested? that a 
good deal of the discrepancy may be due to domain-wall effects. 
More recently it has been shown* that eddy-current losses 
measured in fields so low that hysteresis and other non-linear 
effects are absent are always greater than the calculated values. 
The reason for this may be found in the inhomogeneity of 
magnetic permeability produced by the domain structure.° It 
thus appears that these so-called anomalies are not anomalies 
at all, but arise from the fact that the expected eddy-current 
losses have been calculated using assumptions which cannot be 
justified for any real ferromagnetic material. 

Calculations of the eddy-current losses to be expected in a 
domain-and-wall structure must depend upon the shape and size 
of the individual domains. It is necessary to postulate some 
fairly simple geometrical form as a model upon which to base 
calculations. The first thing, however, is to be absolutely 
certain that the model used is relevant to the case to which the 
calculations are intended to apply. In the paper, calculations 
are presented for a model in which a rod of rectangular cross- 
section is split up by domain walls running as shown in Fig. 2. 
This is certainly the situation in Perminvar and similar materials, 
and reasons have been given elsewhere? for believing that this 
model is a good approximation to the situation in magnetic 
materials with normal B/H characteristics. The calculations 
given below are intended for the initial permeability region, in 
which such a small field is applied to the material that the walls 
move reversibly and only by an infinitesimal amount. They 
do not apply at high fields to the extent that the induction is 
not then linearly dependent upon the applied field strength. 

Calculations relevant for a rectangular bar containing a single 
wall at the centre have been made by Williams, Shockley and 
Kittel,! and for an infinite sheet containing a regular distribution 
of walls by Polivanov.® Although the former calculations are 
fairly well known, this does not seem to be true of Polivanov’s 
work in spite of the fact that his calculations are much more 
general. Thus Brouwer’ constructed an electrical analogue of 
domains, apparently unaware that explicit mathematical solu- 
tions appropriate to the model considered had been given by 
Polivanoy, whilst Pry and Bean® analysed mathematically the 
same model as that used by Polivanoy. In the present paper 
these calculations are generalized and extended. In presenting 
the results it was felt desirable to develop equations ab initio, 
although some repetition of results already in existence is thus 
unavoidable. However, this seems to be no bad thing in view 
of the fact that most of these calculations are so little known. 


(2) DERIVATION OF BASIC EQUATIONS FOR THE CASE IN 
WHICH EDDY-CURRENT SCREENING IS NEGLIGIBLE 
Consider a rectangular bar divided into two anti-parallel 

domains as shown in Fig. 2(5). If the wall moves from left to 
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Fig. 2.—Rectangular bar divided into domains by transverse 
boundaries. 


(a) Showing boundaries and fields. The arrows indicate the direction of move- 
ment of the domain boundaries and the symbols below show the directions of — 
magnetization within the domains. 

(6) Rectangular bar containing a single domain wall. 

(c) Part of an infinite sheet divided by transverse domain boundaries. 


right the eddy-current lines are roughly as sketched in thes | 
diagram—the situation treated by Williams, Shockley and Kittel. 
If there is more than one domain wall the eddy-currents due tan 
the moving domain walls interact, so that the y-component of 
the current is zero for all points midway between the domain 
walls. The form of the eddy-current lines is then as shown in 
Fig. 2(c)—the case investigated by Polivanoy. The only dif- 
ferences between the two cases come from the differences in’ 
boundary conditions, and the general method of solution is the” 
same. This is illustrated below with references to the case shows 


in Fig. 2(b). 


(2.1) Systems containing One Wall 


(2.1.1) Single Wall at the Centre. 


With the centre of co-ordinates at the centre of the cross-section 
the wall position is in the plane y =O. Outside the wall, 
curl E = 0 and the electric field can be derived from a scalar 
potential, ¢, which satisfies Laplace’s equation, V76 =0. The 
boundary conditions are obtained in the following manner, © 


which considers only the region to the right of the wall: | 
. 


(a) The line z = 0 must be an equipotential, since E is always 
at right angles to it. Since only the current strength is of 
interest, @ may be equated to zero, i.e. 


dé =Oatz=0 for ally ql) 


(b) The boundaries of the bar are current lines and hence 


o¢ 


———Orat yu— P forall z ~Y - ..)! 12) 


oy 
o¢ 
‘Uz 


—OMtza— aa/2iorally). ~  . (3) 


‘rom these equations it may readily be shown that 


@ =A, Be east oO 2 


qd 7 (4) 


‘o which the prime denotes summation over odd values of n 
nly. The boundary condition at the wall may be obtained from 
he law of electromagnetic induction, namely 
. 2B 
curl E = — 

or 


| 
n integral form this becomes 


| 
[ curt Enda = { zat = f piers 
s s Ot 
vhere n is a unit normal perpendicular to the element of order da. 


since the wall is assumed to be infinitely thin the contribution 
of E, to the line integral is zero. It follows that 


: E, = By 

ind so at the wall position 

7 D1 Os eee EE! bis 5. CD) 
| 

| 


xpressing eqn. (5) as a Fourier series and equating coefficients 
with the right-hand side of eqn. (4) at y = 0, one obtains 

4Bod_ _, nal 

ae Sch | 


! 
| 
| 
| 


| 


| A, = + (4a) 


. and the 
The currents are therefore 


he positive sign being operative for n = U5 / 95 0x: 3 
aegative sign for n = 3,7, 11,.... 
| 


i > Dg NZ nn —y) 
| iy = + 2 A, sin — sinh —— 7 
) 4 ie nTZ n7(l — y) 
i, = — XA, cos — cosh —~-—— 
with jeepiipea LPT YE 

nip d 


m2) Power Loss and Loss Angle. 
The power loss per unit length in the x-direction is given by 


1 .d/2 
P= 4p) J (2 + Bdvde 


242 
= weed Si n-3 tanh nil p , p (6) 
7p d 


During alternating magnetizations v will be a sinusoidal function 
oF time. If P is the maximum value of the instantaneous power 
loss the energy per cubic centimetre per cycle is 


acl ale Ee bene 3S CD) 
Now the equation of motion of the wall is 
m'j +B.» + oy =2HMget . . . (8) 
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m’, the effective mass of the moving domain wall, is usually so 
small as to be negligible at frequencies below about 10 Mc/s and 
so eqn. (8) becomes 


Boy + ay = 2HM,es* 
which has as its solution 
2M,H 1 j 
= é 
“« 1+ jwB./« 
The change in magnetization is M = M,y// and the permeability 
pb = 47M /H, assuming w > 1. Therefore, from egn. (9), 
8a M2 1 
al 1+ jwBfo ~ 


If 4 denotes the permeability at very low frequencies then, from 
eqn. (10), 


y Ep peer (9) 


p(w) = (10) 


pe = 87M2/al. (11) 
From eqn. (9) the maximum velocity of the wall is 
® = 2jwM,H/a 
Elimination of « through eqn. (11) gives 
8 ; M 
0 = WYmax = oa: . (12) 
Now W = 14H? tan 6 (13) 
and so from eqns. (6), (7), (12) and (13) one finds 
tan 6 a3 SAU yy na? tanh (14) 
TP 


(2.1.3) Single Wall, Arbitrary Position. 

The more general case of a single wall situated in any arbitrary 
position can now be easily obtained. If the wall position is at 
y = a then at the wall position 


j , ANZ n7(l — a) 
¢ = X’ B, sin tha 
In this case it is easily shown that, to the right of the wall, 
Soph, sip on RS nm — y) 
d = X’ Brsin 7 cosh —7—— 
? a 4Bwud ni(l — a) 
with Bia ate a) sech 7 


and for points to the left 
TZ nal + y) 


La pl eae 
go = X’ B, sin 7 cosh —— 
I 
eae eae seid ae nr(I + a) 
nat d 


In this case the instantaneous power loss is 


22 " 
a als 9 tanh 2 + tanh 


nil + =| 

3p d 

which reduces to eqn. (6) when a=0. Inspection of this 
shows that the power loss is a maximum when the wall is at the 
centre and is reduced by half when the wall is very near one edge. 
The maximum is so broad, however, that the power loss is 
virtually independent of wall position unless this happens to be 
very close to one edge. 
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(2.1.4) Single Wall in the Plane of a Sheet. 


The case in which a single wall lies in the plane of a sheet 
has been considered by Aspden? in connection with a study of 
losses in transformer sheet at high inductions. This situation 
may be covered by the present equations by taking the limiting 
case in which //d—>0. If the wall is at the centre of the sheet, 


tan 6’ = lim tan 5 = lim tan 6 
I/d—>9 d>o 


where tan 6 is obtained from eqn. (14). 


if 
Now lim dS! n-3 tanh 
d—> 0 d 
= $7] 
Hence lim tan 6 = 47?wur/p 


d>o 


= mwpd*/p 


since in this case 2/ is now the sheet thickness d. This is just 
three times the classical value of the loss tangent calculated 
assuming uniform permeability, in agreement with Aspden’s 
result.3 


(2.2) Systems containing More than One Wall 


It is extremely difficult to extend the preceding analysis to a 
system containing a finite number of domain walls. At first 
sight it would seem sufficient to calculate the potential for each 
wall as in Section 2.1.3 and sum the potentials, there being as 
many terms as there are walls. The currents could then be 
obtained by differentiation of the total potential thereby obtained. 
Unfortunately the summation involved cannot be put in a 
manageable form and the resulting equations are hopelessly 
cumbersome. In any case, such a procedure is unsound, 
because every domain wall is subject not only to its own eddy- 
current field but to the resultant z-component of the currents 
produced by all the other walls and so the boundary condition, 
eqn. (5), is no longer valid. This difficulty does not arise in the 
case of an infinite array of regularly spaced walls, because each 
wall is then situated with the same number of walls to its right 
as to its left. The z-components of the eddy-current at any 
wall due to all the other walls thus cancel completely and so 
the only z-component of the current is that produced by the 
wall itself. This case was first treated by Polivanov. If the 
origin of co-ordinates is taken to be the mid-point of a domain 
and the wall is situated at y = + a, the potential to the left of 
the wall, i.e. forO< y< +4, is 


SC sin sinh 
Oo = » Sin —- sin a 


eee ae (CLS) 
, : Bd 
in which Cui 4b oe cosech “* 
and with the same restrictions on the sign of C, as for the 
coefficient A,,. 

In Sections 2.2.1 and 2.2.2 it is assumed that a situation in 
which there is a finite number of domain walls may be approxi- 
mated by using, for the potential, Polivanov terms [eqn. (16)] for 
points between the domain walls, and terms of the form given in 
Section 2.1.3 for the two areas between the edge of the specimen 
and the first and last domain wall. This approximation may 
be expected to be a good one for wide sheets in which L/d is 
large, irrespective of the number of domain walls, and for rect- 
angular bars containing only a few domain walls. Further brief 
discussion is given at the end of Section 2.2.2. 
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(2.2.1) System containing Two Walls. 
To the right of the wall the potential is given by eqns. @ 


and (4a). To the left of the wall the potential is that obtained 
by Polivanov [eqn. (15)]. The current components in this case 
are 

ihe en HOY, 608 = = sinh 
with atte 


The power loss to the left of the wall is thus 


d/2 
= fe fi (2 + )dydz f 


_ 8Byv?d? 
= (16) 


Ss? coh oe 
mp d 
after carrying out the indicated integrations. The power los: 
per wall is obtained by adding eqns. (6) and (16). The tota 
power loss is twice this, since there are two walls, and so 


a Sila A: na? arias ES saat a a iF coth a 

7p d d 
From this it is a simple matter, using the same procedure as thai 
adopted in Section 2.1.2 and bearing in mind that yp is in this 
case twice the value given by eqn. (10), to show that the log 
angle, 6, is given by 


tan 6 = a x’ n [ia nh alee 5 + coth “i 
d d 
In the ee case in which a = //2 this reduces to 
tan § = SOM y+ n=3 cot 2 
7p d 


or approximately half that given by eqn. (14) for a single wall 


(2.2.1) System Containing n Walls. 


If the walls are symmetrically distributed with the distaila 
between successive walls equal to 2a, then a = //q, where q i 
the total number of walls (g being even and greater than 0) 
The total power loss is obtained from eqn. (16) by substitutin, 
I/q for ain the summation. There will now be two terms corre 
sponding to the eddy-current distribution at the edges, which i 
of the type shown in Fig. 2(6), and 2g — 2 terms correspondin 
to the distribution shown in Fig. 2(c). One thus obtains 


seat d? 


P=2 Yin “3 tanh a + Qa 2) 


8B212d2 n 
= D/n-3coth— 
gt 


The corresponding loss i 
v = awM/M, and setting 


6, is obtained by puttin 


4 o7P 


ens eAry aITES 


from which one obtains 


—1)l 
tan 6 = eal arnt tanh Ra a 
p qd 


+q—1)x'n > cot] Ba i 
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Fig. 3.—Loss ratio 7 as a function of the number of domain walls for rectangular bars of various dimensional ratios ( = 2//d). 


It is quite usual to find experimentally that losses in thin ferro- 
magnetic sheets are greater than the calculated losses. In such 
cases it has become customary to express the results as the ratio 
of the observed to calculated loss, denoted here by 7. This 
procedure is legitimate, since it is found that the observed losses, 
although greater than expected, vary with frequency like an 
eddy-current loss, at least over a restricted frequency range. 
‘Reasons have been given> for believing that this discrepancy 
arises because the classical calculation of eddy-current losses, 
which assumes the existence of a uniform isotropic permeability, 
is an approximation which always underestimates their true 
value. This is because magnetization takes place by movement 
of domain walls, and the resulting inhomogeneous permeability 
gives rise to an eddy-current system with which are associated 
losses which are always greater than those to be expected if the 
permeability were uniform. On this view the loss ratio, 7, is 
the ratio of the tan 6 calculated in the present paper to the 
classical value assuming uniform permeability. For bars of 
rectangular cross-section the classical losses are® 


256 d 
tan 8, = 241 — 0-630 a =; (0-985 ce 1-178) sds | 


3 

(18) 
in which € = wyd?/p is the usual skin-depth parameter. In the 
low-frequency limit considered here the third term in the 
parentheses may be ignored. Then 7 = tan 6/tan 6, which, 
from eqns. (17) and (18), is 

d —1 

ae qq” d| d 


(19) 


+ (q —1) D’n-3 coth = 


This relation is shown graphically in Fig. 3. For sheets in 
which Js d and in which the domain structure is so coarse 
that the distance between successive domain walls is not less 
than the sheet thickness (2a € d), eqn. (19) reduces to n ~ 3//gd. 
As a result of the approximation used to derive it eqn. (17) 
always tends in the limit of infinite subdivision by domains 
(q —> ©) to the classical eddy-current losses for an infinite thin 
sheet. Consequently although the uniform permeability and the 
domain model give the same results (i.e. 7 = 1) for wide sheets, 
for which //d—> © in the limiting case, q > ©, this is not true 
for rectangular bars. Indeed, denoting the loss ratio for infinite 
subdivision by domains, by 7, it follows from eqn. (19) that 


= 
tier (1 a 0-3155 ) 


~ 140-3155 ifd</ 


This is, in fact, a measure of the error incurred in calculating the 
eddy-currents by the approximate method described in Sec- 
tion 2.2. If /> 10d this error is not greater than 3 %. 


(3) EDDY-CURRENT SOLUTIONS AT HIGH] FREQUENCIES 


In the previous Sections eddy-current relationships have been 
derived on the understanding that the domain walls remained 
plane. This is the limiting situation at low frequencies, and it 
is obvious that this can be no more than an approximation, since 
at any finite frequency the moving walls give rise to an eddy- 
current system which screens the interior of the cross-section 
from the external field. There is nothing inherent in the walls 
themselves that requires them to remain plane; indeed Néel has 
shown that domain-wall stiffness effects are very small and that 
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they may be regarded as infinitely flexible. It is therefore of 
interest to investigate the situation in which the displacement 
of any point on the wall is proportional to field at that point, 
this field being made up of the applied field and the screening 
field due to the eddy-currents. The calculations have already 
been carried out by Polivanov for the case shown in Fig. 1(c) 
and his method is used here to cover the case in Fig. 2(6). 


(3.1) Single Walls 
(3.1.1) Single Wall at the Centre. 
As already stated, the potential outside the wall must be of 
the form 
ni(l — y) 
7 ; 


However, the coefficients D,, will now be different, since they are 
determined by boundary conditions at the wall. If the wall is 
imagined to be divided into a series of segments, each of which 
moves parallel to itself, then 


@ = 2 D,, sin ibe 


F cosh 


(20) 


z= - (5) 
oz y = wall position 
== Bay | dbae (21) 
where the displacement y is now a function of z. If « is the 
restoring force per unit area of wall, 
dy 2M, dH 
B= = B—— 
“dt ain apn 
If the field is H = Hye’, 
dy 
B, — = joplH (22) 


in which yw is the permeability at zero frequency and H is a 
function of ¢ and z. From eqns. (20) and (21) it follows that 


Zz 
Pwall position = joopl | Hdz . (23) 
0 
from Ampére’s law, curl H, = 477i 
d/2 
from which =4r7 i iydz 


If H(d/2) is the field at the surface, the field inside the specimen is 
A(z) = H(d/2) — H, 


= H(d/2) — 4a | i,dz (24) 
in which i, is to be obtained from eqn. (20). Eqns. (20), (23) 
and (24) lead readily to the following result, “obtained exactly 
as in Section 2.1.1: 


Jwpld 4H(d/2 
on eee nal ae 4 nol a 25) 
cosh + - sinh 
d Peet d 
The currents are 

: , ee i er 

ly = — 2’ Dy; sin 7 sinh te » 
nm(I -- v) 


1 = DD COs = cosh reo 


with 
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The instantaneous power loss is obtained exactly as before, ani 


_ 16p22H?P 1 : 
BS Sars = > 28 


73 coth bc tne, tanh = 


in which € = wyud?/p as before. This reduces to eqn. (6) in 
the low-frequency limit in which € — 0, if it is remembered that 
wl is then equal to v. 


(3.1.2) Single Wall in Arbitrary Position. 

It is easy to show that, if the wall is at y = a instead of at the 
origin, the only effect is to change / to / — a in the cosh and 
sinh terms in eqn. (25). This has the effect of changing / to 
1 — a everywhere in eqn. (36), which then reduces to eqn. as) 
in the limit € > 0. , 

(3.2) Infinite Sheet with Uniform Distribution of Domain | 
Walls 


The situation shown in Fig. 2(c) has already been treated by 
Polivanov, who finds that for the coefficients in eqn. (20) 


ue: Fd 4H(d/2) 
"nna , 4j€a na na? 
sinh + h 


dpe 


In this case the instantaneous power loss per wall is 


16pé2H7a? 1 
se re 2 nia [2 (27 
n ta nh —- + 16né? coh“ + 
which reduces to eqn. (16) in the low-frequency limit. It may 


be noted that for large values of //d and a/d both eqns. (26) 
and (27) give identical results for the instantaneous power loss, 
since both tanhnza/d and cothn7l/d are unity. For very 
small values of J/d the two equations give quite different results. 


(3.3) Domain-Wall Profile 


As mentioned earlier, on account of the screening effect of the 
eddy-currents the field experienced by the wall at the centre of 
the sheet is less than that at the surface. If the displacement of 
the wall is elastic and if the restoring force per unit area of wall 
is everywhere the same, it follows that the wall cannot remain 
plane but must be distorted as it moves about its position of 
equilibrium. It is possible to calculate the shapes of the profile 
of the wall at any state of its motion on the basis of the equations 
already obtained. If the restoring force per unit area of wall is 
the same everywhere and equal to «, the displacement of the wall 


at any point z is 
Vz) = 2H(z)M,/« 


where H(z) is the magnetic field strength at that point. 
of this field to that existing at the surface, H(d/2), is 


The ratio 


A(z) ) 
H(d/2) 


Hence the ratio of the displacement of the wall at any point to 
its displacement at the surface is the same as this, i.e. 


1 — 4m | i,dz 


y(z) 


aI) (28) 


d/2 
=1— an | i,dz 


=1-[yp, cos sin oh 


d d ) 


a 
| 
j 
| 
| 
! 


br the situation shown in Fig. 1(b), by direct integration of 
gn. (28). Substituting for D, and taking the wall position to 
e at y = 0, one finds from eqn. (29) 


cos 77 
6; 
y(4/2) i 7 coth + 4j& g 

| daasiineids 
for Polivanov’s model [Fig. 1(c)] one finds 
| freli ANZ 

_¥@) _ , _ 1igald St ‘ (31) 

y(d/2) 7 x 


Drennan gee 
n? tanh ie + 4jé ri 


The difference between these two expressions is negligible for 
arge values of J/d or a/d since in this case both hyperbolic 
unctions are unity. The utility of both equations is limited 
n practice, since the rate of convergence is rather low, particularly 
or the interesting cases in which € > 1. Fig. 4 shows the wall 


i) 


SSE awe 


—— 7— 


Fig. 4.—Profile of single domain wall in a bar of rectangular 
cross-section at various phases of the applied field. 


The profile is shown at intervals of ot of m/12 for € = 1-0. For convenience 
1 drawing the wall is shown moving over the entire width of the cross-section, but the 
ctual displacements are meant to be infinitely smail. 


rofiles calculated by taking the first sixteen terms of eqn. (30) 
or a square rod (//d = 4) with € = 1, for various phases of the 
pplied magnetizing field. 


(3.4) Effective Permeability and Loss Angle 


It is not easy to calculate the loss angle directly from eqns. (26) 
nd (27), since the effective permeability is not yet known (w is the 
ermeability at zero frequency). It is simpler to calculate the 
omplex effective permeability from equations already obtained, 
ince the result will contain the loss angle implicitly. The best 
yay to do this is to use Polivanoy’s method, which uses the fact 
hat the mean complex permeability wu is related to jz by the 
elation 

el 
he @ 


‘his is therefore equal to the average (in the z-direction) maxi- 
yum displacement of the wall in the y-direction divided by the 


LEE: EDDY-CURRENT EFFECTS IN RECTANGULAR FERROMAGNETIC RODS 


263 


maximum displacement of the wall at the surface. Taking the 
wall position to be at y = 0, eqn. (30) gives, for the case shown 
in Fig. 1(d), 


‘ 16j¢! oh cos 2? 
y 1 deD yy d d 
——- — On —_-_OOOO VA 
¥(a/2) aan? nr coth sd + fem 
d d 
Thus 
1 
32j€— 
day 1 
aa 7 2 nol I (32) 
Ke n? coth —- + 4jf—n° 
For the model shown in Fig. 2(c) Polivanov finds 
ieee Liste ~ na a 33) 
n> tanh ae Ste Ajo one 


The effective loss angle may be obtained for any value of the 
parameters € and //d by expressing eqns. (32) and (33) in the 
form 
B= po jp 

whence the Joss angle, 5, is given by tand = p”’/u’. How- 
ever, since the formulae giving w as a function of frequency 
are no longer of the simple relaxation type, tan 6/w is not a 
constant independent of frequency. 

When measuring permeability by bridge methods it is quite 
usual to choose a measuring frequency (often 1-2 kc/s) at which 
the out-of-balance signal may conveniently be amplified and 
detected. If the skin depth at this frequency is such that eddy- 
current screening effects occur it is customary to correct for 
the incomplete penetration of the flux by means of correction 
formulae derived from standard eddy-current theory. This 
procedure is justifiable only if a/d is sufficiently low to ensure 
the validity of the standard eddy-current theory. If this is not 
so the actual losses will be greater than those calculated on a 
uniform-permeability model. It is usual to describe these losses 
as anomalous, although this is misleading since they arise merely 
from incorrect eddy-current calculations. Hence if eddy-current 
screening effects occur in this case it is not permissible to correct 
for them using the standard eddy-current calculations, since these 
are invalid. For sheets in which the domain size is comparable 
with the sheet thickness it is therefore impossible to determine 
the true value of the permeability at a high frequency by 
measuring ~ and applying a screening correction based on 
standard eddy-current theory assuming a uniform permeability, 
and one must instead use eqn. (33). This requires knowledge 
of a/d, which must be obtained by experiment, for example by 
measuring the loss angle at very low frequencies, and using 
eqn. (17) in the limiting case of an infinite sheet, namely 

32wpuad na 


tan.0.— =e Wii coth —- 


(4) SPIN-RELAXATION EFFECTS 
It was first shown by Landau and Lifshitz!° that the motion 
of the individual electron spins responsible for ferromagnetism 
is subject to a viscous damping which exists quite apart from the 
usual eddy-current damping. The origin and mechanism of this 
spin relaxation is still not completely understood, but it is 
believed to arise from a pseudo-dipolar interaction which also 
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gives rise to the linear magnetostriction. Asa result, the motion 
of a domain wall is damped, since in a moving domain wall the 
spin system is essentially rotating about an axis parallel to the 
direction of propagation of the wall. This rotation of the spins 
associated with a moving domain wall is quite similar to the 
mass rotation of spins in a ferromagnetic resonance experiment, 
and one can in principle obtain the domain-wall damping factor 
from the width of the ferromagnetic resonance line. 

To include spin-relaxation effects use is made of the fact that 
since the damping is viscous the equation of motion of the wall 
is exactly the same as before [eqn. (8)] except that the damping 
constant is now different and denoted by 8,, i.e. 


my + By + ay = 2HM,e/°! 


One then obtains expressions similar to those found previously, 
namely 


PONE eee 
OR ean + jwB,/o 
a b 
oo Mo) 4 + jepie 


in which p is the zero-frequency permeability as before. From 
these equations one finds that all the equations obtained in the 
preceding Sections retain their validity if is replaced by the 
complex permeability (w) throughout. Whether spin relaxa- 
tion is important or not in comparison with eddy-current damp- 
ing can be decided only by inserting numerical values for f,. 
The expression given by Galt et al.!! is 


\|K|12 
"  2y AUP 


for a 180° wall. The (angular) relaxation frequency for relaxa- 
tion process alone is «/8, or B2/27lB, and the loss angle is 
given by 


w8, _ 2rplwB, 
4 


tan 8p = RB 
s 


so that such effects may be of some importance in connection 
with alloys of very high permeability. Moreover tan dp is 
independent of the sheet thickness, unlike the eddy-current loss 
angle, which decreases with decreasing sheet thickness; it thus 
follows that spin-relaxation effects in metals become more 
important as the sheet thickness decreases. The author has 
shown> that, for high permeability nickel-iron alloys, spin 
relaxation should make a significant contribution to the low- 
field magnetic losses when the thickness of the sheet is reduced 
below about 3. In thinner sheets and evaporated films spin- 
relaxation effects are likely to provide the dominant loss 
mechanism. This should also be the case in all high-resistivity 
ferrites. . 


(5) MAGNETO-MECHANICAL DAMPING 


Ferromagnetic materials are known to exhibit severe internal 
friction which, moreover, is found to be a function of their 
magnetization. It has been established that most of this 
internal friction arises from eddy-current damping. The domain 
boundaries in a ferromagnetic material may be displaced by the 
application of an external stress in a manner similar to their 
displacement by an external field. However, a stress is uniaxial 
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whereas a magnetic field is unidirectional, and consequently 
stress cannot change the bulk magnetization of a ferromagnet 
substance unless it is already magnetized. 

If an alternating stress is applied to a ferromagnetic materi 
in the demagnetized state the domain walls will be set int 
alternating motion, but the motion of adjacent walls will diff 
in phase by 180° in order to preserve zero bulk magnetizatio: 
Consequently the eddy-current lines around a single moving wa 
are like those shown in Fig. 2(5), and all equations based on th 
situation are valid for the magneto-mechanical damping of 2 
infinite sheet in the demagnetized state if 2/ is now taken to be tk 
distance between successive domain walls. If the material 
polarized, or in the presence of an external field, the bu 
magnetization may be altered by stress, and in this case tl 
equations based on Fig. 1(c) apply. 
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NVESTIGATION OF AN ELECTRICAL NON-DESTRUCTIVE METHOD OF MEASURING 
THE DEPTH OF SURFACE HARDNESS IN FLAME-HARDENED STEELS 


By J. A. BETTS, B.Sc., Ph.D., and J. P. NEWSOME, M.Sc., Associate Member. 


(The paper was first received 28th August, and in revised form oy ee 1959. It was published as an INSTITUTION MONOGRAPH in 
(pril, i 


SUMMARY 

At the present time there exist no established, non-destructive 
nethods for the measurement of depth of hardness in surface- 
ardened steels which are independent of the effects of chemical 
composition and quench procedure. Electrical non-destructive 
nethods are dependent upon changes in the electrical and magnetic 
yroperties of steel which occur when it is hardened. 

The electrical method investigated by the authors was an a.c. one, 
yased upon the measurement of the complex impedance of a search 
oil magnetically coupled to the test surface. Distinctly favourable 
esults were obtained, and the paper is concerned with the theoretical 
ind practical aspects of the procedure. 


LIST OF SYMBOLS 


A, C, D = Ferrite core dimensions. 
_ B, B = Magnetic flux density and maximum value. 
b = Probe unit factor, 
e = Eddy-current loss coefficient. 
f, w = Frequency and angular frequency. 
G,, = Conductance representing total power loss in steel 
test specimen. 
h = Hysteresis loss coefficient. 
A, A. = Magnetizing force and maximum value. 
J, J = Current density and maximum value. 
L = Effective series inductance of probe-coil impedance. 
L, = Effective shunt inductance component of the probe- 
coil impedance. 
N = Number of turns on probe-coil winding. 

P,, P, = Eddy-current and hysteresis power loss. 

R,, R;, = Shunt resistive components of the probe-coil impe- 
dance due to eddy-current and hysteresis loss in 
the steel test specimen. 

R, = A.C. resistance of probe-coil winding. 
R,, = Effective series resistance of probe-coil impedance 
representing total power loss in test steel 


specimen. 
R=Total effective series resistance of probe-coil 
impedance. 
I, '2 = Effective radii of inner and outer limbs of ferrite 
core. 


a = Rayleigh’s hysteresis loop constant. 
o, p = Conductivity and resistivity. 
}t, (2, 4 = Permeability, maximum value and relative value. 


®, © = Magnetic flux and maximum value. 


(1) INTRODUCTION 


The accepted mechanical methods of measuring depth of 
urface hardness frequently require destruction of all or part of 
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the test specimen. Such a procedure is usually costly and 
wasteful, and, perhaps more important, a hardened component 
which is to be put into service cannot be proved to be adequately 
hardened except by inference. 

There is thus a definite need for a reliable non-destructive 
method of measuring the depth of surface hardness. There is 
evidence of research in this field in America using ultrasonics! 
and in Russia using an a.c. electromagnetic method.2 The 
latter is used in industry for testing or sorting ferrous materials 
by comparison, but there is some doubt whether the existing 
technique permits separate detection of a variable when more 
than one variable is involved. 

The paper is concerned with the electromagnetic method, in 
which a coil is closely coupled to the steel test surface by a 
ferrite cup-core and carries alternating current. Flat flame- 
hardened steel surfaces were used throughout. Two techniques 
were examined, one using low frequencies (approximately 
5-500 c/s) such that the magnetic-flux penetration was signifi- 
cantly greater than the depth of the hardened layer, the other 
using higher frequencies (approximately 8-15kc/s) such that 
significant magnetic-fiux penetration was very much less than 
the depth of the hardened layer. In an entirely experimental 
approach the first technique did not show successful results; a 
theoretical examination of the problem, if it were possible, 
would require a knowledge of the variation of resistivity and 
permeability within the hardened layer. Encouraging results 
were, however, obtained with the second technique. A relation- 
ship has been found to exist between the probe-coil electrical 
parameters and the depth of hardness, and this relationship has 
been studied theoretically and experimentally. 


(2) ELECTRICAL AND MAGNETIC PROPERTIES OF 
HARDENED STEELS 

The electrical and magnetic properties of a hardened steel are 
a function of the pre-quenching temperature and the type (or 
severity) of quench employed. Fig. 1, taken from a paper by 
Estulin,? shows the relation between the saturation value of the 
intensity of magnetization and the pre-quenching temperature 
for a chrome-nickel and a chrome-manganese steel. Fig. 2, due 
to Edwards and Norbury,* shows the relation between resistivity 
and pre-quenching temperature for various chrome steels sub- 
jected to a rapid air or water quench; Powell,> in a more recent 
paper, gives further data on this subject. 

Webb, in the discussion following a paper by Hadfield,® 
shows a graph of electrical resistivity against mechanical degree 
of hardness for four steels; the heat treatment is not quoted, 
but it is assumed that the steels are heated, quenched and then 
tempered to obtain variation in the degree of hardness. 

Fig. 3 is a graph of the degree of hardness against depth below 
the steel surface for a flame-hardened steel; the sharp transition 
between the unhardened and hardened regions is pronounced 
and noteworthy. 
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Fig. 1.—Variation of saturation intensity of magnetization with 
quenching temperature. 


(a) A chrome-nickel steel. 
(6) A chrome-manganese steel. 
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Fig. 2.—Resistivity versus quenching temperature for a number 
of chrome steels. 


(3) THE HIGH-FREQUENCY A.C. METHOD 


(3.1) Basic Principles 


For a given gas-burner configuration and quench procedure, 
the resulting depth of surface hardness in a given process will 
depend upon the speed of traverse of the burners over the surface; 
the slower the speed of the burners, the higher the pre-quenching 
surface temperature and the greater the depth of surface hardness. 
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Fig. 3.—Variation of degree of hardness with depth below steel 
surface. 
Steel type V9D; nominal depth of hardness, 0-15in, 


It has been stated in Section 2 that the electrical and magnetic 
properties of a hardened steel are functions of the pre-quenching 
temperature. Thus, a method of measuring the electrical and 
magnetic surface properties of a flame-hardened steel would give 
a measure of the depth of surface hardness. Such a method 
would be comparative for a given shape and composition of 
test specimen and would assume a consistent quenching proce- 
dure and a fixed gas-burner configuration. 

The product of resistivity and permeability of the test steel 
surface (termed the electrical surface factor) can be measured 
in terms of the complex impedance of a coil magnetically 
coupled to the test steel surface. The form of coil and its 
associated ferrite core, collectively termed a probe unit, is shown 
in Fig. 4. 


COIL WINDING FERRITE CUP-CORE 


TEST STEEL SURFACE 


HARDENED LAYER 


UNHARDENED MEDIUM 


Fig. 4.—Details of probe unit. 
---- Magnetic flux path. 


OF MEASURING THE DEPTH OF SURFACE 


_ An equation is developed in the Appendices which relates the 
electrical surface factor, wp, with G,,,, the conductance represent- 
ing the power loss in the test steel with which the ferrite core is in 
contact. This is eqn. (20), which is repeated here for 
convenience: 


is 
Ge ey, 
i up) Vf. 


where b and-h are constants. Thus, if G,, is measured over a 
range of frequencies and plotted against 1/,/f the electrical 
surface factor is obtained from the slope of the curve. This 
telation is sufficiently accurate for experimental purposes pro- 
vided that the following conditions are met: 


(a) The flux density in the steel must be kept low to ensure that 
Rayleigh’s relation for the hysteresis loop is valid (see Section 7.3). 
(6) The total flux in the steel must be maintained constant and 
independent of frequency. 
| (ec) The test frequency must be high enough for the significant 
depth of flux penetration to be very much less than the length of the 
radial flux path in the steel. 


(3.2) Evaluation of Test Frequency 


From egn. (16) of Section 7.3, it is seen that the attenuation 
of flux within the steel may be expressed as 


[B,].—0 jac, kz oie 
a hie =iexp Ga) or log. i], 


The depth at which this ratio has the value ¢ is known as the 
skin depth. Thus 


= /(uonf)z 


1 

Skin depth = ————~ 

pe s/(uonf) 
The nominal depths of hardness used in this work vary between 
0-05 and 0-2in. It is a requirement of the method that 
significant flux penetration in the steel should be very much 
less than the depth of hardness. To evaluate a suitable test 
frequency, a skin depth of 0-01 in is assumed; if typical values 
of » and o for a steel are taken, say p = 75 x 47 x 10-7 and 
o = 4 x 10® mhos/m, then a test frequency of 13kc/s is 
obtained. This figure is for guidance only. 

If a skin depth less than 0-01 in is used the results obtained 
might well become erratic owing to surface irregularities and 
impurities and also to the effect of surface preparation for 
testing (e.g. grinding and polishing) upon the values of jz and p 
close to the surface. 


(3.3) Details of Probe Units 


Two probe units were employed, both of the form shown in 
Fig. 4. Details of the probes are given in Table 1, in which the 
probe factor has been calculated from eqn. (21). 

The initial relative permeability of the ferrite material used in 
the probe units was about 800. 


Table 1 


Dimensions 


Ferrite* type | Coil winding 


Probe factor 


turns 


210 
270 


S.W.g. 
32 
40 


1°6'< 10-6 
0-756 x 10-6 | 17-5 


FX1922 
FX1824 


* Ferroxcube material. 
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(3.4) Method of Measuring Probe-Coil Parameters 


Probe-coil impedance measurements were carried out using a 
Maxwell bridge with a Wagner earthing system and tuned 
detector over the frequency range 5-10kc/s. The overall sensi- 
tivity was such that the measured quantities could be deter- 
mined with a precision of 1 part in 5000. 

The peak flux density in the centre section of the probe was 
maintained at 1mWb/m?. This necessitated control of the 
voltage across the probe at each test frequency, which was 
effected by means of an amplifier and voltmeter. 


(3.5) Experimental Examination of the Relation between 
Probe-Coil Parameters and Electrical Surface Factor 


To verify the correctness of eqn. (20) the electrical surface 
factor was measured and compared with a value of wp obtained 
by steady flux measurements for four different steels, all 
unhardened. 

Bars 6 x 1 x 4in were cut from each type of steel, and one 
6 X lin surface was ground so that the undulation over the 
area seating a probe was significantly less than 0:001in; the 
grinding process was carried out slowly and with much coolant 
so that the surface layer would not be unduly heated or worked. 
Impedance measurements were carried out on these surfaces 
using the spring-loaded jig shown in Fig. 5, with probe unit 2, 


7 {Crown copyright 
Fig. 5.—The spring-loaded probe on a steel test surface. 


over the frequency range 5-10kc/s. With this arrangement, 
and by first cleaning the probe and test surfaces with a cleaning 
fluid to remove small particles, the impedance measurements 
were repeatable with a precision of 1 part in 103. 

It was found to be very important to maintain the most inti- 
mate contact between the ferrite core and the test surface; the 
air-gap (dimension C in Fig. 4) was purposely introduced to 
diminish the effects of any accidental air-gap between ferrite 
and steel caused by small particles of dirt. 

The equivalent circuit for the probe-coil impedance is shown 
in Fig. 6 and is discussed in Section 7.4. G,, was determined 
from the measured values of Z and R using the following 
procedure. Reference to Fig. 6(a) shows that R,, = R — R, 
and from Fig. 6(b), G,, = R,,/(R2, + w*L’). It was found 
necessary to make a small correction for the loss in the ferrite 
core and also to use a value of R, appropriate to the ambient 
temperature. Graphs of G,,, against 1/\/f are shown in Fig. 7 
for the four test steel bars. 

A rod 6 x + X din was then cut out of the centre of each 
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Fig. 6.—Equivalent circuits of the probe coil. 
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bar and used for determination of resistivity by the Kelvin 
double-bridge method, and of permeability by the solenoid and 
ballistic-galvanometer method; this permitted an evaluation of 
pp for steady-flux conditions. These results, together with 
electrical surface factors determined from the slopes of the 
graphs of Fig. 7, are given in Table 2. 


Table 2 


Probe 
measure- 
ment 


(ue) probe 


Steady flux measurements 
()probe 
(9) steady 


Steel type 
(2) (Ue) steady 


x 10-12 
17-8 
18-9 
20-0 
25-8 


x 10-12 
42-7 
50-9 
49-5 
60-8 


microhm-m 
0-268 
0-241 
0-273 
0-168 


It can be seen from Fig. 7 that the relation between G,,, and 
1/,/f is linear, thus verifying the form of eqn. (20). Table 2 
shows that the same value of yp is not obtained in the steady-flux 
and probe measurements, but that there is a fixed ratio between 
the two values. This may be accounted for as follows: 


(a) Eqn. (20) is based on a flux distribution which is never 
exactly achieved in practice; it is not an exact equation. 

(b) The steady-flux measurement of up gives an average for the 
whole material, whereas the probe measurement of wp gives a value 
for the surface ‘layer of the material; these values may differ. 

(c) In the steady-flux measurement of p the direction of flux is 
along the bar, but in the probe measurement the flux extends radially 
outwards in all directions from the centre of the bar; the value of wu 
may differ with direction. 


It is concluded that the electrical surface factor calculated from 
probe measurements by means of eqn. (20) is an effective value 
which is a function of the electrical and magnetic surface 
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properties of the test steel and can therefore be related to 
depth of surface hardness, as discussed in Section 3.1. 


(3.6) Electrical Surface Factors of Surface-Hardened Steels 

The specimens tested were of two types: 

(a) Type V9D* in billets 9in diameter, 4in thick (tested with 
probe 1). 


lin (tested with probe 2). 

Three specimens of each type were flame-hardened to depths » 
of 0-05, 0-1 and 0-15in; in the case of the EN19 steel, : 
sets of test blocks were obtained from three different forgings. 

The depth. of hardness was verified by means of Vickers | 
diamond hardness readings taken below the hardened surface | 
some distance within the specimen; this necessitated cutting off 
a section of the block. “Probe-type measurements were then’ | 
made on the hardened and unhardened faces of each specimen 
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Fig. 8.—Variation of electrical surface factor with depth of 
hardened layer for several types of steel. 


Table 3 


Electrical surface factor 
Depth of 
hardened layer 


Forging 2 Forging 3 


Forging 1 


in * 10-12 % 10-12 
Unhardened 29-8 
36-1 
36°7 
46-1 — 


x 10-12 
30-1 29-2 
36-4 34-9 
3129 = 
47-0 


at frequencies of 8 and 10kc/s; from these measurements the ~ 
electrical surface factor was calculated. The overall results 
obtained are shown in Fig. 8 and the variation of electrical | 
surface factor for the three forgings of EN19 steel are shown — 
in Table 3. 


* For identification see Ministry of Supply steel specifications. 
+ For identification see B.S. 970. 
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OF MEASURING THE DEPTH OF SURFACE 


The results confirm the variation of the electrical surface 
ctor with depth of hardness and thus form the basis of a 
dssible comparative method of measuring this quantity. It 
ould be necessary for a given probe to have a calibration curve 
' the form shown in Fig. 8 for each type of steel; such a curve 
ould hold good for a given process, as stated in Section 3.1. 


(4) CONCLUSIONS 


Many non-destructive testing techniques of the eddy-current 
pe are empirical; an attempt has been made here to avoid this 
ature. 

The work covered by the paper is exploratory, and if the high- 
equency a.c. method is to be developed it is necessary for the 
lowing factors to be examined: 


(a) The variation of resistivity and permeability of steels with 
uenching temperature and severity of quench, and with depth 
slow the surface of a surface-hardened material; the possibility 
f ambiguity in the method may arise through wp having the 
ime value for different depths of hardness. 

(b) The behaviour of the relation between G,, and 1//f with 
robes of differing dimensions. 

(c) The development of probes of different shapes (e.g. 
J-shaped), possibly to deal with curved hardened surfaces. 


(5) ACKNOWLEDGMENT 


The authors wish to thank Professor J. E. Parton for facilities 
ranted in connection with this work at the University of 
lottingham. 

(6) REFERENCES 


|) ‘Ultrasonic Non-Destructive Measurement of Case Depth 
and Case Hardness’, Sperry Products Engineering Report 
TRO61. 

) UNTERWEISER, P. M.: ‘Electromagnetic Test Measures 
Effects of Shot Peening’, Iron Age, 5th June, 1958, p. 121. 

3) EsTuLIn, G. V.: ‘The Study of Transformations in Austenitic 
Alloys by the Magnetic Method’, Zavodskaya Labora- 
toriya, 1949, 15, p. 1262. 

{) Epwarps, C. A., and Norsury, A. L.: ‘Effect of Heat 
Treatment on the Electrical Resistivity of Chromium 
Steels’, Journal of the Iron and Steel Institute, 1920, 101, 
No. 1, p. 447. 

5) PowELL, R. W.: ‘The Effect of Quenching on the Thermal 
Conductivities and Electrical Resistivities of Steels’, ibid., 
1956, 184, p. 6. 

5) HADFIELD, D.: ‘Magnetic Measurement of Mechanical 
Hardness’, Proceedings I.E.E., Paper No. 1956 M, January, 

— 1954 (101, Part II, p. 529). 

7) LorD RAYLEIGH: ‘Investigation of Hysteresis Effects in 
Magnetic Materials’, Philosophical Magazine, 1887, 23, 
Doh: 

8) Lecc, V. E.: ‘Magnetic Measurements at Low Flux 
Densities’, Bell System Technical Journal, 1936, 15, p. 39. 

9) Betts, J. A.: ‘Investigation of Electrical Non-Destructive 
Methods of Measuring the Depth of Surface Hardness of 
Flame-Hardened Steel’, Ph.D. Thesis, University of 
Nottingham, 1958. 


(7) APPENDICES 


(7.1) Magnetic Flux Distribution in the Test Material 


Maxwell’s equations for a conducting medium where dis- 
ylacement current can be ignored take the form 
aB 


div B = 0, curl W = J, curl E = en 
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Also B= pH, J= cE 
Now curl curl H = grad div H — V?7H = ocurlE 
giving V-H = poe 
dt 
dB 

or WL Va ls EPL LS 

por (1) 
Fig. 4 shows the probe unit located ona flat steel surface. Owing 


to the relatively high permeability of the ferrite and steel 
materials, leakage flux is ignored. The flux is considered to 
leave the outer annulus of the cup-core, pass through the test 
steel and re-enter the centre limb of the cup-core. The flux in 
the steel is considered to be radial and tangential to the surface; 
the component of flux normal to the steel surface is assumed to 
be negligible by making the radial length of the flux path, 
rz — ry, very much greater than the depth of flux penetration. 
Using cylindrical co-ordinates in the manner shown, 


By = B, aa 0, B, are F,(r)F,(z) 


These conditions cannot be exactly achieved but may be 
approached adequately for experimental purposes. * 

Assuming a sinusoidal variation of flux with time, B = Be’, 
which defines a flux density Bcoswt, and B= jwB, which 
defines a quantity — wB sin wt. 


Thus, 
V7B = juowB = jk?B (2) 
where IK? = pow 
Now V2B can be ae thus: 
vB 2B 
vape | 2 (<2) +< ted 
2 r -=( oe ania ez Zz 
which reduces to 
1 OB? o2B 
V2B=1 r) 
1B Sp ee @) 


where /, is a unit vector in the r-direction. 
in terms of eqn. (2) gives 


Substituting for B, 


He 1 6 
FiF, + (Fi, + Fok; = jPF,P, 
(a 

ot Rar F, © 


The left-hand side of this equation is a function of r only, 
and the right-hand side is a function of z only; for this equality 
to hold for all values of r and z both sides must equal a 
constant, 772. 


Thus, Vee Fi — mF, = 0 (5) 
and Fy + (mm — jk2)Fy = (6) 
The solutions to eqns. (5) and (6) are 
F, = A’'Ig(mr) + C’Ko(mr). (7) 
and 
F, = A” exp [—+/(ik? — m?)z] + C” exp [\/Cik* — m*)z] (8) 


Since B, decreases with an increase in either z or r, A’ = 
C”’=0. Fora given value of z, it is evident from the idealized 
flux distribution assumed that B, must vary inversely with r; 
further, if m is then unity, m* < k* for the frequencies used in 
this work. 
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The approximate forms of eqns. (7) and (8) to be used are 
therefore 


i _ F, = A" exp (—+/jkz) 
1 
The expression for B, is finally 
Ae f 
B, = —- exp (—v/jkz) eer) ee(S)) 


The flux, 5¢’, passing through an elemental cylindrical surface 
of radius r’, width 5z’ at a depth z’ below the test steel surface is 


mw 


bd’ = mba! exp (—+/jkz) = 2A” exp (—+/jkz’)6z’ 


The total flux is then given by 

ey ie 
V ik 

Substituting for A’’ in terms of ©, eqn. (9) becomes 


OV jk exp (—Vijkz) 


2rr 


® = 277A” 
0 


Be (10) 


(7.2) Derivation of Expression for Eddy Current Loss in 
Test Material 


Reintroducing the time variable into eqn. (10), 


A 


B, = Vik exp (jt — Vike) (11) 
ae 
Now J= . curl B, wherecurlB=|0 0d 0 
E we 6 dz 
B. rBy Bz 
Since it is considered that By = B, = 0, the expression for 


curl B reduces to curl B = J,)B,/dz, whence the induced eddy 
currents, which are in the 6-direction, are given by 


6 (1 k is 
ines ° ( woe exp Gone exp ee 
1 Ok? kz 
ee 3 aes exp (— kz/+/2) cos (wt — v2 


+ jsin (wt vs ey 


The magnitude of Jp is the maximum value of the real part of 
this expression: 


Oa exp (—kz/4/2) 


Te = 
B bE 27r 


(12) 


Consider now an elemental disc of width 6r at a radius r and 
thickness 6z at a depth z: 


Resistance of elemental disc = 8 eae 
i 
R.M.S. current in elemental disc = Fass, 


/2 
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The average power loss in the elemental disc due to edd 
currents is 


éP, = @ 5rdz yee Pa = mrpJesr8z 


a @2 k* exp i 
p? 4zr —_poréz 


The total power loss due to eddy currents is 


2 14 
P, 5: {8 ep ya 


aa fone (? 2) fp 


(7.3) Derivation of Expression for Hysteresis Loss in 
Test Material 


Rayleigh’s relation’ for the hysteresis loop at low flux 
levels is 


= (uw + eA) +a/2(A? 
and the area of the loop is given by 


3 3 
f RRR 27) ae 
3 3f3 


Eqn. (11) may be written in the form 


pO tik ee 


*~/Q)nr 
cos (wr — 5 ] 


The flux density at any time ¢ is given by the real part of the 


expression 
bi 7/4) 


pees H’) 


= 4) 4 jsin (wt 


By Ras 


a —kz 
Sr ARB 00 (7) cos (wt Se 


The amplitude of B, is then 


®k exp (=) 


2ar 


Bae (16) 


The hysteresis loss in an elemental disc of width 6r at a radius r 
and thickness 6z at a depth z is 


@3ak3 exp (=S)r 
OE eee | 
3p nr 


The total power loss due to hysteresis is then 
351-3 
i dr @rak eu Batt emm (y)h 
Mf Mons 


ny hr 
a 32/2 ae 1) f2 


SP, = 2mrdrdzf f HdB 


Fig ate 
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14) Relation between Probe-Coil Parameters and the Electrical 
and Magnetic Properties of the Steel Test Piece 


| The equivalent circuit of the probe coil shown in Fig. 6(a) is 
jade up of a series resistance R and inductance L. Assuming 
\e power loss in the ferrite to be negligible, R may be split 
‘to R,,, a resistance representing the loss in the steel test 
laterial, and R, the a.c. resistance of the coil winding. R,, and 
may be converted to an equivalent shunt form, shown in 
ig. 6(5), the loss resistance being split into R, and R, repre- 


mting the eddy-current and hysteresis loss respectively. If the 
ditage across this circuit is V, 

V = 4-44fN® (18) 
od Pry V-G,. (19) 
there a= L/Ro + 1/R, 


ubstitution for P,, P, and V in eqn. (19), using eqns. (13), 
(7) and (18), yields 
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bY to og, (Area 
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V (Hp) 
2/2 2 OOM 1 1 A. 
3 kt WA WOR ES He 2 
rence 7 NOY G 
b 1 
or Gn = SO 20 
V(up) Vf 0) 
The probe factor is 
Vm 
[pe > x 4-442N2 log. (r2/r1) . (21) 
On a2 aol 1 
ang b= TaN? On B site rae) oe 


Thus, an experimental determination of G,,, over a range of 
frequencies at constant value of @ leads to a knowledge of the 
quantity pp if b is known. 
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PERTURBATION THEORY OF RESONANT CAVITIES 
By R. A. WALDRON, M.A., A.Inst.P. 


(The paper was first received 22nd July, and in revised form 11th Fr eon 1959. It was published as an INSTITUTION MONOGRAPH 
in April, 1960 


SUMMARY 


A detailed derivation is given of the perturbation formula for the 
frequency shift on introducing a sample of ferrite or dielectric material 
into a resonant cavity. The purpose of this is to make clear what 
assumptions are involved in the derivation; it is necessary to appre- 
ciate what these assumptions are in order to design accurate 
experiments. 


(1) INTRODUCTION 


When a small piece of ferrite or dielectric material is 
introduced into a resonant cavity the frequency of resonance 
is changed by a small amount and the selectivity of the cavity 
is lowered. These effects are commonly used in the measure- 
ment of the properties of the sample; the relation between the 
changes in frequency and selectivity and the properties can be 
derived by perturbation theory and the derivation has been 
given by several authors. The earliest treatments were given 
by Bethe and Schwinger,! Kahan? and Slater,? the perturbation 
considered being a small deformation of the boundary surface 
of the cavity. Casimir* has applied the theory to this case and 
also to the case of a small body introduced into the cavity. 
The latter case is applicable to the measurement of dielectric 
constants of small samples of material at microwave frequencies. 
The present author® has modified Casimir’s treatment to allow of 
its application to anisotropic magnetic samples, namely ferrites. 
In all these treatments the aim has been to obtain a formula 
relating the frequency shift to the magnitude of the deformation, 
e.g. to the dielectric constant of a test sample. It is implicit in 
References 1 to 4 and explicit in Reference 5 that, by taking the 
frequency shift to be complex, the imaginary part as well as the 
real part of the property of the sample under test can be 
measured. 

The relation between frequency shift and deformation obtained 
in the above treatments is now well known, but none of the 
treatments mentioned above, nor any other known to the author, 
gives the derivation in great detail, so that the assumptions on 
which it depends are not so well known. It is, in fact, more 
accurate than is sometimes thought, but to make full use of this 
accuracy in measurements on a specimen it is necessary to choose 
the specimen shape with some care. The purpose of this paper 
is to give the derivation of the perturbation: formula in detail 
so as to demonstrate the approximations made, and the absence 
of others that are sometimes thought to have been made. The 
circumstances under which the formula may be applied will then 
be discussed. 


(2) DERIVATION OF THE PERTURBATION FORMULA 
In the unperturbed state, i.e. in the empty cavity, oscillating 


in one only of its normal modes, let the electric and magnetic 
fields in the cavity be 
i Eei°t \ 


H= Hoes“ () 
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where Ey and H are functions of position. The field configura 
tions are independent of the field magnitudes, always supposin 
that in normal working these will not be so large as to cau: 
dielectric breakdown in the cavity or appreciable heating of th 
walls by induced currents. On introducing a small ferrite 
dielectric sample into the-cavity, the fields and resonance fre 
quency are modified-so that we now have 


E= (Ep a2 E,jei@tsoot } 


a, (A ak Heit dort 0) 
a 

where it is supposed that the fields in the perturbed case can 
represented as the sums of the unperturbed fields, Eo, Ho, ani 
additional fields, E,, H, with a frequency change dw. It will 
later be necessary to stipulate that dw < w and that over most 
of the cavity volume EZ, and H, are small compared with Eg 
and Hp. It is convenient to make these assumptions at the 
present stage. It should be noted that it is not required tha: 
E, and H, should be small compared with Ey and Hp in the 
neighbourhood of the sample. (In this paper, the neighbour- 
hood of the sample will be taken to include the region occupied 
by the sample itself.) | 

Ey and MH in eqn. (2) will, in practice, not necessarily 
identical with Ey and Hp in eqn. (1). The significance of £, 
and Hp in eqn. (2) is that they have the same configuration as 
in eqn. (1) and that they comprise all fields that are expressible 
as the empty-cavity mode in question. E, and H, may be 
regarded as a Fourier sum over all modes except this one, to 
give the actual field in the cavity. The quantity that is to be 
measured is the complex frequency shift; this is independent of 
the amplitudes of oscillation in the perturbed and unperturbed 
cases, so that, for theoretical purposes, Ey and Hy of eqn. (1) 
may be regarded as multiplied by some scale factor to make them 
equal to Ey and Hy of eqn. (2). The requirement that FE, and Hy; 
are small compared with Ey and Hy may then be expressed as 
the requirement that the field configurations are only slightly 
distorted, except in the neighbourhood of the sample. This is 
equivalent to requiring dw to be small compared with w. It is 
not necessary to stipulate that the energy stored in the sample is 
small compared with that in the empty cavity, as is sometimes 
thought. It is sufficient to stipulate that it is a small fraction of 
the total energy in the cavity in the perturbed condition. This 
point was first made by Spencer, LeCraw, and Ault.® 

Substituting from eqns. (1) and (2), in turn, into the Maxwell 
equation 


oB 
cut B Ske » 9) 8) 
we obtain curl Ey = — ~~ = — jwBy 
and curl (Ey + E,) = —j(w + dw)(By + By) 
Subtracting, 
curl E; = — j[wB, + da(Bo + B;)] F (4) 
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imilarly, using the Maxwell equation 


ID 
curl H = =i (5) 
ye find that curl H, = j[wD, + Sw + D))] (6) 


forming the scalar product of Hp with eqn. (4) and of Ep with 
ign. (6) and adding, we obtain 


0 Cl curl A, + Ay . curl E => jo[Eo A D, = HA ‘. B,| 


+ jda[(Ep . Dp — Ho. Bo) + (Eo. Dy — Hy - B;)| (7) 
Jere, Bo = Lolo Do = «o£ 
| By= po, Di = ek, } ' be 
putside the sample and 
D, = €¢,(Eo + E\) — Eo] (9) 


nside the sample. If the sample is of a magnetically isotropic 
naterial, 


By = pole, (Ho + Ay) — Ao] (10) 
while if it is a gyromagnetic material, 
By = pollv,|o + Hy) — Ho} (11) 


nside the sample. ¢, is the relative permittivity or dielectric 
constant of the sample; pu, is the relative permeability of an 
sotropic magnetic sample, while [j,] is the well-known tensor 
elative permeability of a ferrite. € and jg are the permittivity 
ind permeability of free space. 

We now use the vector identity 


liv [(Ho x E,) + (Eo X A] = E,. curl Hyp — Ay. curl E, 

+ HM, .curl Ey — Ey. curl A, 
vhich, by virtue of eqns. (3) and (5), may be written 
dq). curl E, + Eo. curl WH, = jw(E,. Do — Ay. Bo) 

— div [(Ho x E,) + (Ep x H,)] 
substituting this into the left-hand side of eqn. (7), we obtain 
w(E, . Dy — Hy. By) — div [(Hy x E,) + (Ey x Hy] 

= jo(Eo. D, — Hy. By) + jSa[(Ep. Dy — Ho. Bp) 
+ (Ey. D, — Hy. B,)| (12) 


et Vo be the volume of the cavity and V, the volume of the 
ample. Thus Vp — V, is the part of the cavity not occupied 
yy the sample. Integrate eqn. (12) over the volume Vp: 


io ||| (Ey. Do ~ Hh. Bodv 


iis f J J div [(Hy x E,) + (Ey x H)]dv 
ies IJ eo .D, — Ho. B,)dV 


+ jdw JJJ fe Diz eR) 


Ste, Dy Hy. Bld... (13) 


In the region Vy — V;, eqns. (8) apply, and the contribution 
rom this region to the first integral on the left-hand side of 
qn. (13) is identical with that to the first integral on the right- 
1and side. Thus we only require the contributions to these 
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integrals from the region V;. For the divergence integral we 


have, by Green’s theorem, 
I div (Hp x E, + Eo x H,)dV 
Vo 
= | J Go x E, + Ep X Hy). ndS 
So 


where Sy is the surface of the cavity and n is a unit vector normal 
to the element dS of Sp. To the extent to which the cavity walls 
may be regarded as perfectly conducting, Hy) x E, and Ey x A, 
are tangential to the walls, and their scalar product with n is 
zero. Thus the divergence integral vanishes. 

So far, to the extent to which the cavity may be regarded as 
having perfectly conducting walls (infinite selectivity), the treat- 
ment is exact. The assumption that dw is much smaller than 
qw has been pointed out, but no step has been taken which 
depends on this assumption. We now make our first approxi- 
mation, which depends on the smallness of dw, namely to 
neglect D, and B, in comparison with Do and Bo in the second 
integral on the right-hand side of eqn. (13). This is justified, 
except in the neighbourhood of the sample, by the fact that, 
when dw < w, E; and H, are small compared with EZ) and 
Do, bearing in mind also eqn. (8). In the neighbourhood of the 
sample, the contribution to the integral will be small, provided 
that the perturbed fields do not depart by more than, say, an 
order of magnitude from their unperturbed values. This 
approximation becomes the more accurate the smaller V;, and 
as V, is made smaller the amount by which the perturbed fields 
may depart from their unperturbed values, without reducing 
accuracy, increases. Eqn. (13) now becomes 


jw J il (E Dp — Hy . Bo)dV 
a fi] (Eo. Di — Hy. B)aV 


+ jSe | {] (Eq. Dy — Ho. Ba)aV 


gy SJ ffee-Po — Ho. Di) — hr. By — Ho. BAY 
Lent If (Eq. Dp — Ho. Bo)dV 


(14) 


which is the required formula for the frequency shift. An 
analogous formula is frequently quoted with a plus sign in the 
denominator. This is because, with the definitions of Ey and 
Hp given by eqn. (1), Ey and Do both contain a phase factor j 
if the cavity is oscillating in an H mode, or Hp and By both 
contain a factor j in the case of an E mode. Thus Ep. Do and 
—Hh . By both have the same sign. Where a plus sign appears 
in the denominator, the factors j have been rendered explicitly. 


(3) DISCUSSION 


It is clear from the derivation given in Section 2 that the only 
condition necessary for eqn. (14) to hold is that w/w be small. 
If the equation is to be of any value, however, it must be possible 
to evaluate the right-hand side. By virtue of eqns. (8), (9), (10) 
and (11), only the fields need be considered; the inductions are 
readily obtained from the fields if these are known. Ep and Ho 
present no difficulty, since they are well known for cavities of 
simple shape. 

E, and H, can be calculated under certain circumstances. If 
the sample is in the form of a special case of the general triaxial 
ellipsoid and if the microwave field in the cavity at the position 


274 


of the sample is, in the absence of the sample, sensibly uniform 
over a volume large compared with that of the sample, the 
calculation can be made with an accuracy approaching exactness 
as the volume of the sample approaches zero. This situation 
usually obtains in practice; sample shapes commonly used are 
the sphere and the rod of circular section. The former is an 
ellipsoid with all three axes equal; the latter appears as an 
ellipsoid with two equal finite axes and one infinite axis, if the 
ends of the rod fit flush with the cavity, by virtue of the reflections 
in the end-faces. The sample is placed at a position of zero 
electric field for a measurement of permeability, or of zero 
magnetic field for a measurement of permittivity. When one 
field is zero, the other is a maximum and so may be taken as 
uniform over a limited range. 

The calculation of E, and Hy, requires that the sample be 
placed in such a position in the cavity that the modifications it 
produces in the fields are not influenced by reflection effects in 
the cavity walls. Attention has been drawn to this point by 
Spencer, LeCraw, and Reggia.’ This source of error is avoided 
if the specimen is kept well away from curved walls, or if curved 
specimen surfaces are only allowed to come near a plane cavity 
wall if they intersect orthogonally. Thus a spherical specimen 
must always be placed well away from cavity walls, while a 
rod-shaped specimen may be placed with its axis normal to 
plane walls, the ends fitting flush against the walls. If the rod is 
shorter than the cavity, it must be much shorter, so that the 
ends of the rod are not near the walls. A hemispherical speci- 
men could be placed with its plane surface in contact with a 
plane wall, although this case is not likely to be of practical 
interest. 

Sometimes a specimen is used in the form of a disc,® but in 
this case it is not possible to evaluate EZ, and Hy accurately. 
The approximation is made that the internal field in the disc is 
the same as the field, parallel to the plane surfaces of the disc, 
which exists in the cavity in the absence of the disc. This is 
true if the disc is a special case of an ellipsoid, i.e. if the ratio of 
thickness to diameter is zero, but this case is of no practical 
interest. Discs used in practice have values of this ratio of the 
order of 0-2 or more, and the approximation under these con- 
ditions is not very close. 

It is not possible to discuss errors quantitatively in a general 
treatment, although, if necessary, they could be assessed in a 
particular case. However, provided that the precautions are 
taken that are described in the paper, eqn. (14) will hold to a 
greater degree of accuracy than is likely to be attainable 
practically. In this respect it should be noted that the fact that 
the field in the neighbourhood of the specimen is considerably 
different from the unperturbed field does not detract from the 
accuracy of eqn. (14), provided that the sample shape is suitably 
chosen and that the sample is suitably positioned in the cavity. 
Seidel and Boyet? have stated: : 

In any particular geometrical and modal situation . . . the assump- 


tion in the perturbation theory is that electric and magnetic fields 
just outside the sample are their (known) empty cavity values. 


If this were true, the accuracy of the perturbation formula 
would not be high, and it would be justifiable to work to a low 
standard of accuracy. The assumption has not been made, 
however, in deriving eqn. (14), and if ellipsoidal samples are 
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used, it need not be made. The assumption is made for disc 
samples, and renders results of measurements on such samples of 
doubtful accuracy. é 

A final point bearing on accuracy is the value of the quantify 
being measured. Usually this will not depart greatly from 
value of that property for free space. This may not be the case | 
for a ferrite at ferromagnetic resonance, when the fraction of 
the cavity energy stored in the specimen may become quite 
large.!° Care is needed, therefore, in dealing with this case; 
however, as long as the sample is sufficiently small, so that‘ 
w/w remains small, eqn. (14) is still applicable. 2 


(4) CONCLUSION 

The frequency-shift formula, eqn. (14), is valid to a high deg 
of accuracy and the limitations on accuracy obtained in 
experiment will be imposed by the apparatus used. Thus, an 
improvement in technique can be expected to give an improve- 
ment in the accuracy of results. The high accuracy of thal 
perturbation formula will only be realized if the specimen shape 
is suitably chosen and if the specimen is suitably placed in this 
cavity. | 
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SUMMARY 

A derivation is given of the properties of the principal minors of 
“tuccessive orders of the nodal determinant of a lumped linear RC 
‘aetwork, with particular reference to the question of multiple Zeros 
ibe | the various minors. The remainder of the paper is devoted to 
the study of a certain continued-fraction expansion which is shown 
to be of particular use in connection with 2-terminal RC networks, 
stability and related problems; new canonical forms for a Hurwitz 
polynomial are derived with its aid. Determinantal expressions for the 
continued-fraction coefficients are used to obtain some new forms of 
i* stability criteria. 


(1) INTRODUCTION 


The basic properties of a 2-terminal RC network were first 
demonstrated by Cauer! in 1926 by means of an analysis based 
on the energy functions of the network. Cauer showed, by 
investigating certain continued-fraction expansions, that two 
ladder realizations with the minimum number of elements were 
always possible, and further showed how these results for 
2-terminal RC networks could be applied to 2-terminal LC and 
RL networks. Earlier, in 1924, Foster? had given two realiza- 
tions for 2-terminal reactance networks using partial-fraction 
methods, which were applied by Cauer for the realization of 
the corresponding RC and RL cases. 

Foster did not give a proof from first principles but based his 
argument on the solution of the analogous dynamical problem 
of small oscillations given by Routh. (Routh had earlier 
included these results in his Adams Prize Essay> of 1877.) It is 
interesting to note that a basic method, somewhat different from 
Routh’s, by which the properties of 2-element-kind 2-terminal 
networks can be obtained, was given by Sylvester® in 1853. In 
the language of RC networks and nodal determinants Sylvester 
showed that the zeros of A,, were real and interlaced the real 
zeros of A provided that a series of determinants of the network 
capacitances were all positive. It requires to be shown that if, in 
addition, a series of determinants of the network conductances 
are all positive, and both series of determinants are positive for 
positive network elements, then the zeros of A,; are real and 
negative and interlace the real and negative zeros of A. This 
is shown in Section 2 of the present paper. 

The remainder of the paper is concerned with the theory of a 
sertain continued fraction which is shown always to provide a 
realization of a 2-terminal RC network with the minimum 
number of elements. Some of the numerical examples given 
by Vowels? can be thought of as examples of the continued- 
raction expansion considered here and the present paper as 
sroviding the relevant theory. A number of other applications 
of this continued-fraction expansion are also given in Sec- 
ions 3 and 4. 
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(2) NODAL DETERMINANTS OF RC NETWORKS 


(2.1) Preliminary Discussion 


The usual method of deriving the basic properties of RC 
networks falls into two sections. First, a consideration of the 
energy functions associated with the network leads to the con- 
clusion that two quadratic forms must be positive definite and 
thence, the relevant algebra of quadratic forms being assumed 
known, to the conclusion that certain sequences of determinants 
of the network capacitances and conductances must be positive. 
Secondly, use is made of this to derive the basic properties of 
RC networks by analogy with the corresponding case in dynamics 
given by Routh.* > 

The purpose of this Section is to provide an alternative and, 
it is thought, simpler derivation of these results, which again 
falls into two parts. First, the positiveness of the above- 
mentioned determinants is shown to be obtained easily by 
considering driving-point admittances of two networks, in one 
of which all the original network capacitances have been removed 
and in the other all the network conductances; the argument is 
also extended to the case corresponding to the above-mentioned 
quadratic forms being positive semidefinite rather than positive 
definite. Secondly, the properties of the zeros of the nodal 
determinant and of its minors are obtained by making use of a 
mathematical method given by Sylvester® in 1853. With this 
method the properties of a third-order nodal determinant are 
obtained from evident properties of second- and first-order 
nodal determinants, then the properties of a fourth-order nodal 
determinant are obtained from those of third and second orders 
and so on. This method differs somewhat from Routh’s,* > 
which was based on a consideration of sign changes along the 
set of determinants considered as a whole, as in the argument 
used in the proof of Sturm’s theorem.’ It is interesting to note 
that the converse form of Sylvester’s argument was used by 
Cauer! in 1926 in connection with the theory of the continued- 
fraction expansion of the driving-point impedance functions of 
RC networks. 


(2.2) Derivation of Properties of Nodal Determinants of RC 
Networks 


The general expression for the nodal determinant, A, of an 
RC network is 


Gy, + pCyy —Gy2 — PCi2 —Ginie POtr 
—Gy2 — PCyz_ = Gan + PCa? . —Go, — pC, 
(NGsoe | Pare ee) YR Lerche. SN # Sipe ead 6 I) 
Gr aa PCin ASp 7 PCr, Gr a PCin 


where p (=jw) is the complex frequency; only real values of p 
will be involved in the arguments to follow. All the network 
elements are either positive or zero. 
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Now write 
Grp Gt Gis" as eee Ct, 
—Gy Gog — Go3 - ss — Gy, 
7a ae ae SID Sr Neate as (2) 
Gi as Gon =e Gn * C . Grn 
PCy SiC ig. =P Og i eh Ce 
Hey Sry Sy a 3) 3 SING ayp 
ERY Vea’) VANS ocean apiece ek eae Sie atria baat ice Mein Sa US (3) 
—PCin —pC rn, —pC3n, . . . DG 


A’ would be the network nodal determinant if all the capaci- 
tances were removed, and A” would be the network nodal 
determinant if all the conductances were removed. Further, 
let A; be written for the determinant of order i obtained from 
A by striking out the @ + 1)th to mth rows and columns, and let 
A, equal A. Let Aj and Aj’ be defined similarly. 

Consider the possible range of values for Aj. The ratio 
A;/Aj_; is the conductance seen looking into the network, with 
all the capacitances removed, between the ith node and earth 
when nodes i+ 1,i+2,...n are short-circuited to earth.* 
It is evident physically, since the network contains only non- 
negative resistances, that A;/A;_, must be non-negative for all i. 
Thus, it A,/A;- is*positive for all’7, Alvar os AG 
must all have the same sign. But as A; (=G;,) cannot be 
negative, Aj, A3,... A,_,, Aj; must all be positive. Suppose 
now that a certain ratio Aj;/A;_; is zero. Then A; must be 
zero since Aj_, cannot be infinite. But as none of the ratios 
AieilA;, AtsolAias, .-- Ag/Aj;_, can be infinite Aj.,, Aj.>, 

.. A,_,, A, must all be zero. Thus the determinants 


ING) NSS Na ee ened on ae Trea 
must all be positive and the determinants 
AGA fay eA REI, Oe HS) 


must all be zero, where i can here have any value from 1 ton + 1. 
[Of course, if i = 1 there are no terms in sequence (4) and if 
i =n + | there are no terms in sequence (5).] 

Corresponding results are obtained in the same way for the 
sign of Aj for positive p. Thust A;, a polynomial in p of 
degree i, having the values Aj at p = 0 and Aj at p = + ©, 
is positive at the origin, positive at p = + 00 and either positive 
or negative at p = — 0O according as i is even or odd, respec- 
tively. In particular, A;, A,, A;, . . . are linear, quadratic, 
cubic, . . . polynomials that are all positive at the origin and 
having signs —, +, —,...atp = — ©, respectively. 

Since A is symmetrical, we can write® 


AA i122 = AysA,, — A}, 3), Le ations eat (0) 


and, therefore, at a zero of Aj, the product AAj, will be 
negative, unless the zero of Aj, is also a zero of Aj», in which 
case the product AAj,,, will vanish. Assuming that A,, and 
Aj2 have no common zeros, A and Aj,;5, have opposite signs 
at zeros of A,;. Similarly, and subject to corresponding assump- 
tions regarding common zeros, A, and A,,_» have opposite signs 
at zeros of A,_,, and A;,,; and A;_, have opposite signs at 
zeros of A. ‘for t= 2, 35... —al. 


* This follows by letting Gi+1,i+1, Gi+2, i+2,---Gnn tend to infinity in the complete 
expression for the conductance between the ith node and earth. 


+ It is assumed here that AY is not zero and that Aj’ is zero only when p = 0. 


The general form of the functions A; can now be obtained by |" 
the following argument; it will be assumed initially that no A E 
is zero, and no Aj is zero except when p = 0. 


Ay = Gy + pCi e ° <= ° . . . . = 
Gyy + PCy, —Gy2 — PCi2 
and pA 
—Giz—PCyg = Gan + PCr? 
= (Gy, + pCy)(Go2 + PCy) — (Gn + PCr? 
Therefore A, has one negative real zero at p = — Gy,/Cy, is 
positive at p = 0 and negative at p = — ©, and A, is positive 
at p = — © and p = 0 but negative at the zero of A,;. Hence 


the two zeros of A, are real and negative and lie either side of 
the zero of A,. Since A;-and A, have opposite signs at zer 
of A, it follows that A3, which is negative at p = — 00, 
positive at the more negative zero of A,, negative at the more | 
positive zero of A, and positive atp =0. Therefore, the three 
zeros of A, are real and negative and are interlaced by the zer 
of A;.* By continually repeating the argument (or, more | 
formally, by induction) it is evident that the zeros of A, are 
real and negative and are interlaced by the zeros of A;_, and 
finally that the zeros of A and Aj, are real and negative with | 
the zeros of A,, interlacing those of A. 
Suppose now that Aj_, is not zero for p #0 but that Ay 
vanishes. Then A,,; will be a polynomial of order i, not i + 1. 
However, the argument that A;., and A;_, have opposite signs 
at zeros of A; may still be invoked, leading again to the conclu- | 
sion that the zeros of A;,, are real and interlace the zeros of | 
A,;, but with the proviso that it is a zero of A;,; that is the most | 
positive. If Aj vanishes but Aj_,; does not then again the — 
interlacing property will be maintained with A, (and also — 
Ajy+1» Aj42, - - - An) passing through the origin. P 
The above argument, based on the fact that the product 
A;_1A;1 is negative at zeros of A,, inevitably leads to the result” 
that the zeros of A (and similarly A,,, A;;9, etc.) are all simple, — 
since the number of distinct zeros of each A; was in each case 3 
equal to the order of the polynomial, and no common zeros — 
can exist between any two consecutive polynomials A; and Ani 
Multiple zeros in the various polynomials A; and common zeros 
between two consecutive polynomials A; and A; can occur only 
if, for some values of i, the product A;_,A;,, vanishes at one or ~ 
more zeros of A;, From eqn. (6) it is seen that the condition for 
the product AAj,5, to vanish at a zero of Aj, is that the zero in © 
question should also be a zero of A,. In general, the product 
A,_1A;+1 will be zero at one or more zeros of A; if the principal 
minor A; and the appropriate non-principal minor have common — 
zeros. Permissible zero patterns for A, A,,, Aj12, etc., with © 
multiple zeros can be derived by coalescing the appropriate num- 
ber of adjacent zeros in the allowable patterns for simple zeros ; 
obtained above. Thus, for example, at the value of p at which A — 
has a third-order zero, A,,; must also have a multiple-order zero. 
Since three adjacent first-order zeros of A must enclose at least . 
two first-order zeros of A,, it must be at least a zero of the © 
second order; but its order cannot be greater than four, since ~ 
four adjacent zeros of A,, must enclose three zeros of A. Thus 
the ratio A/A,, can have only simple poles and zeros even when 
A and/or A,, have zeros of multiple order. Hence, after 
dividing out any common factors, the function A/A,, is of 
exactly the same general type as was the function A/A,, when 
all the zeros of both A and Aj, were simple. With reference 
to the sequence of polynomials A,, it is interesting to note that 
it is possible for a multiple-order zero to occur at a certain 


oe 


* The argument is easier to follow with the aid of rough graphs of possible linear, 
quadratic and cubic curves for A;, Az and A3, respectively. 


falue of i, the order of the zero at first to increase with i and 
hen to decrease and the zero eventually becoming eliminated 
vith increasing i. 

Summarizing: the driving-point-impedance function of a 
2-terminal RC network must be positive at infinity and must 
|aave simple real poles and zeros that alternate along the negative 
real axis of the complex-frequency plane, the most positive 
‘lcritical frequency being a pole. This pole can occur at the 
origin, as a limiting case, and the number of poles must be 
equal to or one greater than the number of zeros. 


(3) A CONTINUED-FRACTION EXPANSION AND SOME 
APPLICATIONS 


(3.1) Continued-Fraction Expansion 


_ Theorem 1, 

If P and Q are polynomials in p of degree m — 1 and a, 
respectively, and if the zeros of P and Q are all simple and 
| negative, with the zeros of P interlacing those of Q and the 
| polynomials P and Q have the same sign at either zero or 
infinity, then, in the continued-fraction expansion 


P 1 

| CS Cet cmmnTER Sem! | (9) 
| ap + by + a i 

: CRN 

| 217 +t ap +b + 

| Qe ON = Ao ay. tt 

| Dey i eh 2o ont od 


In the continued-fraction expansion of eqn. (9) a,p is the 
quotient of the highest powers in Q and P and 3, is the quotient 
of the lowest powers. Similarly for b, and a,/p, etc. For n 
even the final quotient takes the form 5, + a,/p and for n odd 
the form a,p + b,. 
A proof of the theorem follows immediately by considering 
‘the process of deriving the continued fraction of eqn. (9) as 
equivalent to the alternate expansion, to the extent of one term 
only, by first one and then the other Cauer-type continued 
fraction.! 


(3.2) Application to Realization of 2-Terminal RC Networks 

If the ratio P/Q is regarded as a driving-point impedance, 
eqn. (9) immediately provides a realization in the form of a 
ladder structure, as shown in Fig. 1 for the case n = 4. 


by t/a, 


by t/a, 


Fig. 1.—Realization of 2-terminal RC network by the 
continued-fraction expansion. 


Element values in ohms and farads. 


Comparison of the above conditions regarding the continued- 
fraction expansion with the necessary conditions for the driving- 
point impedance of an RC network derived in Section 2 shows 
that the normal form of such a driving-point function (i.e. there 
is no pole at the origin and the number of poles is one greater 


CUTTERIDGE: TWO-TERMINAL RC NETWORKS AND THEORETICALLY RELATED TOPICS 


277 


than the number of zeros) always has the expansion given by 
eqns. (9) and (10) and therefore always has the realization of 
the type shown in Fig. 1. If the most positive pole of the 
impedance is at the origin, the coefficient b, in eqn. (9) is zero 
and the first shunt resistance in Fig. 1 is omitted. If there are 
equal numbers of poles and zeros, the coefficient a, in eqn. (9) 
is zero and the first shunt capacitance in Fig. 1 is omitted; and 
if, in addition, the most positive pole of the impedance is at the 
origin then once again 5, is zero and the first shunt resistance in 
Fig. 1 also is omitted. 

The process of obtaining the continued-fraction expansion in 
eqn. (9) eliminates any algebraic factor common to P and Q 
and results in a realization containing the minimum number of 
elements. 


(3.3) Application as a Criterion for Stability 


By virtue of the well-known connection? between the criteria 
for the stability of linear systems and the criteria for the realiza- 
bility of 2-terminal RC networks,* the former follows imme- 
diately from the results of Section 3.2. 

Writing p? for p in eqn. (9), 


P(p*) 1 
oe 11) 
2 1 ( 
Q(p’) a,p? HDi date = 
Bae, 
aap Le Ae aE 
2 b 1 
or a Dp ye i : (12) 
bop ++ 5 
G3 Die ain 


The condition that P(p) and Q(p) shall have simple zeros inter- 
lacing on the negative real p-axis is equivalent to the zeros in 
p of P(p?) and Q(p?) interlacing on the positive imaginary and 
negative imaginary p-axest and therefore to Q(p) and pP(p) 
being the even and odd parts respectively of a Hurwitz poly- 
nomial of degree 2n, where the final coefficients in the continued 
fraction are a, and b,,. 

Similarly, the corresponding continued-fraction test for a 
polynomial of odd degree can be obtained from the result with 
a, ineqn. (9) equalto zero. An alternative form can be obtained 
in the following manner. If X/Y is a 2-terminal RC impedance 
having equal numbers of poles and zeros, we can write 


X iy 
ap +b, ee avs 


1 
b ae afk le 
pene ic aap e bae 


(13) 


with all the coefficients in the continued fraction positive; bo is 
the quotient of the two highest powers in X and Y. 


* The basis of this connection is that the poles and zeros of a 2-terminal RC 
network interlace on the negative real axis and the gas of the odd and even parts 
of a Hurwitz polynomial interlace on the imaginary a 

t This is easily seen by noting that a factor (p + @) i in P(p), for example, becomes 
(p2 + c2), ie. (p + jc)(p — jc), in P(p?). 
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Writing p? for p in eqn. (13), we have finally 


pX(p?) 1 
= phy + 
YR)? b 
(p*) ap - 


: (14) 


i 
bp +2 + 


b 
ap+—+ 
Pitre 


and the condition that X(p) and Y(p) shall have simple zeros 
interlacing on the negative real p-axis, with the most positive 
zero belonging to Y(p), is equivalent to pX(p) and Y(p?) being 
the odd and even parts respectively of a Hurwitz polynomial of 
degree 2” + 1, where the final coefficients in the continued 
fraction are a, and 6,,. 

The continued-fraction expansions (12) and (14) thus provide 
tests for the Hurwitz character of polynomials of even and odd 
degree respectively. In each case all coefficients in the con- 
tinued fraction must be positive and the continued fraction must 
not terminate prematurely. 


(3.4) Derivation of a Canonical Form for a Hurwitz 
Polynomial 

The continued-fraction tests (12) and (14) for a Hurwitz 
polynomial can be used to derive a canonical form for a Hurwitz 
polynomial as a determinant whose order is about half that of 
Bitickner’s!® form. 

Consider first a polynomial of even degree. Write the con- 
tinued fraction (12) as the ratio of two continuants;!! when 
multiplied by the appropriate power of p one of these can be 
considered as the even part and the other as the odd part of a 
certain polynomial. The new canonical form now follows on 
writing the sum of these two continuants as a single determinant. 
Thus, for the sixth-degree case, 


polynomials of odd degree can be derived. The expression for 
a S5th-degree Hurwitz polynomial is 


1 + pbo —1 0 
by 
1 ap+— —1 
p nee 
a 
0 1 bsp +— 
2P p 


with a1, A, bo; by, by > 0. 

The new canonical form for a Hurwitz polynomial can also 
be written as the product of continued fractions of the types 
shown in eqns. (12) and (14), the derivation being exactly 
analogous to that used in connection with another type of con- 
tinued fraction in a previous paper.!? 

Canonical forms for positive polynomials (polynomials which 
are positive for positive values of the variable) can also be © 
derived corresponding to each of the canonical forms for a ~ 
Hurwitz polynomial. 


(3.5) Determinantal Expressions for the Continued-Fraction 
Coefficients 


If, in eqn. (9), the polynomials P and Q are given by 
P=c,_,p"!+c,2p"7+...+epto ~ US) 7 
Q=d,p'+d,_p 3 t+...+dptdy . - Aq 


t 
the coefficients a, and 5; of the continued fraction can be written . 
in terms of determinants whose elements are the c; and d; above. — 
The expressions are more complicated than the corresponding 
ones for the Stieltjes-type continued fraction given by Bader,!> — 
and it is not proposed to give a complete derivation here. 


a,p aiet al! 0 
Pp 
Pp 1 byp += —1 
b 
b 1 0 1 a3p ey 
LiL as 15) 
ap + rs a Fa i a (15). 
bop + ri ae b bap + Pp ea 
a3p se P3 by 
1 G3) 4. 
3P ? 
b b 
ap+—+ -1 0 Let apace eel 0 
bap sis ra i 
and. iphl\jiid bop +2 ced olilite lps p , (=P 1 bp +2 —1 ||) ie 
: : Ps b 
0 1 ap +— 0 1 FP ei 
3P ? be Pp 


The expression on the right-hand side of eqn. (16) will be a 
Hurwitz polynomial for all positive values of the coefficients 
@, A>, 43, by, bz, b3; and conversely any 6th-degree Hurwitz 
polynomial can be expressed in this form. 

By similar reasoning the corresponding result for Hurwitz 


Instead, results are given for n = 5, from which the general 
pattern of the results is apparent and from which the results 
for other values of n can be easily inferred. The highest-order 
determinant involved is always of order 2n — 1 and the remain- 
ing determinants can be regarded as minors of this one. 


Writing A for the highest-order determinant when n = 5, we 
lhave 


Conic acy co” OFF O'O 
d; d, di dg O O 

Cam CoC) Co 0 110 

d, dz; d, d, dy O 
0 

dg 


Cp Cy & (20) 
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(22) 


C3Co 
C4 C3 0 
d; dy dp 


0 C4 Co 


2 
C4Co 


(23) 
A456789, 345789 


2 

Gees GA 
C4 Co 0 
ds d, dy 
0 Ci Co 


(24) 


A456789, 234789 


C4 C3 0 2 C4 Co 0 
ds ds, do ds a, do 


O c4 Co] |9 cy Co 
Ce ee 


25) 
4c 67809, 4589 : 


C4 Co 0 (2 
ds dy do 
0 Cy Co 


c4 €3 0 
ds dy do 
0 C4 Co 


bs = (26) 


c4céA6780, 3489 
2 2/2 
hes. c4coAé780, 458906789, 3489 
4 Tex €3 012 |e, cy 012 
ds dy do ds d, dy Ass, 59 
0 c4 co| |9 cy & 
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c4chA e789, 4589 Nb789, 3489 
C4 C3 0/2 |eq cg 0/2 
ds dy do| |ds d, do 
0 c4 Col 10 cy & 


a, = (28) 


Ags, 49 


Ca £3 0 |? C4 Co 0 |2 
ds dy do) |ds dy do 
Oe 65) 0) 1c) Co 


2 
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29) 
C4C5 Aenso, 4589 Né789, 34894 ¢ 
crac, 0)\*\le, cy 0 |2 

ds dy do| \ds dy do} Ago, 59 Ao, 49 


0 C4 Co 0 Cy Co} 


bs = (30) 


2 2 
508A 789, 458942780, 34804 


where Ago 5, for example, is the minor formed from A by 
omitting the 8th and 9th rows and Sth and 9th columns. 
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(3.6) Determinantal Forms of Criteria for Stability and Criteria 
for Realizability of 2-Terminal RC Networks 


The determinantal forms of both criteria follow by comparing 
the determinantal form of the continued-fraction coefficients, 
given in Section 3.5, with the continued-fraction form of the 
relevant criterion given in Section 3.2 for 2-terminal RC networks 
and Section 3.3 for stability. In each case the result so derived 
differs somewhat from results that have been given previously. 

Consider, for example, the derivation of a determinantal form 
of the stability criteria for the following polynomial of the 10th 
degree: 


Xp + op + ap? +... + agp® + ap? + app!® (31) 
Odd part of polynomial = pP(p*) = ap? 
+ a7p" + asp? + a3p3 + ap (32) 
Even part of polynomial = Q(p?) = a;9p!° 
+ agp® + agp® + apt + aap? + % (33) 


The criterion for stability is that the coefficients a; and 5; in 
the continued-fraction expansion of Q(p*)/pP(p”) [as in eqn. (12)] 
shall all be positive. Thus, comparing with eqns. (21)-(30), 


D, Dp, 49, Dao, 59, 2.6789, 34892 P6789, 4589> 


must all 

Peano) ita Moped have the (34) 
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whereD=!|0 O a a, Gs x3 a, 0 O (35) 

0 O ayo Hg M6 &4 Xp M% O 

0 0 O Gy a7 a& a3 aH O 

0 0 O ajo Hg X Hy HK XH 

0 0 0 0 Gy aH M5 H3 OY 


Eqns. (35) and (34) give necessary and sufficient conditions for 
the polynomial of eqn. (31) to have all its zeros confined to the 
left-half p-plane. D will be recognized as the penultimate 
Hurwitz determinant. The remaining determinants of (34) occur 
in pairs whose orders differ from that of D by successive multiples 
of two. These pairs of determinants are non-principal minors of 
D, unlike the remaining determinants of the Hurwitz set which 
are principal minors of the highest-order determinant in the set. 
Similar results follow for polynomials of other degrees. 


(4) FURTHER THEORY OF CONTINUED-FRACTION 
EXPANSION AND APPLICATIONS 

It is possible to extend the theory of the continued fraction 
of eqn. (9) beyond that given in Section 3.1. Thus, if P is a 
polynomial in p of degree n — 1 and Q is a polynomial in p of 
degree n, the necessary and sufficient conditions for P and Q 
to have the same sign at infinity and to have only simple real 
zeros with the zeros of P interlacing those of Q are that 


PAO Shes, Pon (36) 


Further, if all the zeros of Q are negative, then b; > 0; every 
negative b coefficient indicates a positive zero of Q. Evidently, 
if a; > 0, the condition b; > 0 can be replaced by the condition 
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that all the coefficients of the polynomial Q must have the same 
sign. [The notation is that used in eqn. (9).] Details of the 
derivation of these results are given in Section 7.1. 

Exactly as in Reference 12, this result can be used to replace 
half the determinants used in the determinantal formulation of 
the various criteria given in Section 3.6 by algebraically simpler 
conditions. Consider the stability criteria for a 10th-degree 
polynomial given in Section 3.6. For the coefficients a; of the 
continued-fraction expansion of Q(p?)/pP(p?) to be positive, 


Ww a 0 must all 
D, Dgo, 49, De789, 45895 |%10 %2 %o|, %9, %19 phave the (37) 
eee. same sign 


Combining this with the condition that all the coefficients of the 
polynomial Q(p*) must have the same sign, we have 


ag oaT 0 
D, Dgo, 49, Dez89, 45892 |%10 %2 %o}> Patil - m 
0 a @ ave the (38) 
same sign 


X19, Aq, Kg, HG, H4, X72, Ag 


as a form of the stability criteria simpler than that given in 
conditions (34). Conditions (38) are similar to those given by 
Fuller? and Gantmacher,'*: !5 the main point of difference being 
that here non-principal minors of the highest-order Hurwitz 
determinant are used. 


(5) CONCLUSIONS 


The derivation of the properties, as functions of the complex 
frequency, of principal minors of successive orders of the nodal 
determinant of a lumped linear RC network given in Section 2 
of the paper was based essentially on a mathematical method 
given by Sylvester in 1853. Particular attention has been given 
here to the question of multiple zeros of the various minors. 
These results give immediately the well-known properties of a 
driving-point impedance of a 2-terminal RC network, and similar 
results can be deduced for any 2-element-kind network. 

The remaining Sections give an account of the theory of a 
certain continued fraction and its relationship to these, and to 
the related problems of stability, etc., is shown. The use of this 
type of continued fraction as a test for stability or realizability 
gives, in the author’s opinion, a considerable reduction in the 
numerical working as compared with the use of a Stieltjes-type 
continued fraction. 

Expressions for the coefficients of the continued fraction are 
obtained in determinant form and are used to derive some new 
determinantal formulations of the stability criteria. New 
canonical forms for a Hurwitz polynomial are also given. 
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(7) APPENDICES 


(7.1) Further Theorems on a Continued Fraction 
Theorem 2. 


If P is a polynomial in p of degree n — 1 and Q is a poly- 
nornial in p of degree n, the necessary and sufficient conditions 
for P and Q to have the same sign at infinity and to have only 
simple real zeros with the zeros of P interlacing those of Q are 
that, in the continued-fraction expansion of eqn. (9), 


a0 FSR ee (39) 


A proof of this theorem can be obtained in a manner analogous 
to that of Theorem 1. Of the two basic results required one 
has been given in a previous paper,!* and the other can be 
developed either from this or otherwise. 


4th edition’ | 
3rd edition q 


‘Stability Criteria for Linear Systems and | 
Proceedings of 


‘The Stability Criteria for Lineal } 


: 


: ‘Further Theory of a Certain Con- — 


Alternatively, there is~ 


the following derivation, from first principles, which is quite | 


instructive.* 

The necessity of these conditions will first be shown. The 
first steps in the formation of the continued fraction of eqn. (9) 
can be written 


= (40) 
ap es 
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* Yet a further derivation is by the methods used in Reference 16. 
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hus, 
OE saipea Om we. =. «- 44 
Qi i 5,P = Q, . . . . . . (45) 
Be Bnei c . (46) 
P, ——- b,Q> = P, . . ° . . (47) 


fere Q is of degree n, Q, and P are of degree n — 1, Q, and P, 
f degree n — 1 each with a zero at the origin, and P, is of 
egree n — 2 with a zero at the origin. 

Since P and Q have the same sign at infinity, a; > 0 in eqn. (44). 
“now P and Q have the same numbers of positive zeros, they 
ave the same sign at the origin and b, > 0 in eqn. (45); other- 
‘ise Q has one more positive zero than P and b; <0. Consider 
ie latter case first. With the appropriate values for a, and b, 
1 eqns. (44) and (45), we have 


O10 Op atizeros OP. ee ee es (48) 


Q, has the opposite sign to P at positive zeros of Q (49) 
and Q, has the same sign as P at negative zeros of Q 


Q, has the same sign as P at all zerosofQ,; . . . (50) 


irom these, by the same arguments as were given in the previous 
aper, the following results are obtained: 


(a) The zeros of Q; are all real and alternate with those of P along 
the real p-axis. If a zero of Q; is the most positive, case (i), P and 
Q; have the same sign at infinity and Q; and Q have the same number 
of positive zeros. If, on the other hand, a zero of P is the most 
positive, case (ii), P and Q; have opposite signs at infinity and Q; 
has one less positive zero than Q. 

(b) The zeros of Q, are all real and alternate with the zeros of P 
along the real p-axis. For case (i), a zero of Q» is the most positive, 
P and Q> have the same sign at infinity, the slope of Q> has the 
same sign as P at the origin and Q> has one less positive zero than 
Q; and Q; thus a2 and b2 in eqns. (46) and (47) are both positive. 
For case (ii) there are two possibilities: either a zero of Q2 is the 
most positive, case (iii), P and Qz have the same sign at infinity, 
the slope of Q> has the same sign as P at the origin and the number 
of positive zeros of Qz and Q; are equal and one less than the number 
of positive zeros of Q; or a zero of P is the most positive, case (iv), 
P and Q> have opposite signs at infinity, the slope of Q> has 
the same sign as P at the origin and the number of positive 
zeros of Q> is one less than the corresponding number for Q; and 
two less than the number for Q. For case (iii), az and 2 in eqns. (46) 
and (47) are both positive, whereas for case (iv), a2 is positive and 
b> is negative. 2 


Thus, as the final results for cases (i) and (iii) are the same, 
mly two cases need to be considered in the next portion of the 
inalysis, namely (i) and (iv). In each case, ay in eqn. (46) will 
e positive, and if Q, has two less positive zeros than Q, then 
90th b; of eqn. (45) and b, of eqn. (47) will be negative, whereas 
f Q, has one less positive zero than Q only 5, is negative and 
4 is positive. 


From eqn. (46), since a, > 0, 
P = P, at zeros of Q,, excluding that at the origin . (51) 


P, has the opposite sign to Q, at positive zeros of P 52) 
P, has the same sign as Q, at negative zeros of P ( 


From eqn. (47), 
P, = P, at zeros of Q, Mar meee ts 61", (53) 


P, has the opposite sign to Q, at zeros of P, if b, > 0 54) 
P, has the same sign as Q, at zeros of P, if b, <0 ( 


Application of these equations yields the following results: 


(c) The zeros of P; are all real and, if the zeros at the origin are 
excluded, alternate with the zeros of Q>2 along the real p-axis. For 
case (i) there are two possibilities: either, case (v), Py has one less 
positive zero than has Qz or P and P; and Q) have slopes of 
opposite signs at the origin or, case (vi), P; and Q> have the same 
numbers of positive zeros and P; and Q> have slopes of the same 
sign at the origin. In both cases, P; and Q> have the same sign 
at infinity and a zero of Q: is the most positive. For case (iv) also 
there are two possibilities: either, case (vii), P; has one less positive 
zero than P and P; and Q» have slopes of opposite signs at the 
origin or, case (viii), P; has the same number of positive zeros as 
P and P; and Q> have slopes of the same sign at the origin. In 


both cases, P; and Q> have opposite signs at infinity and a zero 
of P; is the most positive. 

(d) For all the above cases the zeros of Pz are real and, if the 
zeros at the origin are excluded, interlace the real zeros of Q> along 
the real p-axis; P2 and Q> always have the same signs at infinity. 
For case (v), P2 has one less positive zero than Q> and each has 
one less positive zero than the original P and Q; P2 and Q> have 
slopes of opposite signs at the origin. For case (vi) there are two 
possibilities one of which has just been covered. For the other, 
P2 and Q» have the same number of positive zeros equal to one 
less than the number of positive zeros of Q; Pz and Q> have slopes 
of the same sign at the origin. Cases (vii) and (viii) yield the same 
result, namely that Pz and Q» have slopes of the same sign at the 
origin and have the same number of positive zeros, being two less 
than the number of positive zeros of Q. 


All these results apply for the case in which Q has one more 
positive zero than P and hence 5, < 0, but exactly similar reason- 
ing applies to the case in which P and Q have the same number 
of positive zeros and 6; >0. The results for both these cases 
can be summarized as follows: 

Let P} and Qs} be polynomials formed by deleting the zero 
at the origin from P, and Q) respectively. The ratio P>/QF 
has the same properties as the original ratio P/Q, but the degrees 
of both numerator and denominator have been reduced by two. 
Hence continual repetition of the argument is possible with the 
conclusion that all coefficients a; > 0, thus demonstrating the 
necessity of the conditions of Theorem 2. The sufficiency of 
these conditions can be shown by a converse form of the above 
argument. 

In the course of the proof of Theorem 2 the following theorem 
has also been established. 


Theorem 3. 


If in the continued-fraction expansion of eqn. (9) all the 
coefficients a; are positive, the total number of the coefficients 
b; that are negative is equal to the number of positive zeros of Q. 


(7.2) Numerical Example 


The following simple numerical example both illustrates 
Theorems 2 and 3 and shows the economy of working relative 
to the formation of a Cauer-type continued-fraction expansion. 
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the detailed working being as follows: 
p? =p —2)p>— 2p? — Sp + ( p —3 
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The positive p coefficients in the continued-fraction expansion of eqn. (57) correspond to all the zeros of P and Q being real 
with the zeros of P interlacing those of Q, and the two negative numerical coefficients correspond to the two positive zeros of Q. © 
For contrast, the detailed working to obtain a Cauer-type expansion is as follows: 
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It will be noted that all the p coefficients are positive and there are two negative numerical coefficients, exactly the same result 
as with the continued fraction of eqn. (57). 
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SUMMARY 


After brief reference to present methods of measurement, the inter- 
spendence of the brush losses due to load and parasitic currents is 
scussed and the need for measuring them simultaneously is argued. 
wing to the impossibility of doing this satisfactorily on a motor, an 
yparatus for simulating brush parasitic currents is described and test 
ita obtained with this apparatus are used to establish the argument. 
he effects of rotor power factor and speed on the losses are also dis- 
issed and established experimentally. Finally, a new test is described 
7 means of which the total rotor J2R losses of a polyphase com- 
utator motor can be measured with reasonable accuracy. Curves 
tained by this method of test using plain and sandwich brushes 
iow the dependence of these losses on the coil e.m.f. between 
gments. 


(1) INTRODUCTION 


The brush parasitic-current loss is normally measured, in the 
asence of load current, by an open-circuit method, an improved 
srsion of which has recently been described.! 

The brush contact loss due to load current comprises the major 
art of the load-current J?R loss in the rotor circuit which is 
sually measured by a short-circuit test at standstill. During the 
lort-circuit test the e.m.f. in a coil short-circuited by the brush 
ce is too small to set up an appreciable parasitic current. Thus 
ie brush contact loss due to load current is measured in the 
9sence of brush parasitic currents. 

Under normal load conditions both load and parasitic currents 
‘é present simultaneously, and it is necessary to consider how 
lis will modify their respective brush contact losses. 

The brush contact resistance comprises the major part of the 
npedance opposing the circulation of parasitic current through 
coil and across the brush. It follows that the parasitic current 
ss for a given coil voltage is nearly inversely proportional to 
e contact resistance. It is.well known that brush contact 
sistance decreases as current density increases. Accordingly, 
hen full-load current is passing through the brushes, the brush 
ntact resistance opposing the circulation of parasitic currents 
un be expected to be less than during the open-circuit test, and 
) it is reasonable to expect that the brush parasitic current loss 
yr a given coil voltage will be higher on load than when measured 
y the open-circuit method. Confirmation of this has already 
sen obtained by Richter.” 

On the other hand, the brush contact-resistance loss for a given 
yad current is directly proportional to the contact resistance and 

may be expected that this loss will decrease if the current 
ensity is increased by the flow of parasitic currents. There are, 
owever, no published data on this matter. 

Unless the increase in the brush parasitic-current loss balances 
ie decrease in the loss due to load current, the total loss at the 
rush contact cannot be equal to the-sum of these losses deter- 
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mined independently by open-circuit and short-circuit tests. 
Again, there are no published data on this matter. 

It needs to be emphasized that the maximum current density 
under the brush, as well as the average current density, plays an 
important part in determining the overall contact resistance. If 
the current density is periodically high under one part of the 
brush all segments will sooner or later experience this high 
current density. It is not necessary to maintain this high current 
density on a segment, for, once a segment has experienced a high 
current density, it will retain a lower contact resistance for an 
appreciable period.? 

In view of the fact that the brush contact-resistance losses are 
only a small percentage of the total input to a polyphase com- 
mutator motor, it is considered impossible to make reliable 
measurements of these losses under load conditions. It is true 
that Richter? managed to measure the brush parasitic-current 
loss under load conditions, but his test depends on the difference 
between large quantities and is subject to appreciable error unless 
the brushes are set very accurately in the neutral zone. More- 
over, Richter’s test does not enable the brush losses due to load 
current to be evaluated. In order, therefore, to obtain reliable 
information on the mutual effect of parasitic and load currents 
an apparatus was devised for simulating brush parasitic currents 
and enabling the simultaneous measurement of brush losses due 
to both load and parasitic currents. 


(2) DESCRIPTION OF PARASITIC-CURRENT SIMULATOR 


The apparatus used consisted of a commutator having 62 
segments and no commutator winding. Numbering the seg- 
ments 1 to 62 around the periphery, the risers of all odd segments 
were soldered together and a connection taken along the shaft 
to a brass slip-ring. Similarly all the even segments were con- 
nected to a second ring. A number of brushes with high copper 
content and correspondingly low contact resistance made sliding 
contact between the rings and a low-voltage 50c/s supply through 
the instruments shown in Fig. 1. 


230V 
50 c/s 


Fig. 1.—Parasitic-current circuit of simulator. 


e: even, o: odd. 


Brushes having a thickness equal to the pitch of two com- 
mutator segments rested on the commutator at diametrically 
opposite positions. There were two brushes placed axially side 
by side in each position. The odd and even segments were 
short-circuited at the brushes, so that a current circulated across 
each brush, as shown in Fig. 2, in which V, represents the 
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MOTION 
OF SEGMENTS 


Fig. 2.—Circulation of parasitic currents. 
equivalent coil voltage between segments obtained from the a.c. 
source and J, the equivalent brush parasitic current. 

The flow of current is similar to the brush parasitic current in 
a polyphase commutator motor except that a reversal takes place 
in its direction as the commutator moves through one segment 
pitch. If the segments had been connected to a polyphase 
armature winding, the coil voltage, V,, would have remained in 
the direction right to left during the short interval required for 
segments 1, 2 and 3 to pass under the brush. However, it is 
considered that this will not affect the qualitative information 
obtainable from the parasitic-current simulating circuit. 


(3) LOAD-CURRENT CIRCUIT 


The arrangements made for passing load current through the 
brushes are shown in Fig. 3. The load current, J, flowed 


3-PHASE 


400 V 


PHASE 
SHIFTER 


c.R.O. 


Fig. 3.—Load-current circuit. 


through the brushes and the wires which connect diametrically 
opposite odd and even segments under the brushes. The flow 
of parasitic currents did not produce any deflection on the 
ammeter or wattmeter in the load circuit. 


(4) MEASUREMENT OF EQUIVALENT COIL VOLTAGE 


No part of the load current was detectable on the ammeter 
or wattmeter in the equivalent parastic-current circuit of Fig. 1. 
Nevertheless an h.f. voltage appeared across the slip-ring brushes 
owing to the load current and was discernible on the cathode-ray 
oscillograph. The frequency of this voltage depended on the 
speed of rotation, and its magnitude was sufficient to make it 
impossible to use a voltmeter for accurate measurement of the 
equivalent coil voltage, V,. The latter was therefore calculated 
from the wattmeter and ammeter readings in the following 
manner. 

The power P, represents the total J?R losses registered on 
the wattmeter in Fig. 1 for some parasitic current J,. The odd 
and even segments where then short-circuited together by two 
links screwed into the ends of the commutator segments. These 
links were placed diametrically opposite, so that on supplying a 
voltage to the slip-ring brushes the current follows along exactly 
the same paths in the circuit, with the ee that the brushes 
are by-passed. For the same current, J,, and the same speed of 
rotation the power input is P,, so that P,; — P, is the power 
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dissipated by J, in the brushes and at the brush contact. 
equivalent coil ‘Voltage i is then (P, — P»)/I,. 

The value of P, is almost entirely dependent on the current 
density at the slip-ring brushes. The area of brush contact a 
the slip-rings used in these tests was sufficient to make P, less 
than 10% of P;. 


(5) EFFECT OF PHASE RELATIONSHIPS OF PARASITIC 
AND LOAD CURRENTS ON CONTACT RESISTANCE 

If the rotor of a polyphase commutator motor operates a 
unity power factor the load and parasitic currents are in quadra 
ture under both leaving and entering edges of the brush, and fo! 
given load and parasitic currents the brush current density is < 
minimum. ‘ If the rotor power factor is zero these currents ar 
in phase either under the leaving edge or under the entering edg 
of the brush, and for given load and parasitic currents the brus! 
current density attains a maximum under one edge. Corre 
sponding to this higher maximum current density the conta¢ 
resistance at zero power factor is less than at unity power factor 

In the above argument it is assumed that the reactance voltagt 
has a negligible effect, so that the current distribution is deter: 
mined solely by contact resistance, in which case maximum 
current density and minimum contact resistance will occu 
equally with rotors operating at either zero lagging or zer¢ 
leading power factor. 

The introduction of a phase shifter in the load-current circui 
of Fig. 3 together with observations on a double-beam cathode 
ray oscillograph enabled the relative phase of the load anc 
equivalent parasitic currents to be adjusted on the simulator 
Owing to the reversal of the equivalent coil voltage illustratec 
by Fig. 2 the simulator operated at zero power factor with cur 
rents in phase alternately at the leaving and entering edges 
The simulator was therefore equivalent to a rotor with negligibk 
reactance voltage operating at either zero lagging or zero leading 
power factor. 


(6) SKIN FORMATION 


The commutator was turned true with a hard tool and polishec 
with progressively finer glass papers. ‘The brushes were beddec 
in with very fine glass paper and the skin formed by increasing 
gradually the load current supplied from the circuit illustrated ir 
Fig. 3 over a period of 4 hours until the brush current density 
attained 40 A/in?. This current density was then maintained foi 
a further period of 36 hours. During the entire bedding-ir 
period the commutator was driven at 1500r.p.m. The brushes 
were examined periodically during this period and the bedding-ir 
process was repeated where necessary, so that at the end of the 
skin-forming period nearly perfect contact was made from edgs 
to edge of each brush. 


(7) DETAILS OF BRUSHES AND COMMUTATOR 


The commutator had a diameter of 5in with 62 segments and 
undercut mica. The segment pitch was therefore almost exactly 
4in. Half-inch-square brushes were arranged radially, so that 
each brush covered two segment pitches. The brush positions 
were diametrically opposite with two axially-placed brushes in 
each position. Tests were carried out with high-resistance 
brushes, type A, at a brush pressure of 41b/in? and speeds ot 
500 and 2500r.p.m. After carrying out tests with these brushes 
the commutator was cleaned with emery paper, repolished with 
fine glass paper and a new skin formed with type B brushes. 
The tests were then repeated with type B brushes. The brush 
pressures recommended by the makers are 2-5 lb/in? for type B 
and 3lb/in? for type A. Pressures of 5 or 6lb/in? are quite 
usual for high-speed fractional horse-power motors and for large 
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motors subject to vibration. Increasing the pressure stabilizes 
the contact and prevents sparking. It was to prevent sparking 
at 2500r.p.m. that a pressure of 4lb/in? was chosen. As the 
contact resistance decreases with brush pressure the effect of 
operating at 4 1b/in? rather than the recommended brush pressure 
will reduce the load-current losses and increase the parasitic- 
current losses. 


(8) TEST SCHEDULE 


After forming the skin the commutator was driven for 2 hours 
at 2500r.p.m. and the same load current density of 40 A/in?. 
The parasitic-current loss was then increased in steps from zero 
to. a maximum whilst maintaining the load current density 
constant. At each step, readings of both wattmeters (Figs. 1 
and 2) and of the parasitic current were taken at intervals of 
about half a minute. The parasitic-current loss was then 
reduced in the same steps down to zero, and the readings were 
repeated. Three such cycles were carried out at unity power 
factor, i.e. with the load and parasitic currents in quadrature, 
a fourth was carried out at zero power factor and a fifth with 
the load current switched off so as to give open-circuit conditions. 
Finally, the short-circuiting links were placed in position and the 
slip-ring losses evaluated as described in Section 4. 

The above test schedule was repeated at 500r.p.m. 


(9) DISCUSSION OF TEST CURVES 


Except in one respect, which is discussed subsequently, the 
results for type B brushes were similar to those for type A. 
Consequently, only the curves for type A brushes are depicted. 
These curves represent the mean values of the 3rd, 4th and Sth 
cycles, the equivalent coil voltage between segments being 
calculated as explained in Section 4. 


(9.1) Parasitic-Current Brush Loss 


- The brush loss due to parasitic currents is shown plotted against 
coil voltage in Fig.4. It is apparent that the loss on open-circuit 


P,, WATTS 


0) 05 1-0 15 2-0 
V., VOLTS 
(6) 
Fig. 4.—Dependence of parasitic-current brush loss, Pp, on coil 
voltage, Ve. 
(a) 2500r.p.m. (6) 500r.p.m. 


Load, 40 A/in2. 
Load, 40 A/in?. 


© Zero power factor. 
@ Unity power factor, 
x Open-circuit. 


is appreciably less than that when load current is flowing for 
small coil voltages. This is due to the load current opening 
relatively low-resistance paths through the skin and confirms 
Richter’s? findings. The difference is less marked at higher coil 
voltages, because at these the load current plays a decreasing 
part in contributing to the total brush current density. 
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The curves also show that the higher current densities occurring 
with zero-power-factor rotors lower the contact resistance and 
result in an increase in the parasitic-current loss. 


(9.2) Open-Circuit Parasitic-Current Loss 


The open-circuit losses for speeds of 500 and 2 500r.p.m. may 
be compared from Fig. 4. It will be seen that for a given coil 
voltage the loss is somewhat higher at 500r.p.m. than at 2500 
r.p.m. This is to be expected, as it is well known that brush 
contact resistance increases somewhat with speed. However, for 
reasons not understood, there was a marked reduction in the 
open-circuit parasitic-current loss at 2500r.p.m. when employing 
type B brushes. This marked difference had already been 
observed from open-circuit tests on a small polyphase com- 
mutator motor equipped with type B brushes. 


(9.3) Load-Current Brush Loss 


It is apparent that the load-current brush loss, shown in Fig. 5, 
diminishes with decrease in brush contact resistance resulting 
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Fig. 5.—Load-current loss and total brush loss. 


(a) 2500r.p.m. (6) 500r.p.m. 

© Zero power factor. Load, 40 A/in2. 
@ Unity power factor. Load, 40 A/in2. 
x Composite curye, 


from the higher current densities accompanying the flow of 
parasitic currents set up by the equivalent coil voltage between 
segments. The fall is particularly marked in the case of zero- 
power-factor load current. In itself this reduction in the loss is 
an advantage; however, it is due to a fall in the brush contact 
resistance, and polyphase commutator motors rely on high- 
resistance brushes for forcing commutation. Coil voltages of 
2 volts are by no means abnormal and it is clear that they 
cause the brush to change from a high- to a medium-resistance 
brush. It follows that the reactance voltage becomes more 
capable of setting up injurious sparking. 


(9.4) Total Brush Contact Loss 


The total loss, obtained by adding the individual losses due 
to parasitic and load currents, is shown in Fig. 5 for both unity- 
and zero-power-factor rotors, together with a composite curve 
obtained by adding to the open-circuit parasitic-current loss the 
value of load-current loss occurring in the absence of parasitic 
currents. This latter curve is equivalent to that obtained by 
adding the open-circuit parasitic-current loss of a normal machine 
to the brush contact loss determined from a short-circuit test. 
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The total losses obtained at zero power factor are rather less 
than those at unity power factor, because the lowering of the 
contact resistance by higher current densities at zero power 
factor results in a fall in the load current loss which is greater 
than the rise in the parasitic loss. 

The composite curve gives total losses somewhat lower than 
those measured, but, with the exception of type B brushes at 
2500r.p.m., the agreement was quite reasonable. This would 
appear to justify the existing method of measuring the brush 
parasitic-current loss by the open-circuit method and of including 
the load-current brush loss as part of the loss evaluated by a 
short-circuit test. However, there appears to be no scientific 
justification for this agreement and it is possible that it may not 
exist for other grades of brushes or even for the same grades 
under other conditions. For this reason it seems desirable to 
employ a simple test which will enable both losses to be measured 
simultaneously. 

Before describing such a test attention is drawn to the 
total loss curves in Fig. 5. It will be seen that, at coil voltages 
too small to set up an appreciable parasitic-current loss, the 
brush loss is somewhat higher at 2500r.p.m. than at 500r.p.m. 
This is due to the somewhat higher brush contact resistance 
occurring at the higher speed. However, as the coil voltage 
increases and the parasitic-current loss preponderates, the lower 
contact resistance associated with the lower speed causes the 
total loss at 500r.p.m. to rise above that at 2500r.p.m. 


(10) TOTAL ROTOR /?R LOSS OF A POLYPHASE 
COMMUTATOR MOTOR 


(10.1) Measurement 


For the measurement of the total J?R loss the stator is 
open-circuited and the rotor is fed with a variable voltage from a 
3-phase supply and driven by a prime mover, which is preferably 
a d.c. shunt motor arranged for wide speed variation by Ward 
Leonard control. 

The theory of testing from the rotor side has been given 
previously, and it has been shown that the line wattmeters 
measure Pp + sPs, where Pr and Ps are the powers dissipated 
in the rotor and stator, respectively. Pp is the rotor core loss 
at slip s plus the total rotor JR losses due to load and parasitic 
brush currents. Pgs is the stator core loss corresponding to an 
internal stator e.m.f. V; measured by a voltmeter connected to 
the open-circuited stator terminals. 

It is necessary to evaluate the stator and rotor core losses in 
terms of V,; and s and to deduct these losses from the power 
registered on the wattmeters. The difference gives the total 
brush electrical] losses due to load and parasitic currents together 
with the IR loss in the rotor winding. 

The active component of the current is largely dependent on 
the brush parasitic-current loss and increases rapidly for a given 
flux at high slips. It follows that a test carried out at different 
slips with full-load rotor current results in some variation in the 
magnetizing current and stator e.m.f., V;. As the motor is 
highly saturated slight changes in V, are accompanied by large 
changes in core losses, which must be carefully measured for 
each value of V;. 

The work involved in this evaluation is not justified and the 
following approximate method has been used. 

The rotor current was adjusted to full load at synchronous 
speed and the stator e.m.f. V; carefully noted and then kept 
constant at subsequent values of slip. Core losses were deter- 
mined for this e.m.f. by the normal method giving Ps, as the 
stator core loss, and Pp, and Pp, as the hysteresis and eddy- 
current components of the rotor core loss at standstill. 
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The total rotor J?R losses were obtained by deducting fr 
the wattmeter power the loss* 
SPs + |s|Prx + s*Pp, . 
As the slip varies the current changes somewhat owing to 
changes in its active component. During tests carried out on 4 
small motor the maximum increase in rotor current was about 
7:5% and took place at a positive slip of 3. At this slip the 
load-current losses are so small compared with the brush 
parasitic-current loss that the error in the total losses caused by 
this variation in load current is at most likely to be 3 or 4%. 
The coil e.m.f. behind the parasitic current is given by 
V, = KsV,, where K is a constant relating the coil e.m.f. to the 
stator line e.m.f. at standstill. 
4 
(10.2) Discussion of Test Curves 
Curves-of the total I2R losses at 75 and 100% full-load 
current were determined for both plain and sandwich brushes 
of types A and B. The sandwich brushes are designated 
types A; and B,. All the curves were similar and only those 
for type A brushes are shown in Fig. 6. 


TOTAL ROTOR I2R LOSSES, kW 


cOoIL E.M.F, VOLTS 


Fig. 6.—Total rotor J?R losses at 100% and 75% full load. 


@ Super-synchronous speeds. 

© Sub-synchronous speeds. 

+>- Speed increasing. 

Brush pressure, 3-65 lb/in2 

Current density, 38-5 A/in2 ft full load. 


For reasons explained in Section 9 the total I?R losses of 
the simulator at low and high speeds cross. To a certain extent 
the same behaviour is apparent in Fig. 6. However, at full 
load the divergence between super- and sub-synchronous curves 
is much more marked in Fig. 6, and tends to delay the cross-over. 

The effect of rotor power factor on the contact resistance for 
the case of a rotor with negligible reactance voltage has been 
discussed in Section 5. If, now, the reactance voltage is not 
negligible there will be a tendency for the load current density to 
increase towards the leaving edge of the brush. 

The major part of the rotor current in the test described in 
Section 10.1 is the magnetizing component, so that the power 
factor approaches zero lagging at sub-synchronous speeds and 
zero leading at super-synchronous speeds. The parasitic and 

* It is widely accepted that the rotor core losses are divisible into a hysteresis 
component proportional to the slip speed and an eddy-current component proportional 
to the square of the slip speed. Experimental work undertaken after the results in 


the paper had been completed suggests that the above formula is inaccurate, and that 
rotor core losses may be determined more accurately by the empirical formula 


(Pra + Pre)s* 
where the index x is chosen to agree with the measured rotor loss at half synchronous 
speed.5 


TOTAL ROTOR I2R LOSSES, kW 
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Fig. 7.—Mean full-load total rotor J2R losses for plain and 
sandwich brushes. 


load currents are in phase under the leaving edge of the brush 
when the rotor power factor is zero leading and under the enter- 
ing edge when the power factor is zero lagging. It follows that 
the reactance voltage and parasitic currents combine at zero 
leading power factor to raise the current density under the 
leaving edge of the brush. At zero lagging power factor their 
actions are opposing. Thus at zero leading power factor a 
higher current density and a lower contact resistance will occur 
than at zero lagging. It seems highly probable that the reactance 
voltage is responsible for the major part of the divergence 
between the curves of total J7R loss depicted in Fig. 6. 

Under normal operating conditions the rotor power factor of 
a polyphase commutator motor will be nearer unity than either 
zero leading or zero lagging. Therefore, it is recommended that 
the total JR losses be taken as the mean of the values on the 
sub- and super-synchronous curves shown in Fig. 6. Then, for 
tests carried out at equal positive and negative slips, the stator 
core loss need not be evaluated, the total I*R losses being 
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given by one-half the total wattmeter powers at +s minus 
Is|Prp et NCR Ree 

Curves of this kind plotted for full-load rotor current are shown 
in Fig. 7, It is apparent that there is little advantage in using 
sandwich brushes, which confirms deductions already reached by 
open-circuit tests. 


(11) CONCLUSION 


The tests carried out with the parasitic current simulator show 
that the electrical brush losses due to load and parasitic currents 
are interdependent and ought therefore to be measured simul- 
taneously. A new test is described by which the total rotor 
I’R losses may be evaluated. 
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CALCULATION OF THE CURRENT IN NON-LINEAR 
SURGE-CURRENT-GENERATOR CIRCUITS 


By T. F. MONAHAN, B.Sc., 


(The paper was first received 15th August, 1959, and in revised form 1 a January, 1960. It was published as an INSTITUTION MONOGRAPH in 
April, 1960.) 


SUMMARY 


Surge-current generators are used to test non-linear resistors and 
surge diverters. Although the circuit is basically very simple, it is 
possible to calculate the surge current only by numerical solutions of 
the differential equation for particular values of the parameters. The 
paper gives the results of such calculations made at Manchester 
University on the differential analyser and the electronic computer. 
The application of the results to certain practical problems is discussed. 


LIST OF SYMBOLS 


C, L = Equivalent capacitance and inductance of surge-current 
generator. 
R = Resistance of surge-current generator. 
R, = Critical resistance. 
V = Charging voltage of surge-current generator. 
i, i’ = Instantaneous current in circuit and its generalized 
value. 
t, t’ = Time, and its generalized value. 
v = Instantaneous voltage across non-linear resistor. 
K, B = Constants defining the non-linear resistor according to 
the relation v = Ki®, 
i,, i, = Peak current and its generalized value. 
UV, = Peak voltage across non-linear resistor. 
tr, tf = Nominal wavefront and its generalized value. 
t,, t; = Nominal wavetail and its generalized value. 
B = Generalized constant defining the non-linear resistor by 
the relation B = KV‘@-Y)(C/L)#/, 


y 


(1) INTRODUCTION 
A surge-current generator designed to test non-linear resistors 
and surge diverters can usually be considered to have the simple 
equivalent circuit shown in Fig. 1. In order to determine the 


Fig. 1.—Equivalent circuit of surge-current generator. 


capacitance, inductance and charging voltage required to produce 
a specified current and waveshape in a given non-linear resistor, 
it is necessary to solve a non-linear differential equation. This 
cannot be done analytically, but numerical or graphical solutions 
can be obtained for particular values of the circuit parameters. 
This has been done on the differential analyser and the electronic 
computer at Manchester University. The results cover the 
range of circuit parameters likely to be met when carrying out 
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tests (other than the rectangular wave test) on surge diverters” 
to B.S. 2914: 1957 and when doing development work on non- 
linear resistors and surge diverters. 


(2) METHOD OF CALCULATION 

The equivalent circuit of a surge-current generator and its load 

is shown in Fig. 1; it consists of a capacitor, C, an inductance, L, 
a switch, S, and a non-linear resistance, R. The initial voltage 
on the capacitor is V, and when the switch is closed the dif- 
ferential equation of the circuit is 


di i 
a es Ae ‘i 
La -F i ett + Ki V () 


This can be put in more general form by writing 


i= Kaleeal : 


and t= /(LO)r’ Pe 
ae di’ f y 
giving otf df + Bi =o 
dt 
/2 
where B= Kv@—-) (5) 


When numerical values of B and f are inserted in eqn. (4) 
it can be solved in graphical or numerical form. This was 
originally done on the differential analyser at Manchester 
University for 8 = 0-2, 0-25 and 0-3 and for values of B up 
to 1:5. Later the range of solutions was extended, using the 
electronic computer at Manchester University, to cover B = 0-15 
and 0-35 and values of B up to 2. 

It should be noted that the representation of the nonneaa 
resistance by the equation v = Ki® is not sufficient when the 
sign of i changes. In order to comply with the physical 
properties of the material it is necessary to specify that the 
sign of i® shall always be taken as the same as the sign of i. 
Correspondingly, the signs of i’® and i’ must always be taken 
as the same. 


(3) RESULTS 


The results for 8 = 0-2 are plotted as curves of i’/t’ in Fig. 2, 
and the other résults are given in Table 1. 

The curve for B = 0 is an undamped sine wave and has been 
plotted from trigonometrical tables. 

For most purposes it is unnecessary to know the detailed 
shape of the curves, only the crest values of i’ and the values of 
t’ corresponding to the wavefront and wavetail. Crest values of 
i’ are plotted against B, for each value of f, in Fig. 3. Nominal 
wavefronts and wavetails (measured as shown in Fig. 4) are 
plotted against B in Fig. 5. Except for the larger values of B, 
the influence of 8 on the wavefronts and wavetails is small and 
mean curves have been drawn which apply, within about +3 %, 
to all values of 8 from 0-15 to 0-35. 
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Fig. 2.—Waveshapes for 8 = 0:2. 


Table 1 
WAVESHAPE PARAMETERS FOR VARIATIONS IN B AND £ 


Wavefront Nominal 


ratio of 
tail to front 


Nominal 
wavetail 


Actual Nominal 


CURRENT 


microsec microsec microsec 
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Fig. 3.—First positive peak values of i’. 


0,0 X3 xy Xo 


Fig. 4.—Measurement of surge-current wave. 


OX, = Actual wavefront. 
O;X3 = Nominal wavefront. 
OX, = Actual wavetail. 
O;X2 = Nominal wavetail. 


ie) o's 1-0 5 
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Fig. 5.—Wavefronts and wavetails. 


(a) Nominal wavetails (8 = 0-15 to 0-35). 
(b) Actual wavefronts (@ = 0-15 to 0-35). 
(c) Nominal wavefronts (@ = 0-15 to 0-35). 
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Fig. 6 shows the ratios of nominal wavetail to nominal wave- 
front plotted against B. This ratio must usually be kept within 
specified limits, and the range over which B can be varied for a 
specified test is therefore limited. 


.s 
WDD 


Ww 


WAVETAIL / WAVEFRONT RATIO 
= Le) 


ie) Os 1:0 5 
B 


Fig. 6.—Ratio of nominal wavetail to nominal wavefront. 
(8 = 0°15 to 0-35) 


(4) COMMENTS ON THE RESULTS 


f is a measure of the non-linearity of the resistance material, 
and for a typical material is approximately 0:2. For a linear 
resistance 8 = 1, and the smaller the value of B the greater is 
the departure from linearity. 

B is a measure of the damping in the circuit; when B is zero 
the circuit is undamped and the current is sinusoidal. The form 
B B in a linear circuit can be derived by putting K = R and 

=1. Then 


G 
B= R,/— 
; © 
But the critical resistance, R,, is given by 2,/(L/C), so that 
2R 
Be ries (7) 


Cc 


Curves such as those of Fig. 2 show clearly the way in which 
increasing B changes the waveshape from an undamped sine 
wave to a critically damped wave and then to an overdamped 
wave. It will be noticed that there is a discontinuity in the 
slope of the current/time curve at zero current. The physical 
explanation of this is that the resistance in the circuit is Ki®—! 
and this approaches infinity as i approaches zero, so that the 
damping near to zero currents is very large. 


(5) APPLICATION OF THE RESULTS 


(5.1) Variation of Charging Voltage 

Suppose that a single-stage surge-current generator has a fixed 
capacitance C and a fixed inductance L, and suppose that it is 
discharged through a particular non-linear resistor, so that K 
and f are fixed. Thus the only variable which can be controlled 
is the charging voltage, V. For each value of V a value of B 
can be calculated from eqn. (5). When V is small B will be 
large and the circuit will be heavily damped. When V is larger 
B will be smaller and the damping will be less. 

For each value of V, and therefore of B, the peak current 
can be determined from Fig. 3 and eqn. (2), which can be 
written as a relation between peak values 


. ou 
ip — Val cis (8) 
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Similarly, the nominal wavefront and wavetail can be obtained 
from Fig. 5 and the equations 


tp = V(EC)t; . 
tpn (LOih CN 4 ee 


It is not usually permissible to allow the output of a surge 
current generator to depart far from a specified waveshape. It 
is therefore not usually sufficient to control the output current 
by varying V alone (except over a narrow range) and at least two 
parameters must be capable of adjustment. e 

p 


(5.2) Variation of V and K ( 


It is often convenient to choose a value of the charging 
voltage, V, which would produce an insufficiently damped wave 
and then to add non-linear resistance in series with that which 
is being tested until K has been increased to a value which gives” 
the required degree of damping. 

The appropriate values of V and K can most easily be found 
from a family of curves such as those of Fig. 7. These have 


and 


t~, MICROSEC 


64-4 29°2 22°8209 19:0 18-2 17-4 17-0 
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20 de: 1-4 1:2 
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104 105 


Fig. 7.—Curves for calculation of surge-current-generator output. 
C = 1yF, ty = 8microsec, 8 = 0:2. 


been plotted for a 1 wF capacitor, a wavefront of 8 microsec (as 
specified in B.S. 2914: 1957) and B = 0-2. 

The peak voltage across the non-linear resistor (including test” 
object and any series resistance) is plotted against the peak 
current for values of B from 0-2 to 2:0. A scale of charging 
voltage has been added and also a scale of wavetails. 

From these curves it is easy to see whether the required peak 
current can be obtained from the capacitor without charging it 
above its rated voltage, and whether the waveshape will be 
acceptable. If the value of v, read from the curves exceeds the 
peak voltage expected across the test object at the peak current, 
a suitable non-linear series resistance can be added to the circuit. 
If v, is less than that expected across the test object the circuit 
is unsuitable and C must be modified by suitable series-parallel 
connections of capacitors as described later. 

The curves in Fig. 7 are calculated from 


(11) 
Eliminating V, L and K from eqns. (5), (8), (9) and (11) gives 


_ _ Bipty 
Up = CiZG- Oy" . ° . ae 


2 Ee 
Up = Ki, 


(12) 


[his gives the lines of constant B. Eqns. (5), (8) and (11) give 
Up = Bi,PV (13) 


This gives the lines of constant V. The values of f, are obtained 
rom Fig. 6. 


(5.3) Series-Parailel Connections of Capacitors 


| From eqn. (12) it can be seen that the effect of connecting m 
-apacitors in ‘parallel is to multiply the current determined from 
Fig. 7 by m. 

Similarly, the effect of connecting n capacitors in series in a 
multi-stage generator, without altering the charging voltage, is 
to multiply by n the value of v, determined from Fig. 7. 

The curves in Fig. 7 can therefore be readily used to find the 
series-parallel capacitors appropriate in those cases where a 
‘single capacitor is inadequate. 


(5.4) Variation of Capacitance 


| If a capacitance differing from that for which Fig. 7 was 
drawn is used, there is no need to draw a new set of curves. If 
the capacitance is m times as large, the current corresponding to 
any particular values of B and v, will be m times that shown in 
Fig. 7. 

| On the other hand, if the new value of capacitance is to be 
regularly used a new set of curves can be drawn. They will 
differ from those of Fig. 7 only in being shifted to right or left 
along the current axis. 


(5.5) Variation of Wavefront 


_ Fig. 7 can also be used if a wavefront other than 8 microsec is 
required, since for given values of B and f the wavefront is 
inversely proportional to the peak current. For example, the 
current from a 1F capacitor would be double that shown in 
Fig. 7 if the wavefront were reduced to 4 microsec, 


(5.6) Calculation of Inductance 


It is usually possible to adjust the inductance of a surge- 
current generator, although it may not always be possible to 
reduce it sufficiently to allow the generation of waves having 
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fronts very much shorter than 8microsec. The appropriate 
value can be calculated from eqn. (9) using data from Fig. 5. 


(5.7) Approximations 


The values of v,, K and f for the non-linear material which is 
to be tested are often unknown because it is often the purpose 
of the test to measure them. Moreover, it may be convenient 
to use a series resistance which has a different B from the test 
object. Figs. 5 and 6 show that, so long as B is less than unity, 
the waveshape will not be much affected by departures of 8 
from the assumed value. The peak current is more dependent 
on f and depends very much on B. 

It has been found that a rough calculation based on assumed 
values of v, and B is normally sufficient to set up a circuit. If 
the circuit is adjusted to give B ~ 0-6 the current can be brought 
to the required value by varying the charging voltage, and the 
waveshape will stay within permitted limits. A number of 
impulses may be needed before the correct charging voltage is 
found. On the rare occasions when a sample whose charac- 
teristics are not accurately known beforehand must pass the 
correct current on the first impulse, it is useful to increase the 
number of stages in the generator to allow the use of a series 
resistance large enough to swamp the uncertainties in the 
characteristics of the test object. 

Although it has been assumed that any series resistor will be 
non-linear and have a value of f not greatly different from that 
of the test object, it has sometimes been found convenient to 
use a linear series resistor. Even in this case curves such as 
those in Fig. 7 have been found to be a useful guide to the 
performance of the circuit. 
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SUMMARY 


The transient response of the radiation field of a driven cylindrical 
antenna is investigated for the particular case of a step-function 
excitation. The theoretical analysis makes use of Fourier’s theorem 
to express the response as an integral over the response to all individual 
frequency components. The response as a function of time shows 
damped oscillations with a frequency determined by the first resonance 
frequency of the antenna. The response of the same antenna used as 
a receiver in a transient plane wave field is shown to be related to the 
radiation response by a simple integration process. By proper loading 
of the dipole, transient times of the order of the time needed for a 
wave to travel along the dipole axis can be obtained. An experimental 
investigation is described in which the reception of a transient field 
due to a shock-excited distant transmitter is observed. 


LIST OF SYMBOLS 


a = Radius of cylindrical antenna. 
c = Velocity of light. 
h = Half-length of cylindrical antenna. 
h, = Effective half-length of cylindrical antenna. 
r, 9, % = Co-ordinates of spherical co-ordinate system. 
rj, f2 = Distances from centre of antenna to reference 
points. 
x,y, Z = Co-ordinates of rectangular co-ordinate system. 
E = Electric field strength. 
E,) = Amplitude of incident electric field. 
E724, E34 — Components of radiated electric field. 


F (6, Bh, -) = Field factor of antenna. 


I = Current at centre point of driven antenna. 
I, = Current at centre point of receiving antenna. 
R, = Characteristic resistance of connecting cable. 
R, = Internal generator resistance. 
Ry, = Load resistance of receiving antenna. 

V = E.M.F. of driving generator. 

Vo = Amplitude of generator e.m.f. 
Vi = E.M.F. at centre point of receiving antenna. 
V; = Voltage across load of receiving antenna. 

T = Transient time. 

Z, = Internal impedance of generator. 
Zin = Input impedance of cylindrical antenna. 
Z,, = Load impedance of receiving antenna. 

a =ct/h = Relative time scale. 
B = 2n/A = Phase-change coefficient. 

e = Permittivity. 

i’ = Expansion parameter. 

A = Wavelength. 

f = Permeability. 

w = Angular frequency. 

r = 2 log 2h/a = Logarithmic measure for relative antenna 
thickness. 


=ft— < 5 : 5 
ie nil A = Shifted-time-scale co-ordinates. 


TT =t—?rlc 
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(1) INTRODUCTION 


For a harmonic time dependence of the excitation the radiation 
properties and circuit properties of linear antennae are found 
by solving the time-independent Maxwell equations with the 
appropriate boundary conditions at the driving point or load 
point and on the surface of the antenna.» Important applica- 
tions of antennae, however, involve the situation where, at a 
certain time fp, one or more of the boundary conditions (usually 
the exciting voltage or field) are rapidly changed. Whenever 
such a change is made, transient oscillations occur in the antenna 
due to the finite bandwidth of the system. These transient 
currents provide the continuous transition from the stationary 
distribution of charges and currents in the state I for t < fg to 
the final distribution of charges and currents in the state II 
long after the change in conditions is effected. 

Practical cases involving transients in antennae include sudden 
changes in the driving voltage, such as in the transmission of 
short pulses, and rapid non-periodic changes of the exciting 
field at a receiving antenna such as are encountered in lightning 
or similar electromagnetic disturbances. Another application 
where use is made of transient oscillations in antennae is the 
generation of millimetre waves by spark-excited small particles 
in the so-called ‘mass generator’. 


(2) RECIPROCITY RELATION BETWEEN TRANSMITTING 
AND RECEIVING ANTENNAE 
In the steady state the radiation field of a centre-driven electric 
dipole of length 2/ and wire radius a [Fig. 1(a)] is given by? 


jie 
rad __ € ‘) —jRr 
oe F(6, ph, 5) ea) 


(Bb) 


Fig. 1.—Geometrical configuration of the antennae. 


8 Driven antenna, 
5) Receiving antenna. 
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a terms of the e.m-f. of the driving generator V = Voe/*! and 
‘ith ~/(44/<) = 1207 ohms the radiation field becomes 


rad __ JV 60 
Eo 5°Zz eae Aa Ph, 


‘If the same antenna, used as a receiver, is “ie, at the origin 
f the co-ordinate system, inclined against the direction of the 
lectric vector of an incident linearly polarized plane wave by 
ngles 0 and i [Fig. 1(b)] the induced open-circuit voltage V, 
t the terminals of the antenna is, by definition of the ‘effective 
alf-length’ h, (see Reference 3, p. 467), 


giolt—(i/o] 
EEE 


Vi eee Dh; (6, Bh, a) Epelot-C9 cosyp. . (3) 


he term e—J®72/¢ gives the phase measured against a point in 
pace at a distance r, from the centre of the dipole. By the 
pplication of Thévenin’s theorem the induced current through 
1e load and the voltage V; across the load impedance becomes 


Lo} (4, Bh, ) 
Pe Litres 33 = — foto cosy (4) 


p22 2, + Zr Zin + Zr 
Applying the Rayleigh—Carson reciprocity theorem it can be 
roved (see Reference 3, p. 570) that it always holds that 


F(6, Bh, *) = Bh, (6, Bh, ) Mere) 


e. the receiving pattern and the transmitting pattern are the 
ume for a given antenna. 

Upon differentiating eqn. (4) with respect to time and using 
qn. (5) it is seen that, in the special case when Z;, = Z, 


a 
Bh. (6, Bh, ) 
Lin aa Ze 
— 2Eocr, cos 


= a ie | ra (6) 


hus the response of a receiving antenna differentiated with 
spect to time is proportional to the time dependence of the 
idiated electric field at a fixed point in space given by 6 and w. 
he constant of proportionality depends neither on the particular 
ntenna size nor on the frequency. If the excitation is of non- 
nusoidal time dependence, the signal may be represented by 
s Fourier spectrum, and since eqn. (6) holds for any single 
omponent, it also holds for the composite signal. Hence, with 
knowledge of the induced current J; on a receiving antenna 
ue to an incident wave of arbitrary time dependence, the 
idiated field of an identical transmitting antenna excited by a 
altage of the same time dependence can be computed directly 
y differentiation. If the radiated transient field of a driven 
ntenna is known, the transient current in a receiving antenna 
un be computed by integration. 


Beals 2jEoc 


EJ©T2 Cog 
ot SY 


(3) TRANSIENT RESPONSE 
As a particular case, the broadside (@ = 90°, = 0°) radia- 
on from a dipole excited by a voltage that is a step function 
its time dependence is considered. The Fourier representation 
f the voltage step is 


foo) 
Vo | sin wt 
7 w 


V, 
ti tee 


Vi) = eee 


0 
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where the sudden rise in the signal occurs at t = 0 at the dipole 
centre. The field due to transient currents is defined by 


E(t) —- Exyans(t) ab E(t) 0 Noe Bc (8) 


where E(t) is the actual field under investigation at any time 
t > 0 and &;,(¢) is the final field in the new steady state II after 
the transient part has died out. Since it is known that the 
radiation field is zero for static excitation, Aj,(t) vanishes and 
the total field is due to transient currents only. 

For a driving voltage of time dependence sin wt, the response 
is given by the imaginary part of eqn. (2). Thus, owing to the 
linearity of all components, the application of eqn. (7) to eqn. (2) 
yields for the broadside radiation field of a dipole excited at the 
time ¢ = 0 by a voltage step 


60V, iPh, (90°, Bh, 4) pier 
Bia (= EG) = se 


eres ar aane rat al yh 


Let the variable of integration be changed from w to Bh = whI[c. 
V60| ¢* c 
rad = 0 os 
E(t) a | [480 cos Bh (Gn) dBh 


be [ae sin Bh (571) apn | (10) 


g | Bhe /Bh, (90°, Bh, <) 


ABI) _ 

[B(Bh)] [Z] (Zin a (Zin + Z)Bh 
The retardation of the total response at the point of observation 
is contained in7, = t — a. 


Since the spectrum of the applied step-function signal extends 
to infinite frequencies, the integrations in eqn. (10) have to be 
extended to infinity. However, numerical values of the input 
impedance and the complex effective length from the second- 
order expansion (Reference 3, pp. 154 and 488) or the variational 
solution®* are known only up to Bh ~ 5, thus just including 
the second resonance frequency of a centre-driven dipole of 
length 2h. For a particular ratio of thickness to length of the 
antenna a/h = 1/904 [Q. =2 log (2h/a) = 15] and zero generator 
impedance, the quantities A(Bh) and B(Bh) are plotted as a 
function of BA in Fig. 2. It is seen that the values decrease 
sufficiently with increasing Bh (increasing frequency for fixed 
antenna length) so that the integration may be discontinued at 
Bh ~ 5 without introducing a large error. 

In order to obtain some quantitative results for the transient 
response due to a step-function input signal, the integrations (10) 
have been carried out graphically by means of a planimeter for 
different values of r;. The computed response of the far-zone 
field, assuming a generator with negligible internal impedance 
(Z, = 0), is plotted in Fig. 3. The abscissa is the dimensionless 
quantity 


CTy Cc t r ‘) 
h h C 
The quantity « measures the time in terms of the time required 
by an electromagnetic wave to travel a distance h, i.e. from the 
dipole centre to the tips of the dipole. It is seen that the main 
part of the signal starts at an instant « = 0, and thus with a 
retardation r,/c. For positive values of « the response jumps 
rather rapidly from positive to negative values, resembling a 
pulse-shaped curve. It can be seen from Fig. 2 that the main 
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Fig. 2.—A(8h) and B(Bh) for Q = 15. 


Numerical values from King—Middleton expansion, Zy = 0. 


Fig. 3.—Far-zone field response of a cylindrical antenna to 
step-function driving signal (Q = 15, Zz = 0). 


contributions to the response come from the first and second 
resonance peaks at Bh = m/2 and 32/2, corresponding to a 
fundamental frequency and its second harmonic. These are 
also the leading terms in the spectrum of a simple pulse function. 
It should be noted that the response plotted over « is independent 
of the particular length of the antenna and should be identical 
for a very short antenna (Hertzian dipole) or a very long antenna. 
Physically, the response can be explained by making use of the 
close analogy between the electric dipole antenna and an open- 
ended 2-wire transmission line. In the first moment after the 
switching operation, 0 < « < 1, positive charges travel in one 
arm of the dipole towards the antenna tip and negative charges 
in the other arm (Fig. 4). The associated currents set up a 
strong electric field in the far zone. At « = 1 a reflection of the 
electromagnetic field associated with the moving charges takes 
place at the antenna tips, which, by analogy with the open- 
ended transmission line have a positive reflection factor. 
Hence, for 1<a< 2, charges of the same sign as before 
travel in the opposite sense and the associated currents are 
reversed. For « =2 a reflection at the centre of the dipole 
takes place, where, by analogy with the transmission line, the 
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Fig. 4.—Total charges and currents in a step-function-excited 
transmitting antenna. 


lossless generator gives a reflection factor of —1. Hence, fo 
2< a < 3, discharge waves travel from the dipole centre ou 
ward, and thus the field remains negative until, at « = 3, 
direction of the discharge waves is reversed and the who 
process starts repeating itself at « = 4. The radiation field will 
have the largest amplitude when the moving discontinuity of 
charges is close to the antenna tips. It will be weaker if 
discontinuity is close to the gap. This explains the marked 
in the response for « = 2, and in the succeeding peaks. Owin 
to the radiation of energy the transient signal at any point of 
observation dies out after a number of successive maxima and 
minima. F 

Owing to the finite velocity of electromagnetic waves no signal 
should occur for« <0. Strictly, in eqn. (10) the condition 


J "A(BI) cos Bh (71) aBh = [ace sin Bh(¢ln|) dBh an) 


should hold. Since the numerical values of input impedan , 
and effective length of the antenna are derived from non-physical 
solutions (second-order expansion or variational solution), con= 
dition (11) is only approximately fulfilled, giving rise to a small 
(~10% of the main peak) signal for negative times. This error 
also includes the effect of the discontinued integration. : 
From the simplified explanation of the transient process in 
terms of charges and currents on a transmission line it is evident 
that the decay of the transient signal can be greatly influenced 
by the internal impedance of the generator. Investigations have 
been made for various generator resistances and antenna thick- 
nesses. It is found that the transient time T in terms of a decay 
of 1/e of the power decreases first with increasing generator 
resistance, reaches a minimum at around R, = 600 ohms for 
0) =15 and slowly rises again thereafter. The computed 
transient response of the far-zone field due to a step-function 
excitation for the critical value of R, = 600 ohms is plotted in 
Fig. 5. Apparently the electromagnetic wave, reflected at the 
q 


Fig. 5.—Far-zone field response of a cylindrical antenna to step-function 
driving voltage (Q = 15, Zp = Ro = 600 ohms). 
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pole tips and travelling back to the dipole centre is reflection- 
tee absorbed in the generator resistance. The total transient 
leld lasts just the time needed for a wave to travel from dipole 
entre to the tip and back, in complete analogy to the transient 
haviour of an open-ended section of transmission line excited 
“ly a generator with an impedance equal to the characteristic 
fesistance of the line. In the zeroth-order antenna theory 

Reference 3, p. 144) the input impedance of cylindrical antennae 
+3 given by the impedance of such an open-ended section of 
fansmission line with a characteristic resistance 


ui ft [amp = 60%’ = 602 — 2) 


dence, for = 15, the value of R, is 780 ohms. This is the 
‘ame order of magnitude as deduced from the investigation 
of the transient process. This simple relation also shows 
“orrectly that, for thicker antennae (smaller values of Q), the 
‘ritical resistance is smaller. Recalling the relation between 
“ransient time T and the bandwidth of any resonant system Af 
‘measured at half-energy points on the resonance curve), 


1 
Af 
t is apparent that a driving source with this internal resistance 
also maximizes the useful bandwidth of the antenna.* 

_ Using the reciprocity relation (6), the response of a centre- 
loaded receiving antenna to a transient plane-wave field of step- 
function time dependence (broadside incidence) is easily found 
by integrating the radiation field response in time. The received 
transient signal at the centre terminals for Z, = 0 and for a 
joad resistance R, = 600 ohms are plotted in Figs. 6 and 7, 


Ts (12) 


Fig. 6.—Transient response of the current at the dipole centre due 
to step-function rise in field strength. 
Broadside incidence, Zz = 0, Q = 15, obtained from Fig. 3. 


respectively. For the unloaded antenna the response again has 
the shape of a weakly-damped oscillation with a fundamental 
eency determined by the first resonance of the antenna. 
‘The decay of the transient signal is entirely due to re-radiation. 
A physical interpretation of the transient process in terms of 
charges and currents can be given as follows. Initially, before 
the arrival of the signal, the antenna is uncharged so that positive 
and negative charges are equally distributed. In the final steady 
state for 7 sufficiently long after the arrival of the step signal, the 


_ * For an antenna loaded at the re (travelling-wave antenna) the transient time 
may be less. 
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Fig. 7.—Transient response of voltage across load resistor 
(Rx = 600 ohms) due to step-function rise in field strength. 


Broadside incidence, Q = 15. 


antenna is in a static field. Thus charges will be induced on the 
surface of the dipole, concentrated close to the antenna ends 
and with opposite signs at the lower and the upper end. 
Analogous to eqn. (8) the distribution of total charges is 
described for any time t > 0 by a superposition of the steady- 
state distribution for ¢ very large and the transient part. Since 
the total charge is zero for r = 0, the distribution of charges 
that give rise to the transient currents in the antenna initially 
has to be similar to that in the final steady state, but with 
charges of the opposite signs (see Fig. 8). The relaxation of 


++]++ t +/+ + at 
t++/+4+ +)4+4+ + 
+] + ++ ++ af 
alter ah “yh + eh + | 
T=0 O<a<!i a=1 1<a<2 @=2 
Fig. 8.—Transient currents at the dipole centre, and charges in a 


loaded receiving antenna. 


these charges for tr > 0 corresponds closely to the discharge of 
a charged section of transmission line.> 

Particularly interesting is the case when the load impedance 
corresponds to the characteristic impedance of the equivalent 
transmission line (Fig. 7). The transient response then shows a 
single peak with a total transient time exactly twice that needed 
for a wave to travel from dipole centre to the dipole tips. The 
instantaneous distribution of charges connected with the 
transient process* and the current through the dipole terminals 
are indicated in Fig. 8. The current in the peak at « = 1 is 
very nearly one-half the peak current for the unloaded antenna. 


(4) EXPERIMENTS 
Since no ideally broad-band field probes or transmitters are 
available, the radiated electric field of a shock-excited dipole 
antenna and the received voltage of an incident wave that is 
a step function cannot easily be investigated experimentally. 
However, the combined reception of a transient signal due to a 
transient-excited transmitter forms a complete system that can 


* In order to obtain the total charges the distribution in the steady state II has to be 
superimposed. 
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be realized experimentally and may serve as a check on the 
accuracy of the computations. 

For one particular case, R; = 120 ohms and Z, = 0 (impe- 
danceless generator), the transient voltage across the load of the 
receiving antenna due to a step-function excitation at t = 0 of 
the distant transmitting antenna has been computed by com- 
bining eqns. (2) and (4) and subsequent graphical integration. 
Again Q = 15 is chosen and both dipoles are equal in length 
and parallel to each other. The total response, as calculated 
from numerical values of the variational solution, is plotted in 
Fig. 9. The electric field radiated from the distant transmitter 
is the one represented in Fig. 3. It arrives at the time 
T, =(t — r,/c) = 0 at the loaded receiving antenna and induces 
the transient voltage V;, which shows almost a sinusoidal 
character. The total attenuation of the transient signal is due 
to the overall decrease in the incident field, to re-radiation, and 
to losses in the load resistance. Since the antennae are assumed 
to be in the far zone with respect to each other, no mutual 
coupling is included. The response shown in Fig. 9 is inde- 


Fig. 9.—Transient voltage across load resistance of receiving antenna 
in far-zone field of identical antenna excited by step-function 
voltage. 

Q = 15, Rz = 120 ohms, Z, = 0, 


pendent of the antenna length, since an ideal step-function input 
signal is assumed. Only the amplitude of the transient response 
is linearly proportional to the antenna length. 


Fig. 10.—Experimental arrangement for measuring transient 
responses from cylindrical antennae. 


S = Ground screen. 

R = Resistive networks. 

P = Fast-rise pulse generator. 

L = Pulse-forming line. 

A = Wide-band chain amplifiers. 
O = Oscillograph. 

T = Trigger line. 
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For the experiment, the arrangement shown schematically in |) 
Fig. 10 was used. The main parts consist of a large 24 x 4 
metallic earth screen on top of the laboratory building, and t 
metallic rods of variable length as cylindrical antennae. t 
transmitting antenna is fed by a Spencer Kennedy fast-rise pi 
generator. The rectangular d.c. pulse output is generated 
connecting a previously charged coaxial line through a mere 
switch to a load resistance equal to the characteristic resistane 
of the charged line. In the experiment a very long p 
forming coaxial line has been used so that the negative step} 
occurs at a time when the primary transient process due to the 
sudden rise in the signal has long decayed. The voltage s 
with a rise time of less than 1 millimicrosec is about 150 volts, 
and the repetition rate is 130 pulses/sec. It is fed through a long} 
coaxial cable of matched characteristic resistance (R, = 500 ns) | 
to the driven antenna above-the earth screen. Between antenna ( 
and coaxial line a resistive network is used to match the coaxi 
line* and to represent different generator resistances for 
antenna. Account is taken of the fact that antenna and resis-} 
tance have an image in the earth screen, so that load and i 
generator resistances are actually twice the value represented}, 
by the network. Since the voltage step has a finite rise time, |. 
care has to be taken to make this fact unimportant fora compalia 
son with the theoretical response. The criterion here is that th 
rise time should be short compared with the time a wave need 
to travel along the antenna. With an antenna length of 121 cm 
‘travel time from centre to top of about 4 millimicrosec) this | 
condition is reasonably well fulfilled. 

The receiving dipole is located at a distance of about 4 mil 
from the driven antenna with its axis parallel to it. The 
received signal is fed through a resistive network to represent 
different loads into a long coaxial cable with R, = 120 ohms. } 
The signal is amplified in several wide-band chain amplifiers | 
with a cut-off frequency of 300 Mc/s, and finally fed directly to’ 
the vertical deflection plates of a high-speed oscillograph. The 
sweep of the instrument has a minimum deflection time of | 
10 millimicrosec/em and is externally triggered by a small frac- | 1 | 
tion of the pulse output from the pulse generator. ; 

To test the total equipment the two coaxial lines leading to | 
and from the antennae were connected directly, and the) 
pulse obtained was photographed. The rise time was about} 
1 millimicrosec, with some small oscillations on the top, which | 
were found to be due to transients in the resonant circuit | 
formed by the capacitance of the deflection plates and the lead } 
inductances of the oscillograph. Several images of this pulse } 
due to reflections could be seen on the oscillograph; all of these | 
images, however, arrive at a much later time. “| 

In the first experiments all conditions assumed for the theos 
retical curve (Fig. 9) were realized. The impedance looking |} 
from driven antenna into the generator was adjusted to 10 ohms, , 
which is negligible compared with the real part of Z;, at almost 
any frequency. The load resistance at the receiver side was | 
120 ohms. With a brass rod of radius a = ;;in (1:52mm), | 
Q. = 14:7— 15. The photographed response with different | 
sweep times is shown in Fig. 11. It is apparent that it shows | || 
the same overall character as the theoretically computed response | 
in Fig.9, The time for one complete transient oscillation can best | 
be read from the picture with a sweep speed of 20 millimicrosec | 
to be about 16-5 millimicrosec, which compares with the theo- } 
retical value of 16-7millimicrosec. Also, the typical shape of 
the build-up of the transient oscillations is clearly indicated.~ 
The first peak (owing to phase reversal it appears in the positive } 
direction) is much smaller than the ensuing peaks. An evalua- 
tion of T for a decrease to e—'/* of the largest amplitude gives 


W 


* Actually, this would not be necessary since a sufficiently long cable is used so 
that eventual reflections occur after the primary transient has died out. 
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ig. 11.—Transient voltage across load of receiving antenna in far-zone 
| field of an identical antenna excited by step-function voltage. 


| Q = 14-7. 
Ry = 120 ohms. 
| Rg = 10 ohms. 
| hk = 121cm. 
(a) 50 millimicrosec/cm sweep. 
(b) 20 millimicrosec/cm sweep. 


(c) 10 millimicrosec/cm sweep. 


‘0-5 and 68 millimicrosec from theory and experiment, respec- 
lively. The amplitude of the received signal has been measured 
‘nd agrees to within 1 dB with the theoretical value. * 

| In order to investigate whether the antenna length is already 
ufficient, in view of the finite rise time of the pulse, the response 
jas been measured for different antenna lengths. It was found 
|hat, with decreased antenna length, differences between theory 
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Fig. 12.—Transient voltage across load of receiving antenna in 
the far-zone field of an identical antenna excited by step-function 
voltage. 


OQ = 14:7, 
h = 121cm. 


Sweep rate 20 and 10 millimicrosec/cm. 


(a) Ry = Rg = 30 ohms. 
(b) Rt = Rg = 120 ohms. 


and experiment occur only if antenna length and the product of 
rise time of the pulse and phase velocities become comparable. 


* On the 10millimicrosec/em sweep position, the sweep was found to be not 
exactly linear, showing the correct deflection rate only very close to the starting-point, 
as can be seen from the photographed response. In the picture taken with 

50 millimicrosec/cm deflection, the transient due to the negative step of the rectangular 
pulse enters the picture. This step is not quite so sharp and gives a somewhat smaller 
Tesponse signal. | 
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Fig. 13.—Transient time of voltage across load induced by distant 
transmitter excited with voltage step. 


Q = 15. 
h = 121cm. 


In the next series of measurements the dependence of T on the 
generator and load resistances is investigated for antennae with 
h =121cm and ( ~ 15. The resistive networks are adjusted 
in each case to give the same resistances, presented from the 
antennae to the networks (R, = R,). The photographed 
responses are shown in Fig. 12. The period of transient oscilla- 
tions is in all cases about equal. The total transient time is 
seen to be critically dependent on the load impedances. The 
transient times measured from these photographs are plotted in 
Fig. 13, and, for comparison, the transient times obtained 
theoretically are included. Because of the inaccuracy in reading 
the e—1/ amplitude decrease from the photographs, the agree- 
ment cannot be expected to be more than qualitative. However, 
the expected minimum of the transient time is clearly indicated 
in the measured results, and the position of the minimum at 
about 600 ohms agrees well with the approximate theory. 


(5) CONCLUSIONS 


From a comparison of the experimental results and the 
theoretically computed curve for the response in the combined 
transmission-reception case the conclusion can be drawn that 
the theory adequately describes the transient process in a 
cylindrical antenna. Because of the close agreement between 
the values obtained from the variational method and those 
from the second-order King—Middleton expansion, this applies 
to both theoretical formulations. 

It is found that, in order to minimize the transient time of 
cylindrical antennae, they should be loaded with a resistance of 
about 600 ohms for practical antennae (Q = 15). This will be 
important in all cases where a correct transmission of wide- 
band signals is desired. It is, however, at the cost of sensitivity, 
particularly in the case of a driven antenna. 

If interest lies rather in the generation of long sustained 
transient oscillations, impedanceless generators should be used, 
such as would be approximated by a spark between the narrow 
terminals in a driven antenna. Thin wires should also be 
used. 

For the analysis of general transient processes it could be 
shown that only the receiving or transmitting case has to be 
investigated, since each case is connected to the other one by a 
differentiation or integration process. 

11 
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SUMMARY 

Previous tensor methods applied to electrical engineering systems 
have been based on Lagrange’s equations, which are not always 
suitable for non-holonomic systems. As a consequence, the defining 
equations lose much of their simplicity and the component terms in 
the equations may no longer be tensors. 

The paper presents a new set of equations based on the principle 
of least curvature. These equations are suitable for both holonomic 
and non-holonomic systems, and their application is shown by 
examples. 


(1) INTRODUCTION 


Recent papers!» have set out very concisely the classical 
equations of electrical machinery expressed in tensor form, 
these equations having been first propounded by Kron in 1936. 
Kron showed that it was possible to set up, using tensor notation, 
equations that correctly represented the performance of a large 
variety of networks or rotating machines. Once such tensor 
equations have been set up, it is possible to find the equations 
of any machine or any group of machines by a largely routine 
method, i.e. by inserting into the general equations the particular 
constants applicable to the machine it is desired to analyse. 
Examples of this method are abundant in current literature. If 
the method of analysis and the physical phenomena involved 
have been appreciated, it is not necessary to deal with each case 
ab initio; the same tensor equations, which may be set up for 
the simplest possible machine, are valid for several types of 
connections. 

Electrical machine analysis consists essentially in the deriva- 
tion of equations of performance for the purpose of predicting 
as accurately as possible the characteristics of the various types 
of machine. Comprehensive analysis of an ideal machine is 
difficult to achieve, both because of the segregation of the 
problems involved and also because of a more fundamental 
difficulty which is dealt with in Section 2.1. In all cases, the 
electrical elements of the machines under study are considered 
as constituting a number of linear electrical networks in relative 
motion, the networks having lumped constants. This assump- 
tion is widely made and is justified by comparison of the pre- 
dicted and experimental results. 


(2) DESCRIPTION OF KRON’S METHOD 
(2.1) Principles 


For convenience and easy extension of tensor methods to 
complicated problems Kron makes a detailed analysis of the 
simplest machine, known as the primitive machine. The equa- 
tions of the primitive machine are first developed from the 
fundamental laws of electrodynamics; then, by setting up a con- 
nection tensor between the primitive machine and the machine 
under study, the equations of the latter can be established in a 
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routine manner. The study of all rotating machines in Kron’s 
method thus consists of three fundamental steps: 


(a) The establishment of equations of the primitive machine. 

(6) The establishment of the connection tensor showing how the 
given machine differs from the primitive machine. 

(c) The determination of the equations of performance of the 
machine under study. 


Step (a) presents no difficulty; in any case, it has been done 
once and forall. (4), on the face of it, also presents no difficulty; 
connection tensors for various types of machine and windings 
are given in Reference 3. On approaching step (c), however, a 
complication becomes apparent, namely that the equation to be 
used will depend on the type of axes (or reference frames in 
general) which have been adopted. The equations of per- 
formance, as well as the transformation formulae, are con- 
siderably different for the different frames of reference and it is 
also disconcerting to realize that, of the terms in the equation, 
some may not even be tensors. With such a situation, it is 
not surprising that the limitations of the method should be 
investigated. This has been done extensively in Reference 6. 


(2.2) Dynamical Basis of Kron’s Method 


It is well known that the standard theory of classical dynamical 
systems is applicable to the analysis of stationary networks, and 
that the form of the equations is invariant under a change of 
co-ordinates. Section 8 gives the equations in tensor form. On 
identifying charge with displacement and current with velocity, 
for a system without electrostatic charges Lagrange’s function is 


L= T= 4L,,i%1% (1) 
The Rayleigh dissipation function is 
B = tRypiti® (2) 


and the generalized force may be identified with the voltage in 
this case. 
Consequently, Lagrange’s equation 


d po WA Bs 
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d 
becomes a ease”) + Repi* = Vp (4) 
which is the equation of voltage in circuits containing resistances 
and inductances. 
The invariant form of these equations is preserved under 


transformation of the co-ordinates of the form 


= EA. (5) 
where the connection tensors, C%, are not functions of either 
the currents, i%, i*, or of the time, +. 

In this case the components of the connection tensor are often 
determinable from mere inspection of the circuit, and this is an 
important advantage of the tensor method. But more general 
transformations are possible, which, in theory at least, could 
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depend on both the currents i% and i* and the time 7. For 
example, in rotating machines, the slip-ring connections of rotor 
conductors to the external circuits are such that the connection 
tensor has constant components; on the other hand, a com- 
mutator introduces relations 


re Aah aN stil (G) 


which are not integrable. Here, i* are the rotor currents and i# 
are the currents in the external windings. The tensor Aj is an 
explicit function of the rotor angle, and in general, therefore, 
an implicit function of the currents. 

It is not possible to use Lagrange’s equations in such a circum- 
stance. To overcome the difficulty, Kron resorted to the use of 
quasi-co-ordinates which are fully discussed in Reference 7, and 
this led him to electrical equations which were the counterpart 
of the Boltzmann—Hamel equations of motion in dynamics. But 
an important restriction remained; the tensor A% was still limited 
to a function of a geometrical variable only, e.g. in the above 
case a function of the rotor angle only. Further, the form of 
. the equation was by now somewhat complicated, and this led to 
its criticism on various grounds. 


(3) MORE INVOLVED DYNAMICAL SYSTEMS 


(3.1) Classification of Systems 


A dynamical system may be classified as (a) holonomic or 
non-holonomic, and (5) scleronomic or rheonomic. In (a) 
the kinematical constraints may be relations between the co- 
ordinates themselves (holonomic) or a non-integrable relation 
between the differentials of the co-ordinates (non-holonomic), 
while in (5) the kinematical constraints may be explicitly inde- 
pendent of the time (scleronomic) or explicitly dependent on the 
time (rheonomic). 

One fundamental problem in dynamics is the formulation of 
the equations of motion in the various cases. For holonomic 
systems, the equations of Lagrange provide the solution. How- 
ever, when non-holonomic systems are encountered, the 
Lagrangian equations may only be used in conjunction with 
the A-operator methods. 

As regards time-dependence, scleronomic systems are covered 
by the above, but with rheonomic systems another modified 
form of the Lagrangian equations must be used. Both the 
kinetic energy and the potential energy in the rheonomic case 
are dependent on the time, as a result of the time-variation of 
the kinematic constraints. The total energy of the system is 
not a constant but changes according to the equation 


fF ye: Sy MEPS eee © 0) 
where Vis the Lagrangian function depending on the generalized 
co-ordinates, their time derivatives and the time ¢. In this case 
the law of conservation of energy is no longer valid. As may 
be imagined, non-holonomic auxiliary conditions which are also 
rheonomic present a problem in which the modification to the 
simple form of the Lagrangian equations is extensive. 

In the tensor theory of electrical machines, the auxiliary con- 
ditions are, in general, non-holonomic. This produces extra 
terms in the differential equations corresponding to the equa- 
tions of motion which are not tensors, and a great deal of 
homogeneity and simplicity is lost thereby. For example, in the 
tensor equation of motion’ 
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the bracketed expression is not a tensor and the equation is not 
well suited for general study. Similar remarks apply to time- 
dependence. However, it should be remembered that the com- 
bination of terms on the left-hand side of this equation is a 
tensor, derived by covariant differentiation of the x”, and that 
this procedure is basic in tensor analysis. 

The fault, of course, does not lie with the tensor theory, but 
with the lack of generality implied in the dynamical equations 
to which the theory was applied. In endeavouring to produce 
some simplification one is naturally led to consider the principle 
from which Lagrange’s equations may be derived, namely the 
principle of stationary action. This, however, is not the only 
variational method which is used in dynamics, and the question 
arises, whether some other principle would yield the desired 
alternative approach. The form of this principle would pre- 
ferably allow for both holonomic and non-holonomic systems, 
as well as time dependence._ 

The principle which most néarly parallels that of least action 
was first formulated by Gauss, using a special form of variation 
to transform d’Alembert’s principle into an actual minimum 
condition. It is the principle of least curvature, sometimes called 
the principle of least constraint, and, as will be shown, it yields 
equations which allow for generalized auxiliary conditions. 


(3.2) The Principle of Least Curvature 


Consider a general dynamical system, either holonomic or non- 
holonomic, subject to a number of constraints which may, if 
necessary, be supposed to depend on the time explicitly. The 
impressed forces on the system may also be completely arbitrary: 


Fig. 1.—Dynamic displacement of a particle. 


the constraints are frictionless. Then, with reference to Fig. 1,) 
the displacement of a mass m in an interval of time 6¢ may be 
expressed as 


2 
AB = 031 + ee ee 


where v and f are the velocity and acceleration vectors 
respectively. 

Let F = resultant of the impressed forces and F, = resultant 
of the constraint forces. Then F + F; = mf. With the con- 
straint forces removed, the displacement of mm would be from 
point A to a point C such that 


2 
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The constraint K in the time-interval 5¢ was defined by Gauss 
according to the equation 


K = 43 m(CB) = 43 (mf — FPL (11) 


and it will now be shown that this quantity is less for the actual 
| trajectory than for any neighbouring trajectory. For, considera 


hypothetical displacement AB’ subject to the given constraints 
and satisfying the given initial conditions. If f’ is the accelera- 
tion vector in this displacement, 


j jot? 

AB’ = vot + 4f = 

ee or 

and consequently BB’ = (f’ — fry 


Hence 


, ‘ ott 
m(CB)(BB’) = F,(f wieads 
Now the velocity v may be expressed in terms of a number of 
components 
7h ia be ai 7 
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0; = ayqi + b; (12) 


_ where the q/ are general co-ordinates equal in number to the 


on 


degrees of freedom of the system. Consequently the accelera- 
tion may be expressed as 
) 


f, = aq! + 0,4, 4, 1) (13) 
where 6; is some function of g, q and the time ¢. Since the 
accelerations f and f’ are both compatible with the constraints, 
corresponding to the same set of values of g, q and time t¢, they 
only differ in the values of g. Therefore f’ is given by the 
components g/ = A@/ and it follows that 


f' —f= ajAq (14) 


Again, the work done by the constraint forces in a virtual dis- 


placement dg* = Agee is XF,,0g*, and since the con- 
straints are by hypothesis frictionless, the work is zero. 
Therefore 42 F,(f’ —f)dt* =0 or 4 m(CB)(BB’) = 0. 
Finally, CB’ = CB + BB’ 
ie. 42 m(CB’)? = 4X m(CB)? + $2 m(BB’)? + & m(CB)(BB’) 
K'=-K + 42 m(BB’)?? 
Kr BY 


or 


Therefore 


(15) 


“as was to be proved. 


It should be noted that the number of components of v; was 
not assumed to be the same as the number of co-ordinates q/; 
in general, n > m owing to the equations of constraint 


Ck égi=0 k=1,2...(Q2—m . (16) 
These equations of constraint are not necessarily integrable, or 
time-independent. 
(3.3) Appell’s Equations 


From the foregoing principle, it is possible to derive a set of 
equations first formulated by Appel.® 
Putting v = x and f = X, the constraint is 
Fy2 
m 
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and the components of velocity and acceleration are 
x, = ajq/ ar 64, (bid als (19) 
Consequently K is also a function of g,g, g and ?¢. For a mini- 
mum of K, one of the conditions is 
OK 
ae (20) 
we tee VAST ACES 
which yields 2um (x — a =0 (21) 
oer 5 
Since ¥qi = 0 on account of the arbitrary nature of the impressed 
forces, on transposition there results 
.. OX; Ox; 
mig Tg, 
P) as Ox; 
or ay 3mx;) = fi 7 (22) 


The term inside the brackets is Appell’s function, S, i.e. the sum 
of the squares of the acceleration terms. 


dx, 


Also, ogi (23) 


= ay 


and it is usual to put a,F;= Q;, the generalized impressed 


force. In terms of this, the equation may be written 
os 
ogi = Q; (24) 


(3.4) The Equations in Tensor Notation 


The preceding equations may also be established as follows, 
using tensor notation. Consider any two sets of co-ordinates, 
x and y, which are related by the equations 


BP = ab” (26) 


where no restrictive assumption is made regarding the ranges 
of the indices m and n. In general, the transformation tensor 
a” will be a function of the y’s and the time ¢. From this there 
follows 


xm = any + dy, y, t) (27) 


where ¢ is some function of the variables indicated. 
The virtual work in a small displacement is 


SW = SinyX?5x™ (28) 
where g,,, is the metric tensor of the system. Therefore 

SW = Sing? X amdy” 
This may be written 


BW = being? ")8Y" (29) 


If the substitution S = 4,,,%”X? is made, and if the generalized 
force corresponding to the co-ordinate y” is F,,, then 


wy dy" = Foy" (30) 
oy" 
os 
or ar F, (31) 


which is the required equation. 
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In general, with curvilinear co-ordinates, the acceleration is 


given by 
n 
f" = xr XIN XP 
m p 


where the Christoffel symbol is formed in conjunction with the 
metric tensor g,,,.__ Appell’s function is 


(32) 


S=48nnf"f" (33) 
and Appell’s equations yield 
: mn 
= BL + Sl o Fp (34) 
Now f” is a function of ¥” and x” so that 
m m r m “a 
Ce a a (35) 
DpBCURT DVB" DRT dj 


Again, x” =a aye + b’ [eqn. (26)], therefore x” = ab y® + A(y, y, 1) 


[eqn. (27)], ie. dx7/dj¥ =a. Further, 02%7/278 =0 and 
Of OO" 
H of = Shah 40a? 36 
ence, Sy 7 Fah + 0 = af (36) 
Substituting this in Appell’s equation, there results 
1 dg, 
5 yell” + Stl" = Fo (37) 


That this equation is true, irrespective of the nature of the 
constraints, is due to two factors: 


(a) The inclusion of the term 6” in the expression for x” 
allows for rheonomic constraints. 

(6) It is not necessary at any stage to assume that af = 0x”/dx® 
since the components of a®, may still be exhibited without this 
assumption. As is well known, it is this restriction which makes 
the holonomic constraints necessary in Lagrange’s equations. 

If Og;nnl0#*® = 0, the above equation may be reduced to the 
simple form 

a fm = F 


and on expansion will give the equation of motion in explicit 


E mn (38) 


terms. On substituting for f”, 
n 
Site ee as XMEP | = Fa (39) 
or Cnt any +2 ed a le pen = Fe (40) 
Therefore 
agany® + ao ee spy + [mp, n]aRx"x? = F, 41 
Emn%p Ue, Smnta ye) Y ip; gr x = Bs ant ) 
The first term on the left-hand side is 
Smn AG ayY* = 8apy* : (42) 
The second term is 
da? Pi, 20% 
Bun B yan I = — Sn BO pny I 
7 oe 
— BB ayy (43) 
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For the third term, 
day 
Emp, nlepemar = {1By, aeasag + one? hapa 
n 


= [By, a]*yr sip ght azar yoy (44) 


a 
ox” Ace 
Therefore 


dada 
Sop * + {(b, a] a Ge =) aay eh vie = Fp . 5) 


which is the equation required. 


(4) THE NEW EQUATIONS IN ELECTRICAL NOTATION 
(4.1) General 
. To-utilize the equations previously given, one can identify the 
electrical charge g with the displacement x; the current J is then 
represented by a velocity x. With two sets of co-ordinates, x 
and y, related according to 


xm = amy + bm (46) 
no restriction being placed on the ranges of m and n, the corre- 
sponding electrical equations are 


ym = Oye (47) 


where C”' is some function of q* and ¢. This simplification is 
due to the fact that, in general, no electrostatic charges are 
present in rotating electromagnetic machinery. It follows that 


jm = Cm + Cm , (48) 


It is not necessary, however, to assume that C” = 0q™/0q*; i.e. 
the system may properly be considered as non-holonomic. It 
follows that 
ol” 
ol 
Appell’s equations in this notation are, with inductance 
tensor Lyin, 


=o (op) Se 


a spa bE ) bea Ox . (50) 
where Q,, is the term corresponding to the generalized force and 
will be evaluated later. This gives 

PY kia F 
Lund Fra x Ou. (51). 


if L,»n iS assumed non-varying. On substituting for d/’"/d/* and 
i” there results 


(Ln Cal? + Lean AIC? = OQ, (52) 
and therefore Lagl® +- LagC8CaI® = Og ; (53) 
where Log = LnnCZ CG (54) 
d dcz dé dCy 
ATT ie 1 ONTR Say tO eee er nee 8 
Now Cul Roel 7) a To pore . (55) 
so that Lugl® ++ Lag ott. pole = O, 


9 (56) | 


(4.2) Evaluation of Q,, and Final Form of the Equation 


It now remains to evaluate Q,, and this may be done as follows. 
Consider a small change in the system in which g” is increased 
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by 6q” so that the current J” flows for a time given by 
I™$t = dq”. If the impressed voltage is V,,, the work done 
by the supply V,,6g and the work done by reaction with the 
conductor material, being equal and opposite to the heat 
generated, is —R,,,J"I"5t. Thus, if the generalized force 
corresponding to q” is Q,,, we have 


Omd" = Vy5Q"™ — Roan l™I"St (57) 
so that On VaR T= (58) 
Multiplying by C” gives the transformed value of Q,,,, for 
Oe VC" —R,.CuCtre 
= Va — Ral? (59) 


The left-hand side of this equation is clearly Q,, which is thus 
known. Therefore there finally results 


di la 
Vg = Rual® + Lagl® + Lee pore. . (60) 
which is the voltage equation for general rotating axes.° 
(4.3) Equations in Direct Notation 
In direct notation® eqn. (60) may be written 
ee (R + pipe Lic" pb)r' (61) 
or Vie iP (62) 
t , , t 21dC 
where Z=R+L)+LC a Po (63) 
Since Ee OG . (64) 
EC) = Cr. (65) 
, dC 
and Z'=R + Lip + CLa pe 
ae dC bo 
or Z=R+Lpt+ CL 
These equations are in the same form as in Kron’s papers.° 
(4.4) Reduction of the Equation in Simple Cases 
When the connection tensors are not variable, i.e. when 
oC dC 
+ ia or = ibe (67) 


the equation reduces to C,LCpI'’= V’— R'I’ or, since 
ie ORE, tO 
CAR + Lp)cl’' = V' (68) 


which is the usual form. In an even simpler case, say with 
constant inductance and without any sort of transformation, the 
equation gives 

P) 

— GLI?) = V—IR 

5 72 ) 
or Li= V—IR 


which is the simple equation of voltage in a series RL circuit. 
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(5) USE OF THE EQUATIONS IN MACHINE ANALYSIS 


By use of the method given above, the equations of systems 
can be obtained in some cases with considerable ease. For 
example, the inductance tensor of the simplest generalized 
machine is> 


d, d, q, Ws 


(69) 


For a machine with moving reference axes, say a 2-phase salient- 
pole synchronous motor, the connection equation is 


== Clie (70) 
where C= (71) 
and therefore 
dC 
sais Hes 72 
Now pl = p(Cl’) = pCi’ + Cpl’ . (73) 
= (pC + ©)’ (74) 
= KI’ 
where K=(pC + Cp) (75) 
2G 
i = — p0 
Since pc 9? 
dC 
=—pd+C 76 
39? + Cp (76) 
Hence 
' Gio (77) 
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in which A = cos Op — sin Op0 oe) 
B = sin 6p + cos O0p@ ( 
With these values a becomes ae LI) 
? ai’ pl’) 2“t 
os P) 
— = —, (pl Lpl 19 
or wr ory Pp ) ( ) 
r) 
| a 80 
Now 
p? Las; pAM, —pBM, 
pAMy | A?Ly, + B*L gy | Lgr — Lap)AB 
K,LK = 


—pBM, (Lo ae LAB AL SF BL a, 


(81) 


This result must be multiplied by J; and J’ and differentiated 
partially with respect to pl’. It follows that terms which do not 
contain a ‘free’ p to operate on I’ will, when differentiated, be 
zero. For example, the differentiation of A*Ly, + B*L,, 
results in 

P) TA / 
pry’ (A?Lg, + BL) 


= sain! [La cos” Op? + L,, sin? Op” 
+ 2 sin 0 cos 6pp(Lg, — La) 
+ Lg, sin? 6(p6)? + L,, cos? O(p8)7|I' . (82) 
= Ii[Lg, cos? Op + Lg, sin? Op + 2 sin 8 cos Op0(Ly, — Lz,)] 
(83) 
That is, it results in the disappearance of the terms in (p§)? and 


there is apparent ‘cancelling’ of one p in the remaining terms. 
If this is done throughout, there results 


d, a 


d, PLas (cos 6p — sin 6p6)M, 
a (cos 6p — sin 0p0)M, Ly, cos” Op + Lz, sin? Op 
+ 2sin @ cos @p4(L,, — Lg,) 
b — (sin Op + cos 6p0)M, (Ly, —.La,) [sin 6 cos Op 
+ (cos? @ — sin? @)p6] 
Ws (sin Op + cos 0p6)M, 


It has been shown elsewhere? that this is the sum of the con- 
ventional inductance and torque tensors when multiplied by p 
and p@ respectively. 


(6) CONCLUSION 


The use of eqn. (60) has been somewhat restricted and it is not 
possible to give an assurance of its wide application to electrical 
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problems. However, the use of the equations certainly simplifies 
both proofs and procedures in the more complicated cases of 
machine analysis. The equation will also apply to circuits in 
which the parameters are functions of the time. This is possible 
since, as stated, there are no restrictive assumptions necessary 
in the proof of its validity. Similarly, it applies to systems in 
which the transformation tensors, CZ, are functions of the cur- 
rents as well as of the interconnections. The analysis of Sec- 
tion 3 has added some generality to certain steps in the derivation 
of the covariant form of the dynamical equation (45); in par- 
ticular, it is now possible to utilize the equations in time-varying 
situations. 
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— (sin 6p + cos 6p0)M, 0 


Lay = LyN{lsin 8 cos Op 


(sin 6p + cos 6p@)M, 
+ (cos? 0 — sin? @)p6] 


Ly, sin? Op + Ly, cos? Op 


(cos Op — sin 6p0)M, 
+ 2sin Ocos Op6(L,, — La,) 


(cos 6p — sin 0p6)M, pL 


qs 


2) Bee 


(8) APPENDIX: LAGRANGE’S EQUATIONS 


In textbooks on dynamics? it is shown that Lagrange’s equa- 
tion for a dissipative system having n degrees of freedom is 


tee a op 
“dt\ 0x PE hise: ars 


One such equation applies to each of the degrees of freedom. 


(85) 
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When the equation is written in this way, it is assumed that the 
system has no moving constraints, i.e. that it is ‘holonomic’. In 
tensor notation the equation may be written 


d es Dees, OF. 

PAG Oet, COE 
Further, in electrical systems the potential energy, i.e. the energy 
of the electrostatic charges, is usually assumed to be zero so that 
L= T= Fg apr7X8 . (87) 
B = trepx*x8 . (88) 


- where the metric tensor, g.,, and the dissipation tensor, rg, 
are some functions of x* only. 


(86) 


and 


oT trl 
= 8 By 
Now rig sr Saat B) = 42,,5%x8 + 4,,09X* 
= Zgypx° ae Fra X™ : (89) 
Hence, 
aol, 1sdgye. 6 p oe 
perce ign xe 90 
dt ee a. Wel nk ae yee i) 
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Now etal + £8 ya0X% = &yeX" since « is a free index. Hence, 
di aoa) a Lae a , a ae ) Eee co OU 

= F(t + Mae a8 + gy9i? (92) 

Again, ies EGE AE) nS No pag (93) 
and a ee aX” (94) 


The final form of Lagrange’s equations of motion is therefore 


s 1 2 yB eer _ Bap 
Box? + ames ox8® Ox XAXP + rex? = Fy (95) 
or ByeX® + [oB,y]x2x® + ryex® = F, . (96) 
dg. wy Sap, 
where [>B.y] = 3( san HigeR =) 


is the Christoffel symbol of the first kind. 


621.3.013: 621.319.7 


The Institution of Electrical Engineers 


Monograph No. 379 


May 1960 | 


ELECTRIC AND MAGNETIC IMAGES 
By P. HAMMOND, M.A., Member. 


(The paper was first received 17th November, 1959, and in revised form ee 1960. It was published as an INSTITUTION MONOGRAPH 
in May, 1960. 


SUMMARY 

The method of images as applied to electrostatic, magnetostatic and 
electromagnetic fields is investigated. By considering the uniqueness 
of the field it is shown within what limits the method can safely be 
used, and rules are given for its use. The application of the method 
is illustrated by a discussion of the electric field near a cylindrical 
cathode and the magnetic fields near the end-windings of electrical 
machines. : 


LIST OF PRINCIPAL SYMBOLS 


A, C = Vector potential functions. 
B= Magnetic flux density. 
c = Velocity of light. 
D = Electric flux density. 
E = Electric field strength. 
H = Magnetic field strength. 
J = Current. 
i = Surface current. 
J = Current density. 
k=alc. 
n = Unit vector normal to a surface. 
P, Q = Vector functions. 
q, 7 = Electric charges. 
R = Radius. 
r = Polar co-ordinate. 
iS = Surface area. 
v = Volume. 
x, y, z = Cartesian co-ordinates. 
a, B = Angles. 
€ = Base of natural logarithms. 
€9 = Primary electric constant. 
€ = Permittivity. 
C¢=e"|Ir. 
[49 = Primary magnetic constant. 
pe = Permeability. 
p = Volume density of electric charge. 
o = Surface density of electric charge or magnetic pole 
strength. 
¢, X, % = Scalar potential functions. 
w = Angular frequency. 
V = Hamilton’s vector operator. 


(1) INTRODUCTION 


The method of images is of great use to electrical engineers 
in the determination of electric and magnetic fields in cases 
where there are reflecting boundaries. A typical example is the 
calculation of the forces on electrons emitted from a cathode: 
these forces can be easily calculated by a consideration of the 
images of the electrons in the cathode surface. In magneto- 
statics, too, it is customary to calculate the attraction between 
a current and a parallel iron boundary by considering the image 
of the current in the iron. Again, in high-frequency problems 
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it is usual to consider the effect of the earth on the field pattern | 


of an aerial to be the same as that of the image of the aerial. 
Because of, the wide field of application and great practical 
interest of the method of images it would seem reasonable to 
conclude that the method is well understood and can be safely 
applied to new problems. Various factors have, however, con- 
vinced the author that this conclusion is mistaken; among these 
might be listed the denial by a writer recently that there is any 
image force on electrons around a cylindrical cathode.! Even 
more seriously, there was in the author’s mind the doubt whether 
the method of images is applicable to magnetic boundaries of 
finite permeability, since the original proof of the image theory 
apparently depends on the provision of boundaries at constant 
potential. This doubt was reinforced by the observation that 
writers on images in electromagnetic theory confined their 
attention to problems of infinitely conducting boundaries. 


The paper is the outcome of a close examination of the method | 


of images and has been written with two aims in view: the first 
is to examine the magnetic field of current distributions near iron 
boundaries with special reference to the fields of the end-windings 


of rotating machines; the second is the more general aim of | 


arriving at a clearer understanding of the method of images in 
order to determine the conditions under which this method can 
be safely applied. 


(2) HISTORICAL BACKGROUND 

The method of images is due to Lord Kelvin,? who in 1848 
published a paper in which he showed that the field of an electric 
charge in front of a conducting sheet could be correctly repre- 
sented as the field of the charge alone plus the field of its mirror 
image in the conducting sheet. Lord Kelvin used the term 
‘image’ in order to point out the close similarity of electrical 
with optical images. In optics an image is defined as a point 
or system of points which, if it existed, would emit the system 
of rays which are actually due to reflected light from a mirror 
or lens. Two kinds of images are distinguished in optics: 


virtual images are located on the far side of the mirror or lens 


and real images are Jocated on the near side. Lord Kelvin’s 
electrical images were all virtual ones. 

Lord Kelvin confined his attention to electrostatic problems. 
He was followed by Maxwell,? who greatly enlarged the 
treatment. Maxwell was mainly concerned with problems con- 
cerning spheres, and he lists all the combinations of spheres 
and planes which in the presence of electric charges give a finite 
number of images. Maxwell, like Lord Kelvin, was chiefly 
interested in the image treatment of electrostatic problems. 
There are, however, in his treatise passing references to the 
method of images applied to the electric potential of steady 
current conduction, to magnetostaticst and to the magnetic 
images of slowly varying current sheets.° 
applied the method of images to magnetic problems of finite 
permeability, and Hague,’ in an excellent presentation of the 
subject, pays great attention to Searle’s method. Both Searle 
and Hague, however, present the method of images as a ready- 
made solution to certain problems. It is clear that the method 


[ 306 ] 


Searle® successfully — 


Se ’ 


| is correct, but the reader is left wondering how the solution was 
| obtained. 


Other writers follow Maxwell’s treatment and restrict 
| their attention to electrostatic problems involving conducting 
boundaries. Among these, Jeans® bases his proof, like Maxwell, 
| on the provision of equipotential boundaries,* but then para- 
| doxically shows that the method is also applicable to problems 
involving dielectric boundaries, in which there is an electric field 
_ along the boundary. 


(3) GENERAL CONSIDERATIONS 


The basic requirement of the method of images is that the 

effect of the boundaries shall be correctly represented by the 
images. In electrostatic problems, for example, there will 
generally be induced charges on the boundaries of the region 
considered. The field of the image charges within this region 
must be identical with that of the induced charges. We are 
thus led to examine how the field within a bounded region of 
‘space depends on the charges at the boundary. When we have 
discovered how the field within a volume depends on the field 
at the boundaries, we can then postulate an image distribution 
of sources which will give the same boundary field and therefore 
the same field within the volume considered. This image 
distribution will then correctly simulate the effect of the 
boundaries. 

(3.1) Electrostatic Fields 


An electrostatic field can be described by a scalar potential ¢. 
In seeking a relationship between surface and volume effects 
we can make use of Gauss’s identity 


[[_P-aas = [Jv pao aa 


where P is an arbitrary vector, m is a unit vector drawn from 
within v normal to S and the mathematical surface S completely 
encloses the volume v. If we choose P = %V¢, where and 
are two scalar functions, then 


[J prBas = [ff eves + (vy. venla Bes (2) 


and this is known as Green’s theorem.? 


yd 
[J ssfas [J] tov +(Vd]dv. . . (6) 


We seek for a unique relationship between the surface field and 
the volume field. Consider then the possibility of two scalar 
potentials ¢, and ¢, to satisfy eqn. (3). Then V7, = — p/éo, 
’ where p is the charge density within v and V*¢. = — p/eo. If 
X = d, — dp, then VX = 0. 

Applying eqn. (3) to the function X gives 


[Gio [Lovo @ 


If the left-hand side of this equation is zero, the integrand of 
the right-hand side must be zero. In such a case VX = 0 and 
both X and ¢, — ¢, are constants. Thus the field derivable 
from ¢, is identical with that derivable from $2. The field is 
therefore unique. 

Reference to eqn. (4) shows that the field will be unique if 
dX/dn is zero everywhere on the surface. If X is zero on the 
surface uniqueness is again achieved, but this condition is not 
* He writes in article 209: The principle underlying this method (of images) is that 


of finding a system of electric charges such that a certain surface, ultimately to be 
made into a conductor, is caused to coincide with the equipotential V = 0. 
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necessary. All that is necessary is that X shall be constant on 
iS, since we have then 


J)xseas = x | Sas = x |] vexa0 — 0 


The criterion of uniqueness is therefore that either X shall be 
constant or 0X /dn shall be zero everywhere on S. This means 
that either the tangential or the normal components of the elec- 
tric field must be specified everywhere on S. A particular case 
of great importance arises when S is an equipotential surface, 
and it is this case which has occupied the attention of writers 
on image methods. Atmost invariably their discussion starts 
with the consideration of a surface S at earth potential. In 


such a case 
[i esbas ss off Stas 


and if ¢ is zero (or some other known constant value), it is 
clear that the field is unique. Such a method starts with the 
consideration of charges near perfect conductors, or of currents 
near surfaces of infinite permeability. Of course, such discus- 
sion is perfectly valid, but it obscures the issue. The condition 
that S shall be a conducting surface is sufficient to determine 
the uniqueness of the field within v, but this condition is by no 
means a necessary one. All that is necessary is that the value 
of the tangential or normal electric field shall be specified at 
every point on the surface. Thus there can be fields tangential 
to the surface S. It is therefore not at all surprising that image 
methods can be applied to dielectric boundaries. From a 
consideration of eqn. (4) we arrive at the following formulation 
of the image problem in electrostatics: 

Consider a surface S which totally encloses a volume v, Deter- 
mine the tangential electric field (or the normal field) on S due to 
the induced charges on the boundaries. Find a distribution of 
charges outside S to give on S the same tangential field (or the 
same normal field). Then this distribution of charges will give 
within v the same field as is given by the induced charges on the 
boundaries. Thus it is the image distribution required. 

It should be noted that the image distribution is to be placed 
outside S. In the language of optics, we require a virtual image. 
Real images, i.e. charges within v, are inadmissible, because they 
do violence to the physical conditions of the problem. The only 
sources of an electrostatic field are electric charges and it is 
incorrect to insert charges unless these are made inaccessible. 
The image charges must always lie outside the region under 
consideration, because we require the field of these charges but 
not the charges themselves. Furthermore, although the field of 
the image distribution is unique, no such uniqueness is required 
of the image distribution itself. It is not uniqueness but con- 
venience that is the criterion of the image distribution. 


(3.1.1) An Example: Line Charge Parallel to the Face of a Semi-Infinite 
Dielectric Slab. 

Fig. 1 shows an infinite line charge g at a distance d from the 
face of a semi-infinite dielectric slab of permittivity «. Let the 
density of induced charge at P be o; then E normal to the slab 
at P due to the charge q is given by 


aad 
Fee €o(d? + x?) 
and o is derived from 
Oo oO 
pee een ate [en te "ee Park Ae 
2€9 En $ Om - En ( ) 
e—1 
oc= — ¢ 7 ;) 2«oEn 
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Fig. 1.—Line charge parallel to the face of a semi-infinite 
dielectric slab. 


Then the normal field of the distribution o is given by 


Medi dk a) gi qd 

pet tle "e+ 1 e((d? + x?) 
Comparing this with the normal field due to g we note that it is 
a field which would be produced by a charge of line density 


—q|(e — D/(« + 1] placed at distance d from O within the 
dielectric. This is the required image charge. 


(3.1.2) The Physical Meaning of the Boundary Conditions. 


It is of great interest to examine the physical meaning of the 
surface conditions, which are sufficient to guarantee the unique- 
ness of an electrostatic field. On first looking at the problem 
it would seem essential to specify all three components of electric 
field on S.* Green’s theorem, however, teaches that it is suffi- 
cient to specify either the normal or the tangential field 
components. Thus in the example in Section 3.1.1 it was suffi- 
cient to consider the normal component of field only. 

The physical basis of this is as follows. An arbitrary value 
of normal field can be introduced at any part of S by placing 
close to S a surface distribution of electric charge. Green’s 
theorem states that it is possible to produce any arbitrary field 
within a closed volume solely by a layer of surface charge. A 
special case is that of zero electric field. It is clear that zero 
electric field can always be produced by surface charge on 
conductors of any arbitrary shape. Green’s theorem shows 
that not only zero field but any other field can be produced in 
this manner. 

Just as a step in the normal field is due to a charge layer, so 
a step in the tangential field can be produced by a layer of 
electric doublets.!° This is of great interest in magnetostatic 
problems and is mentioned in Section 3.2.2. 

The fact that we can specify either tangential or normal field 
seems to imply a possibility of choice of surface distributions. 
This, however, is only a mathematical possibility, since layers 
of electric doublets do not occur in nature.t If they did exist, 
they would correspond to a surface distribution of steady 
magnetic current. ? 


(3.2) Magnetostatic Fields 


Magnetostatic fields can be regarded as being due either to 
a distribution of steady electric currents or to a distribution of 
magnetic poles (or dipoles). We shall consider each point of 
view in turn. 


If the sources of the magnetostatic field are electric currents, 


* It should be noted that the surface S considered here is not the actual boundary 
but an adjacent surface just to the right of the boundary. The reason for this is that 
0¢/dn is discontinuous at the boundary and Green’s theorem [eqn. (3)] applies only 
if 0 ¢/dn is continuous throughout »v. 

} It should be pointed out that we are here dealing with movable surface distribu- 
tions like electric charges and currents which can be induced on a boundary. It is, 
of course, true that fixed layers of electric doublets occur very commonly, if not 
universally, on the surfaces of solids and are necessary for an explanation of the 
existence of the ‘potential barrier’ which is observed as an electron passes into or 
out of a solid. 
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it is convenient to describe the field by a vector potential A, 
where B, the magnetic flux density, is related to A by B= V X A. 
Stratton!! gives a vector form of Green’s theorem, which he 
obtains as follows: 

In Gauss’s identity [eqn. (1)] let the vector be P x V x Q. 
Then 


Ihe x Vx Q).ndS = JJ]v-@ x Vx Ode © 


Therefore 


fl@x vx o.nds = [[[ iv xP. x ® 
é "PAV xX Vx Q)eo] @ 


It will be seen that eqn. (7) is closely analogous to eqn. (2): 
it is, in fact, Green’s theorem in vector form. We proceed as 
in Section 3.1. LetP=Q=A. Then 


[Ja x ¥ x A) nas = |[[ (Vx AP — 4. x Vx Ala 
; (8) 


Let A be the vector potential Then V x A=B and 
Vx VxA=V xX B= pod, where J is the electric current 
density. To find the criterion for uniqueness we examine the 
possibility of two solutions, 4; and A,, to satisfy eqn. (8). 
Then V x Vv x Ay = Pod and V x V X Ay = Mod. Let C= 
A, — A, and apply eqn. (8) to this difference field. Then 
V x V x G= 0 and 


[ex vx ©.nas = [ff cv x epae (9) 
S v 

If the left-hand side of this equation is zero, the integrand of 
the right-hand side must be zero. In such a case V xX C=0, 
ie. V X Ay = V X A, and B; = By. The magnetic field is then 
unique. The left-hand side of eqn. (9) can be written 


Jee x Vx C).nds = || (Vv x ©) xn. CdS 


=[[@ x C).(V x Ods 
S 
Now if 2 x C is constant on S we have 


Jo x ©).(V X OdS =(n x off x C) x ndS 


=nxcl{[(Vx Vx Od=0 


Thus the criterion for uniqueness is that either the tangential 
components of C shall be constant or the tangential components 
of V x C shall be zero everywhere on S. This means that 
either normal B or tangential B must be specified everywhere 
on S. The formulation of the image problem in the magneto- 
static case is therefore as follows: 


Consider a surface S which totally encloses a volume v. Deter- 
mine the normal magnetic field (or the tangential magnetic field) 
on § due to the induced currents on the boundaries. Find a 
distribution of current outside S to give on S the same normal or 


tangential B. Then this distribution of currents will give within v - 


the same field as is given by the induced currents on the boundaries. 
Thus it is the image distribution required. 


As in the electrostatic case the images must be virtual, i.e. 
they must lie outside wv. 


applies throughout. 
therefore identical whether one proceeds from consideration of 
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The alternative view of the magnetostatic field is to regard its 
sources as magnetic dipoles. All currents must be replaced by 
equivalent magnetic shells. The magnetic field can then be 
derived from a scalar potential and the treatment in Section 3.1 
The formulation of the image problem is 


currents or dipoles. 


| @G.2.1) An Example: Line Current Parallel to the Face of a Semi-Infinite 


= 


a 


Magnetic Slab. 


Fig. 2 shows an infinite line current J at a distance d from the 
face of a semi-infinite magnetic slab of permeability p. 


Fig. 2.—Line current parallel to the face of a semi-infinite 
magnetic slab. 


First, let all sources of the magnetic field be electric currents. 
Let i be the induced current density at P, and let B, be the 
tangential magnetic field due to Jat P. Then 


Hos — B= — »(E + B,) (10) 


alpen tra 


The tangential field due to i just to the right of the boundary is 


Therefore 


i= 


Thus the image current is Z[(u — 1)/(u + 1)] at a distance d 
to the left of O. 

Alternatively, let all sources of the magnetic field be mag- 
netic poles. Let o be the induced pole strength at P, and B, 
be the normal magnetic field due to the magnetic shell bounded 


at I. 
Co C 
Then 5 +3, = =a — B,) (11) 
Cpe 
gaa es 4 pee 


Thus the image magnetic shell can be represented by a current 
I[(u — 1)/(e + 1)] as before. 


(3.2.2) The Physical Meaning of the Magnetostatic Boundary Conditions. 


There are some unsatisfactory features in the discussion of 
the example in Section 3.2.1 which throw a great deal of light 
on the physical nature of the magnetostatic field. If we 
consider that all sources of this field are electric currents, we 
must postulate a surface current i in a magnetic material. 
Physically, however, no such current will flow. This current 7 
would have to be greatest at O, but if the magnetic material is 
iron, having a domain structure, there will be no effect at all 
at O. Thus i describes the magnetic effect mathematically but 
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not physically. A better physical description is given by the 
surface polarity o, which gives the average magnetic effect of 
domains which have been rotated by the current J. 

If, on the other hand, all sources of the magnetic field are to 
be poles, J must be replaced by a magnetic shell, and this is a 
mathematical device without physical content. 

We are thus led to the conclusion that there are two types of 
source—electric currents and magnetic poles. These poles may, 
in turn, be due to the orbital and spin motions of electrons. In 
this case we should have to talk about two types of current— 
normal electric current and atomic electric current. But because 
of the difficulties of a fully relativistic treatment, engineers who 
use magnetic materials find the notion of magnetic pole-strength 
very convenient. 

Eqns. (3) and (8) now assume a new significance. Tangential B 
is a double layer of pole strength and normal B is a single layer. 
Thus tangential B represents a current loop and normal B a 
magnetized surface. Similarly A is a single layer of pole 
strength and B an electric current layer.!2_ In other words, the 
field can be uniquely specified either by electric currents or by 
magnets or by a combination of both. This is, of course, 
reasonable. We can use air-cored coils, permanent magnets or 
iron-cored coils to produce a magnetostatic field. 

In the method of images we can therefore use either current 
images or magnetic images or a combination of both types. 
This greatly enlarges the scope of the method. 


(3.3) Electromagnetic Fields 


Consideration of the uniqueness of electromagnetic fields is 
complicated by the fact that the sources of the electric field are 
not only electric charges but also changing magnetic fields. In 
other words, the electric field has both divergence and curl, and 
for its definition requires both a scalar and a vector potential. 
At first sight the magnetic field offers a simpler approach, 
because it has no divergence and can still be derived solely from 
a vector potential. But this potential is now a ‘delayed’ potential 
and the sources of the magnetic field include displacement 
current as well as conduction current. Some writers, including 
Stratton,!3 discuss the uniqueness of the electromagnetic field 
by using Poynting’s theorem, but this discussion seems to the 
author to be inconclusive.!5 We shall therefore approach the 
question in a different manner: we shall consider only steady- 
state variation in time, and since any such variation can be 
expressed by a Fourier series, we need only consider a single 
frequency. 

In the method of images we are concerned with the field of 
the induced currents and charges on the boundaries. Discussion 
can therefore be limited to the case where there are no currents 
or charges within v. Then it is shown by Stratton!* that the 
electric field within v at any point x, y, z is given by 

B= — || liom x BE + @ x B) x VE + @. E)VEdS 

(12) 


where ¢ = e/kr/r and r is the distance measured from an element 
of surface dS to the point of observation x, y, z. The frequency 
is given by w, and k = w/c where c is the velocity of light. 
Now n x B, the tangential components of B, are defined by a 
surface electric current. Similarly m x E is a surface ‘magnetic 
current’ and n.£ a surface charge. It therefore appears that 
we need to specify tangential B and normal and tangential E 
everywhere on S. But tangential B and normal £ are related 
by Maxwell’s equation V x H = 0D/dt. In the same manner 
the surface current and charge distributions are related by the 
equation of continuity of charge. Thus a knowledge of 
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tangential E and H on S is sufficient to make the field unique 
within v. 
The formulation of the image problem is therefore as follows: 


Consider a surface § which totally encloses a volume v. Deter- 
mine on SS the tangential components of the electric and magnetic 
field due to the induced currents and charges on the boundaries. 
Find a distribution of current and charge outside S to give on S 
the same tangential components of electric and magnetic field. Then 
this distribution will give within v the same field as is given by the 
induced currents and charges. Thus it is the image distribution 
required. 


Unfortunately it is in general impossible to follow this pro- 
cedure. For a simple image we should need both the tangential 
and normal electric field of the image to have a constant ratio 
to the tangential and normal electric field of the source. Now 
the induced currents and charges will modify the normal electric 
field in some definite ratio; but the tangential field will not vary 
in the same manner, because it depends, not only on the currents 
and charges, but also on the conductivity of the boundaries. 
If the boundary could adjust the tangential electric field inde- 
pendently of the normal electric field, an image might be 
found; but a step in tangential E implies a surface ‘magnetic 
current’ and this does not occur in nature. To adjust the two 
types of electric field we need two types of surface current. 
Since only one type occurs in nature, the double adjustment is 
impossible. 

There is, however, one important case in which the method of 
images can be applied. If the boundaries have infinite con- 
ductivity, the tangential electric field of the boundary currents 
and charges will be equal and opposite to the tangential electric 
field of the source. Furthermore the normal electric fields and 
the tangential magnetic fields will be equal and of the same sign.* 
Then an image can be found. It should be noted that the 
boundaries must be plane in order that there shall be no path 
difference between the source and the image. In electromag- 
netic problems the method of images can therefore be used only 
when the boundaries are flat sheets of very large conductivity.!® 17 

It should be noted that attention has again been confined to 
virtual images in spite of the fact that we are dealing with 
electromagnetism and that light is an electromagnetic pheno- 
menon. The real images of optics are points of intense electric 
field and are caused by changing magnetic fields. But in the 
method of electromagnetic images we require an image source 
of the same characteristics as the actual source. Thus the image 
source must have currents and charges and we cannot insert 
such a source into the volume under consideration without doing 
violence to the physical system. It must be concluded that the 
real images of optics are approximations only and do not 
accurately reproduce the characteristics of the true source of 
light. 


(3.3.1) An Example: Aerial near the Face of an Infinite Plane Conducting 
Sheet of Zero Resistivity. 


In Fig. 3 let the surface current density be i and the surface 
charge density be o; let the suffix 1 refer to the field of the 
source and the suffix 2 to the field of iand o. Then the tangen- 
tial electric field must obey the relationships 


Ey ae ee } 
En ay 

* It might be asked how it comes about that an image which ensures that tangential 
E is zero over the boundary also ensures that tangential H is correctly adjusted, i.e. 
that tangential H is doubled just inside the boundary. The physical reason for this 
double adjustment lies in the fact that electromagnetic energy cannot be transferred 
across a surface of infinite conductivity. Consider this with reference to the Poynting 
vector E x H. Since there is no energy flow across the boundary, it is necessary 
that the surface integral of the Poynting vector of the image must be equal and opposite 
to that of the source. But tangential EF is already equal and opposite, which demands 
Wet enecuel H must be equal and of the same sign. Thus the tangential H is 

oubled. 


(13) 


and 
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Fig. 3.—Aerial near to the face of an infinite plane 
conducting sheet. 


Moreover, the tangential magnetic field must obey the 
relationships 

i 

Fy =H ee | 5 
7 F (14) 
AL, = H, ne > 


The normal electric field can be derived from Maxwell’s equations 


Wy Wa _ ys 
0z Ox Or (15) 
Oy, dH, a Ey. 


Therefore E,; = Ey. In terms of charge density o, Ey, = o/2€ 
and therefore E,,; = o/2€). Hence the normal electric force 
within the conducting sheet is given by E,; + Ey. — o/é) = 0, 
and this is the required value. Thus the specification of 
tangential H has included the specification of normal E. 

The image aerial is therefore required to give at the surface S 
(just to the right of the conducting sheet) —E,,, +E,,, —En. 
This is the field of an equal and opposite aerial at a distance d 
to the left of O. 


(4) APPLICATIONS OF THE METHOD OF IMAGES 


(4.1) Image Forces on a Cylindrical Cathode 


Refer to Fig. 4 and consider a line charge of strength +q 
parallel to a conducting cylinder. Let the charge be placed at B. 


Fig. 4.—Line charge parallel to an infinitely long conducting cylinder. 


If there is an image charge it must, by symmetry, lie on the 
diameter through B. Assume that its position is at A and its 
strength is —q’. In order that this image may correctly specify 
the field outside the cylinder, it is required that its normal field 
just outside the cylinder shall be equal to the normal field of the 
charge +g. Consider a typical point P on the cylinder as shown 
in Fig. 4. 

If we choose ZOPA = “PBA = «, the angles will be as 
shown in the Figure and A and B will be inverse points with 
respect to the circle. 


é 


! 
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COS & 
| Th —q' wi 
_ The normal force of —q’ will be Pm 
q cosB 
and of esa ag patel 
+4 27é€y) PB 


If we choose g = q’ the difference of the normal forces will be 


BS ae 
PA 2m€9 OP = 27Eq R 


where R is the radius of the cylinder. 
Thus the charge —q at A is not sufficient by itself to give the 


a 
277 


- correct normal field at P. If, however, an additional charge + q 


_ charge —q at A and a charge +q at O.* 


is placed on the axis of the cylinder, the normal field will be 
correct. Thus the required image distribution consists of a 
If the single line 


_ charge +q outside the cylinder is replaced by a tube of charge, 


: 
' 


‘it is clear that the image system will be a tube of opposite sign 


_ passing through the inverse points inside the cylinder plus a 


line charge of the same sign at the centre of the cylinder. This 


_ system is shown in Fig. 5. There will then be no electric field 


' 


Fig. 5.—Image charges on a long cylindrical cathode surrounded by a 
tubular charge distribution. 


between the cylinder and the tube outside it. The two images 
entirely cancel and it could justly be said that there is no image 
at all. There is certainly no image force. If then the outside 
tube represents a uniform cloud of electrons around a cathode, 
there will be no image forces on these electrons. 

This conclusion appears very paradoxical to engineers familiar 
with the behaviour of valves. The paradox is, however, 
explained if we consider the potential of the cathode. In our 
discussion the cathode has. so far been represented by an isolated 
uncharged metal cylinder. If now this cylinder is kept at earth 
potential by an external connection, the potential of the external 

charge plus the image charges must be zero at the surface of the 
cylinder. 

Consider then the sum of the potentials of a charge +q at 
B and its image charge —q at A. At any point P on the surface 
of the cylinder the potential is 


q PB q OB OB 

eM yi = [og = mes 

eg 8 Ap Ine, “8 OF Foc 
If B is very near the surface of the cylinder OB ~ OC and ¢ 
tends to zero. It follows that, if the potential of the cylinder is 


to be kept constant, it will be necessary to remove the second 
image charge +g at O. The cylinder then has a net charge of 


q 
27eE 0 


* It should be noted that the matching of the normal field automatically ensures 
that the charge is conserved, i.e. that there is no net charge within the cylinder. If 
we had made use of the tangential force, the additional charge on the axis of the 
cylinder would have had to be inserted by invoking the conservation of charge 
explicitly. In dealing with a field of divergence sources it is thus always safer to 
match the normal field components. Similarly, in dealing with a field of curl sources 
it is safer to match the tangential field components, 
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—q. Because of this charge there will be a field outside the 
cylinder even when the external charge +g is arranged in the 
form of a tube around the cylinder. Thus there will be a force 
on a distribution of electrons around an earthed cathode, and 
the paradox is resolved. 


(4.2) Images of the Current Distributions found in Electrical 
Machines 


In electrical machines such as motors and generators it is of 
great importance to determine the magnetic field of those parts 
of the winding which are known as the end-connections. Unlike 
the slot portion of the windings, the end-connections do not con- 
tribute to the useful torque or electromotive force. Their 
importance lies in the fact that they cause eddy-current losses, 
which it is the designer’s object to reduce. Moreover, these 
end-windings are particularly vulnerable to forces which may 
occur on short-circuit and they have to be carefully braced. 

The end-windings are not embedded in iron, but they are 
close to the iron masses of the machine. The method of images 
offers a useful approach to the problem because it should be 
possible to estimate the contribution to the magnetic field made 
by the iron surfaces in terms of an image of the end-winding. 
Because the end-windings are of complicated shape, it is helpful 
to examine briefly the effect of small current loops and current 
elements before considering a complete winding. 


(4.2.1) Images of Current Loops and Current Elements. 


Consider first a loop of constant current J opposite an iron 
boundary of permeability w. The images are shown in Fig. 6. 
It therefore appears that currents parallel to the iron are reflected 
with equal sign and perpendicular currents with opposite sign. 


(pr ( I ESE H 
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Fig. 6.—Images of current loops in a plane magnetic surface. 
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Fig. 7.—Supposed images of current elements in a plane 
magnetic surface. 


It would, in fact, be tempting to formulate a rule for current 
elements as shown in Fig. 7. 

A rule like this is given by Schelkunoff!® for images in con- 
ducting sheets. Consideration will show, however, that Fig. 7 
is not justified. Consider the vertical current element: if we 
use Biot and Savart’s expression for the magnetic field of a 
current element, 


we note that the vertical current element has no component of 
magnetic force perpendicular to the surface of the iron. Hence 
no polarity is induced and the field outside the iron is not 
affected by the presence of the iron. Thus it could justly be 
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said that the vertical current element has no image; but this is 
not conclusive, because the Biot-Savart law is not unique!? 
unless it is applied to a Heaviside rational current element.?° 
Moreover, the Heaviside element requires to be immersed in 
an infinite conducting medium, and the iron surface would 
interfere with this medium. The plain fact is that a current 
element is not a physical entity and no amount of theory can 
make it so. It is impossible to apply the method of images to 
isolated current elements. 

Although steady current elements are a physical impossibility, 
it is possible to have electric doublets, i.e. alternating current 
elements with charges at their ends. The images of these in iron 
are not easy to determine, because currents will flow in the iron 
by virtue of the alternating fields. Let us approach this problem 
by a consideration of images in a sheet of infinite conductivity. 
Fig. 8 shows the images of electric doublets and of small loops 
of alternating current. Comparison of Fig. 6 with Fig. 8 reveals 
the fact that the image of an alternating current loop in a con- 
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Fig. 8.—Images of electric doublets and current loops in a plane 
perfect electric conductor. 
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Fig. 9.—Images of electric doublets in a plane perfect 
magnetic conductor. 


ducting surface is opposite in sign to the image of a steady 
current loop in a magnetic surface. Fig. 9 shows the images of 
electric doublets in a perfect magnetic conductor (if such a 
substance existed). If will be noted that the images are of 
opposite sign to the images in a perfect electrical conductor. 

The images of the current loops, current elements and electric 
doublets described in Figs. 6, 7 and 9 arise when the current is 
outside the magnetic material. In electrical machines, however, 
parts of the conductors are embedded in iron. We must there- 
fore consider the image distribution of currents,inside a magnetic 
materia]. This image distribution is easily derived, by the 
method of this paper, for the fields both within and outside the 
iron, 

Fig. 10 shows the image effect outside the iron of current 
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Fig. 10.—Images of current loops embedded in a magnetic material. 
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loops embedded in the iron. It is seen that the iron has the 
effect of adding a current loop of strength J[(u — 1)/(u + 1] | 
in the same place as the current loop J. The effect of current | 
and iron combined is therefore the same as if the iron were | 
removed and the current strength were increased to 24J/(u + 1). 
For large values of 2 this means doubling the current. 
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Fig. 11.—Images of electric doublets embedded in an infinitely 
permeable material. 


Fig. 11 shows image effects outside a region of infinite } 
permeability. It will be seen that the strength of the electric 
doublets has been increased twofold. 


(4.2.2) The Method of Images applied to the End-Windings of Electrical | 
Machines. 

The discussion in the previous Section shows that a distinction } 
must be made between direct and alternating currents. With | 
alternating currents the conductors can be broken up into electric | 
doublets terminated by finite charges. Direct-current elements | 
are a physical impossibility, but they can be regarded as the } 
limiting case of an electric doublet as the frequency tends to zero. | 
A further distinction must be made between images in magnetic | 
surfaces and conducting surfaces. The two types of image are 
of opposite sign, as shown in Figs. 8 and 9. In treating the | 
field of a machine end-winding it has therefore to be decided | 
whether the eddy-currents in the core end-plates make the surface | 
of these plates into a conducting sheet, or whether they are | 
sufficiently inhibited to allow the end-plate to act as a magnetic | 
sheet. | 
Coils of any arbitrary shape can be treated as a succession of | 
electric doublets, and the method is therefore completely general. | 
Fig. 12 shows the image of a typical coil-end in a perfectly con- | 
ducting sheet; Fig. 13 shows the image effect outside the iron | 
of a coil emerging from the iron; and Fig. 14 shows the image | 
effect inside the iron for the same coil. | 
In considering the field outside the iron it is likely that Fig. 13 


cs 
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Fig. 13.—Image effect in air of a coil-end emerging from a block of 
magnetic material. 
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Fig. 14.—Image effect in magnetic material of a coil-end emerging 
from a block of magnetic material. 
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is nearer the truth than Fig. 12. Nevertheless, the eddy-currents 


‘ 
' 


will reduce the image effect shown in Fig. 13. Recourse must 
be had to measurement rather than calculation, but the method 
of images has pointed the way to fruitful experimental 
investigation. 

(5) CONCLUSIONS 


The method of images has a very wide field of application. 
In electrostatics and magnetostatics the method is not confined 
to problems involving equipotential boundaries. If the problem 
is expressed in terms of a scalar potential, an image source is 


_ adequately specified if the normal component of the field is 


specified everywhere on a closed surface. If the problem is 
expressed in terms of a vector potential, it is necessary and 


_ sufficient to specify the tangential components of the field every- 


: 


_ where on a closed surface. 


In electromagnetic problems the tangential components of 


_ both the electric and magnetic field have to be specified on a 


- 
‘ 


‘ 


’ 


closed surface. In general this is impossible, and the image 
method must be confined to problems involving infinitely con- 


_ ducting boundaries. 


All electric and magnetic images are virtual, and the analogy 
with optical images must not be pressed too far. 

The application of image methods to problems involving low- 
frequency currents near iron boundaries is difficult. For certain 
frequencies there are likely to be very small image effects. 
Experimental work is required to investigate this tentative 
conclusion. 
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SUMMARY 

Although comprehensive sets of curves are available giving the 
radio-frequency spectra of waves phase modulated with band-limited 
white noise (simulating f.d.m. telephony signals), the corresponding 
problem for frequency modulation turns out to be much more intract- 
able. In the present paper the frequency-modulation problem is 
attacked using a method employed in an earlier paper, in conjunction 
with numerical devices for improving the convergence rate of very 
slowly converging series. The results are presented as aset of curves 
covering the range of modulation parameters likely to be encountered 
in trunk radio systems. This information is necessary for the evalua- 
tion of system bandwidth and interference due to unwanted carriers. 

To bring the analysis within reasonable bounds, the minimum 
modulating frequency has been taken as zero. It is known that unless 
the ratio between r.m.s. frequency deviation and maximum modulating 
frequency is large, the shape of the central portion of the spectrum 
changes substantially as the minimum modulating frequency departs 
from zero. However, for practical ranges of parameters there is 
evidence indicating that the shape of the spectrum tails (which is of 
particular importance in connection with distortion problems) is not 
greatly sensitive to variations in the minimum modulating frequency. 


LIST OF PRINCIPAL SYMBOLS 


w, = Carrier frequency, radians/sec. 
Wy = Frequency modulation, radians/sec. 
@, = R.MLS. frequency deviation, radians/sec. 
4, = Phase modulation, radians. 
@m = Maximum modulating frequency, radians/sec. 
®m = Minimum modulating frequency, radians/sec. 
Wm, = A representative frequency of the noise-band modula- 
tion, radians/sec. 
fom = A random phase angle associated with the tone of 
frequency w,,, radians. 
w = Difference between a general angular frequency and w,, 
radians/sec. 
@, = Width of a narrow frequency band centred on a fre- 
quency w, + w, radians/sec. 
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(1) INTRODUCTION 

The evaluation of the spectra of waves frequency- or phase- 
modulated by random noise has been discussed in a number of 
papers.!,3,°11_ The present position is that adequate numerical 
results are available for the r.f. spectrum when the spectrum of 
the noise-band modulation is of Gaussian shape (with either 
frequency or phase modulation),”? and for phase modulation 
when the modulation consists of band-limited white noise.!_ No 
complete solution is available for frequency modulation by band- 
limited white noise. Attempts to derive approximate solutions 
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valid for various limiting conditions have not been completely 
successful; a discussion of the analytical reasons for this is given _ 
in Reference 2. | 

This problem continues to be of interest in connection with 
f.m. trunk radio systems, carrying multi-channel telephony in | 
frequency-division-multiplex.22, In these systems the modu- 
lating signal is made up of telephony speech channels translated |) 
in frequency sO as to occupy 4kc/s bands spaced one above } 
another. For test purposes it is assumed!2: !3 that the signal can } 
be adequately represented by a band of random noise, of suitable } 
level, having a uniform spectrum extending between frequency } 
limits defined by the upper and lower telephony channels (i.e. | 
band-limited ‘white’ noise). The shape of the r.f. spectrum when | 
a carrier is frequency-modulated by such a signal constitutes | 
essential system design data required in order to calculate | 
system bandwidth® and interference due to unwanted carriers;? | 
in absence of numerical information it has, in the past, been | 
necessary to resort to guess-work.”© In both problems, spectral | 
levels in the tail regions (i.e. the regions of low spectral power, | 
well removed from the carrier frequency) are of particular | 
interest. 

Whatever the spectral distribution of the random noise modu- } 
lation, it is found® 7-1! that for sufficiently large deviation ratios | 
(i.e. ratios of r.m.s. frequency deviation to maximum modulating | 
frequency) the r.f. spectrum approaches a Gaussian shape. | 
When the deviation ratio is not large, analytical difficulties enter 
at two levels. Direct numerical evaluation of the integral | 
defining the r.f. spectrum is found to be impracticable, and | 
proposed approximations break down in the tail region,? even | 
on the simplifying assumption that the minimum modulating | 
frequency is zero (a limiting case discussed by Stewart).!! | 
When the minimum modulating frequency is increased from zero | 
to a finite value, the disturbance—at least to the central part } 
of the r.f. spectrum—is known? ® to be considerable, but the 
corresponding integral now becomes even more intractable. 

Most of the published analytical work!3; 7, % 1! is based on the _ 
Wiener-Khintchine relation between the autocorrelation func-; 
tion and the power spectrum of the modulated wave. This | 
approach always enables one to write down an integral defining | 
the power spectrum of any analytical function of a band of 
random noise, although the cases in which the integral can be } 
easily evaluated are ina minority. Quite a different approximate | 
method which does not seem subject to the same limitations was 
used in Reference 8. The method was not, however, applied to 
systems having low deviation ratio, and in addition it appears 
not to be easy to assess the accuracy of the results. 

In the present paper the integral defining the r.f. spectrum 
is attacked by a method previously used in Reference 3. In this 
approach the integral (or rather the sum of an infinite number of 
such integrals) is replaced by an infinite series. In the examples 
considered in Reference 3 all the series thus produced converged 
sufficiently quickly to be summed directly. For smaller devia-. 
tion ratios it is found that the convergence rate is very slow 
indeed. Consequently, it has proved necessary to use numerical 
devices* > to improve the convergence rate. The theory of these 
techniques is still in course of development, and during the 


| present work certain unexpected limitations came to light. 
| However, it appears that if adequate precautions are taken such 
“methods can be made to yield reliable answers. 


(2) PRACTICAL MODULATION PARAMETER VALUES 


| In the absence of pre-emphasis, three parameters define the 
|shape of the r.f. spectrum with white-noise frequency modula- 
/ tion, namely the maximum and minimum modulating frequencies 
‘and the r.m.s. frequency deviation. Before commencing the 
‘analysis it has to be decided which ranges of these parameters 
‘need consideration. Table 1 gives likely modulating conditions 
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characterized by a discrete spike of power at the carrier frequency 
and abrupt discontinuities in the power distribution away from 
carrier. With likely values of ,,/@,, this condition occurs only 
for small values of w,/@,,,. 


(3) GENERAL EXPRESSION FOR THE R.F. SPECTRUM 


The modulated carrier will be taken as having unit power. It 
is thus written as 


NCOs CE tH yori spi: aad ive (A) 


It is shown in Section 7.1 of Reference 3 (in a slightly different 


| Table 1 


MODULATION CONDITIONS FOR VARIOUS NUMBERS OF TELEPHONY CHANNELS 


Formula for 
equivalent 
noise-band 
r.m.s. level 


Base-band range 


(Fm to ony 


R.M.S. 
deviation 
per channel 


ke/s 
12-36 
12-36 
12-60 
12-60 
6-54 
6-54 
12-108 
12-108 
12-156 
12-156 
12-156 
60-300 
60-300 
60-300 
60-552 
60-552 
60-552 
60-1 052 
60-1 300 
60-2 540 
60-4 028 
316-4 188 
316-8 204 
316-12 388 
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noise-band r.m.s. 


deviation ( xe ra 


ke/s 
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Formulae for r.m.s. equivalent noise band level: 


A.—(—1 + 4 logio N) dBm0 
B.—(—15 + 10 logi9 N) dBm0 


where N = number of channels. 


‘ This is a tentative value, not approved by the IXth Plenary Assembly, C.C.I.R. 


for numbers of channels ranging from 6 to 2700. Two formulae 
for the r.m.s. equivalent noise-band level have been specified,*! 
‘one covering numbers of channels from 12 to 240 and the other 
from 240 upwards. These are respectively formulae A and B, 
‘appended to the Table. The total r.m.s. frequency deviation is 
obtained by multiplying the r.m.s. deviation per channel by the 
voltage ratio corresponding to the noise-band level obtained 
from the appropriate formula. The values for the 6-channel 
system are tentative, since no noise loading recommendation is 
available. With 2700 channels a lower r.m.s. deviation per 
channel may be used in practice. 

It is seen from the Table that the ratio between the minimum 
and maximum modulating frequencies does not exceed 1/3. 
The ratio between the r.m.s. frequency deviation and the maxi- 
mum modulating frequency falls in the range 0-1-2. The 
expression w%/(@,,®,,) is of interest, since it has been shown 
experimentally® that when this function falls below unity the 
spectrum takes on a ‘low deviation’ form (see also Reference 2) 


context) that the r.f. spectral power in a narrow band of width 
q@,, centred on a frequency w, + w, is given by 
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It is known on both theoretical and experimental grounds” ® !° 
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that when w,/6,, is not large the spectrum in the frequency 
region between w, — @,, and w, + ®, is very sensitive to the 
value of ®,,/@,,. There is a suggestion in Reference 2 that this 
sensitivity will not extend to the tail regions of the spectrum. 
If this can be shown to be so, much useful information will be 
obtained by evaluating spectrum shapes for various deviation 
ratios when ®,, is zero. The result of putting «,, = 0 in expres- 
sion 2 can, of course, be regarded as the first term of an expansion 
of this expression in powers of ®,,. In an attempt not only to 
carry out the programme just suggested but also to gain more 
insight into the influence of the value of @,, on the form of the 
spectrum, it was decided to try to evaluate terms up to second 
order of the expansion in @,, representing expression (2). To this 
order, F(w) is found to be given by 


F(w) = 2[¢ exp (ean — cosy — y Si ooh cos (=>) a 
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The first term is the one considered by Stewart.}! 

These integrals are somewhat better behaved than the integral 
in expression (3), in so far as the non-oscillating parts of the 
integrands go fairly smoothly to zero, whereas a plot of the 
corresponding term in expression (3) exhibits a protracted series 
of peaks for large values of y.2 However, as will appear in 
the following Section, the problem of numerical evaluation is still 
formidable. 


(4) TECHNIQUE OF NUMERICAL EVALUATION OF THE 
SPECTRUM TERMS 
The evaluation of the slowly converging integrals appearing in 


expression (6) was based on a formula due to Poisson, which 
may be written in the form 


Seip a , 2° /2an P 
x J #0) cos (nBy)dy = 4) 380 a os. (3) = 3 | y)dy 
; (7) 


This is proved rigorously and at some length in Reference 14. 
A simple alternative derivation based on engineering concepts is 
given in Section 11.1. 


Considering, for example, the first integral of expression (6), 
write 


Ps 
f(y) = exp We 


m 
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and 


S(4) = | (>) cos (By)dy ss. 8) 
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where 
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The first term in F(w) is then given by 


Asya 2) {Oke See (10) 
7 

The method of evaluation to be described applies equally well 
to the other terms of F(w), f(y) in each case representing the 
whole of the integrand except for the final cosine term. From | 
eqn. (7), 
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Using expression (11), the integrals in expression (6) which have ' 
rapidly oscillating integrands of slowly diminishing amplitude 
are replaced by series of discrete terms. Penalties for this. 
improvement are that the wanted expression, S(A), is replaced 
by a sum of an infinite number of similar expressions having 
argument-A/n, and, in addition, an integral of the non-oscillating 
term in the original integrand makes its appearance. ‘The first 
point is not too serious, particularly in the tail region of the 
spectrum. Terms of the form S(A/n), for n> 2, represent 
spectral levels at frequency departures from carrier equal to n 
times the wanted frequency. Thus, in the tail region S(A/2), etc., 
will be negligible compared with S(A). In the spectrum region | 
nearer to the carrier frequency the higher-order terms in S| 
have to be allowed for (Section 11.2). The presence of the 
integral in eqn. (11) is undesirable, and it is removed by intro- 
ducing the value of S for another argument «, where a < A. 
Thus, 


25G)> 


4/10 ts » 04)| 


a & oo fo’ 
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Proper choice of « yields series which, because of the regularity 

of the terms, are particularly amenable to the transformations 

discussed in Section 11.3. or example, putting « = 4/2 gives 


5 9(2)~ fo (2 00-18) + 
+ 3% 8(5) (13) 
while « = A/3 gives 
3.(4) -¥[s0 —s(@)-u(4) +00] 7 
+355) - 


Numerical treatment of expressions of the form set out on 
the right-hand side of eqn. (12) requires evaluation at suitable 
intervals of the non-oscillatory portions of the integrands: 
appearing in expression (6). The interval chosen will determine 
the frequencies at which spectral values can be obtained; 
decreasing the interval increases the maximum deviation from: 
carrier frequency accessible for the computation of spectra 
values. Thus the interval must be as small as possible com-) 
patible with economy considerations. Furthermore, it will be 
found that, to give the best chance of success in the application 
of devices to speed convergence of the resulting series (Sec- 
tion 11.3), the interval should be a sub-multiple of the natural 
periods of any oscillating terms contained in the integrands. 
These are cos y and Si(y), both of which oscillate with period 
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2r. From these considerations it was decided to evaluate the 
integrands at intervals of 7/8. The expression 


exp {ea —cosy—y sion} 
in 


| was evaluated by hand to ten decimal places in the renee 
0(7/8)277 for w,/a,, = 0-1. Integrand values for w,/®,, 
0-2, 0-3, 0:4, 0-5, 0-7, 1-0, Gere hentcoinined froma 
digital computer by raising the basic hand-computed data to 
Suitable powers and, for the second and third integrals of 
expression (6), multiplying by appropriate factors. 

__ For the larger values of w,/@,, the problem of spectral 
evaluation is now essentially solved, since the series on the right- 
hand side of expression (12) may be summed directly to a suffi- 
cient order of accuracy. For the smaller w,/@,, values, how- 
ever, straightforward summation is out of the question because 
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improving convergence rate. The application of these tech- 
niques is to some extent empirical, in so far as, in a particular 
case, some or all of the various available transformations*® > !>-!9 
may not have the desired effect. In all cases, it is necessary to 
take adequate precautions (Section 11.3). However, considera- 
tions of internal consistency and of agreement with the limited 
available experimental data indicate that good reliance can be 
placed on the present results. 


(5) NUMERICAL RESULTS 
It was found possible, using the methods discussed in Sec- 
tion 11.3, to obtain values of the first integral in expression (6) 
(i.e. the spectral term when the white-noise modulation band 
extends down to zero frequency) over the full range of w,/0,, 
from 0-1 to 2. Results are shown in Fig. 1. For the smaller 
@,/@,, values, however, the procedure breaks down when 
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LAA | | 


1 
[ae 


Fig. 1.—Spectral distribution of a carrier frequency-modulated with white noise having zero minimum modulating frequency 
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of the very slow convergence of the series. Thus, when 
@,/,, = 0-1, the 217th term, corresponding to y = 277, of 
‘the series derived from the first integral of expression (6) is 
still about 27 % of the first term (i.e. unity), whereas for adequate 
ee vosence the last term considered should vanish to at least 
eight decimal places. Thus in this case the least accessible term 
is too large by a factor of order 10°. 

| It is evident that rather drastic measures are required. What 


has been done here is to make use of numerical methods of 


(6) @,/Om 
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(power in modulated carrier = 1). 
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applied to the second and third integrals; when attempts are 
made to sum the associated very slowly converging series by 
suitable transformations, it is found that there is insufficient 
accuracy in the initial numerical data. In the present approach 
this accuracy is limited by the accuracy of available tables for 
cosine, sine integral and exponential functions. The minimum 
value of w,/w,, for which both the second and third integrals 
could be evaluated was 0-5. Fig. 2 shows plots of the three 
integrals for this case and for wa/@,_, = 2. 
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ctral distribution of a carrier frequency-modulated with white noise, when the spectral power is expanded as a 
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(6) DISCUSSION OF RESULTS 


The numerical results confirm the theoretical expectation that 
when w,/w,, is large enough the spectral distribution follows a 
Gaussian law. When w,/,, is small and the lowest frequency 
of the white-noise modulation band is taken as zero, it is seen 
from Fig, 1 that there is a rather abrupt change of slope at 
w/@,, = 1. The portion of the spectrum to the left of this 
point follows fairly closely the small deviation formula developed 
in Reference 11. However, for w > @,, this formula breaks 
down completely, the tails falling off much more rapidly than 
predicted by the formula. That such a result might be antici- 
pated was suggested in Reference 2. 


(7) COMPARISON WITH MEASURED SPECTRA 


The only available spectrum measurements applying to white- 
10ise frequency modulation appear to be those of References 6 
and 10. The former can be compared with the present theoretical 
esults only over a limited range of parameters, since they were 
ntended to throw light on the variation of spectrum shape with 
ninimum and maximum modulating frequencies and with r.m.s. 
requency deviation in the region around carrier. However, 
Hamer and Acton!® carried their measurements well down into 
he tail region, so that comparison with the theory is possible 
ver a Satisfactory range of frequency departures from carrier. 

Fig. 3 shows measured and theoretical values for deviation 
‘atios of 0-2 and 2, with zero minimum modulating frequency. 
[he agreement for the lower deviation ratio is quite satisfactory. 
With a deviation ratio of 2 the experimental points fall somewhat 
Xelow the theoretical curve in the tail region. This could be 
iccounted for by a small error, about 6%, in the measured value 
of the r.m.s. frequency deviation. The deviation is probably 
he quantity which is most difficult to measure accurately, and 
in error of this magnitude seems not at all unlikely. 


8) EFFECT ON THE SPECTRUM TAILS OF NON-ZERO o,, 


It is of particular practical interest to know how the curves 
n Fig. 1 must be modified when @,, is not zero. It has been 
hown both theoretically and experimentally® that in the ‘small 
leviation’ case corresponding to values of wi/0,.0._,<1 the 
pectrum is much Jess smooth than in the ‘small deviation’ case 
lefined by zero ®,, and small w,/@,,. Consider, for example, 
he left-hand curve of Fig. 1, corresponding to w,/0,, = 0:1; 
f G,, is increased until @,,/@,, > 0-01 it will be found that an 
nfinitely narrow spike of energy (a single tone) will appear at the 
arrier frequency, and that in the central portion of the spectrum 
liscontinuous jumps will occur at frequency deviations ©,,, 
mm — Om and ®,, + w,,. In connection with distortion problems 
me is mostly concerned with the spectrum tails, so that it becomes 
mportant to know whether increase of a),, has as drastic an effect 
n the tail region as in the central region. No complete answer 
an yet be given, but there are indications that over the range of 
dm Of practical interest the spectrum tails will not depart con- 
iderably from the shapes calculated for ®,, = 0. 

The problem can be approached from two directions. For 
1e larger w,/H,, values, computed values of the second and 
uird integrals in expression (6) are available, and these can be 
sed for an estimate of the effect on the spectrum tails of giving 
’m[@n_ & Non-zero value (provided ©,,/@,,, does not approach 
nity). On the other hand, when w,/@,, is 0-1 (the lowest 
alue considered) the spectrum is largely confined within a 
equency region +20,,, centred on the carrier frequency. 
Vithin this region, when w4/(,,,,) is small the spectral 
istribution is substantially defined by first- and second-order 
‘pressions in the phase modulation,® so that a good approxi- 
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Fig. 3.—Comparison of theoretical spectra with experimental values 
given in Reference 10. 


mation to the tails for finite w,,/w,, is available for comparison 
with the limiting result for zero ®,,,. 

The smallest w,/@,, for which first- and second-order spectral 
terms in w,, have been computed is 0:5. Table 2 shows the 
spectrum level at w/w,,=4 for various values of &,,/@,,, 
using coefficients read off from Fig. 2. It appears from Table 1 
that the highest ©,,/@,, likely to be used in the lower-capacity 
systems is 1/3. 

It is seen that in this case the greatest change to be expected 
in the tail region due to variation in @,, is about 4dB. This 
corresponds to an expansion of the spectrum curve by a little 
less than 0:2Mc/s at the 4Mc/s position which, in view of 
uncertainties inherent in the noise-band representation of a 
multiplex signal, is an unimportant change. 

When w3/(@,,,) is sufficiently small it is permissible to 
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Table 2 


VARIATION WITH W,,/0,, OF THE SPECTRUM LEVEL IN THE 
Tat REGION (w/O,, = 4) WHEN Wa/@,_, = 0°5 


Spectrum level 
(power per unit 
bandwidth x Om) 


expand® expression (1) in powers of py, The spectrum in the 
frequency-deviation range ,,-@,, then derives substantially from 
the first-order term in y,, that in the range ®,,-2@,, from the 
second-order term in p,, and so on. The second-order term 
has been evaluated explicitly,° but the third- and higher-order 
terms become excessively complicated. However, when w,/@,, 
is as low as 0-1 it is seen from Fig. 1 that the r.f. spectrum is 
largely confined within the deviation range 0-2,,. Conse- 
quently, for this deviation ratio and for sufficiently large 


a => 0-01), the second-order term will be adequate to 
m 


define the spectrum shape in the tail region down to a low level. 
The second-order spectrum has been previously evaluated. It 
is given by 


1 HOROne 
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where F(w, ®,,, &,,) is the square of expression (12) of 
Reference 6. Expression (15) represents the power per unit 
bandwidth multiplied by @,,. The exponential factor, which 
did not appear in the earlier paper, is required to take account 
of coherent contributions to 4? from higher-order even terms 
(Section 11.4). In the frequency region @,, + @,,< w< 20, 
vote (15) becomes 


os) a exp (— ae) ae) 
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In this expression, only the term in curly brackets involves @,,,. 
This is a slowly varying term over a wide range of &,,/@,,. 
The term independent of ®,, follows very closely the shape of 
the tail spectrum when @,, is identically zero, as will be seen by 
comparing Table 3 with the appropriate curve of Fig. 1. 

Over the frequency deviation range @,, + w,< w< 20,, a 
change in w,,, according to expression (16), changes the levels 
shown in Table 3 by an amount independent of the particular 
spectral frequency. For comparison with Table 2, Table 4 
shows spectrum levels evaluated from expression (16) at a 
frequency departure from carrier such that the spectrum level 
for zero ©,, is —64:2 dB. 

The agreement between Tables 2 and 4 is striking. 

When comparing these Tables it must be remembered that 
whereas in Table 2 the underlying formulae are such that values 
can be computed in the whole range 0< &,,/0,,< 1/3, the 
formulae leading to Table 4 break down in the region 0-0-1. 
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Table 3 


VARIATION WITH «/wW,, OF THE TERM IN EXPRESSION (16) 
INDEPENDENT OF W,, 


Portion of 
second-order 
spectrum term 

independent of im 


Table 4 


VARIATION WITH ©,,/w,, OF THE SPECTRUM LEVEL IN THE 
Tail REGION (w/®,, ~ 1:99) WHEN @,/,, = 0-1 


Spectrum level 
(power per unit 
bandwidth x @m) 


It is also unfortunately true that there seems to be no obviou' 
analytical way of investigating directly the effect of ee 


a 


@, on the tail shape in the deviation region betwee 
W/O, = 0-1 and w,/&,, = 0:5. However, what has beer 
derived in the present Section seems to establish a good pre 
sumption that, over the whole deviation range of practica 
interest, variation of ©,,/®,, between the limits 0-1/3 will no 
cause variation of the spectrum tails by more than 3 or 4dB. 


(9) CONCLUSIONS 


The result of the investigation is a set of curyes, spacec 
sufficiently closely for interpolation, giving r.f. spectra over th« 
full expected range of deviation ratios for the frequency modula 
tion case when the minimum modulating frequency is taken a: 
zero, These curves are considered to be accurate to a smal 
fraction of a decibel. A complete picture of the effect of non 
zero minimum modulating frequency has not been obtained 
however, evidence is presented suggesting that, unless the ratic 
between the minimum and maximum modulating frequencies i: 
a sizeable fraction, the change in the spectrum shape when the 
minimum modulating frequency rises above zero will be largely 
confined to the central portion of the spectrum, the tail shapx 
being substantially unaltered. 
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(11) APPENDICES 
(11.1) Simplified Derivation of Poisson’s Formula 


Consider a train of infinitely narrow unit pulses (Dirac delta 
functions) spaced 27 apart (Fig. 4). These may be represented 
by the Fourier expansion 


1 ips 
des SP rot cos (nx) 


21 oa — 2 —so—21-—o} 


Fig. 4.—Train of narrow unit pulses at x = 2n7. 


Multiplying both sides of this equation by f(x/f) and integrating 
from 0 to © with respect to x, we have 


WX co /2nn 
f 5) cos Je = +f0 f (+ 
J (j Ene oe See O+ BB ) 
The right-hand side follows since each of the infinitely narrow 
pulses has unit area. Now, writing x/8 = y and changing the 


order of the summation and the integration, the above equation 
becomes 


© ee 7 A eo 27M i 
, | £0 08 (nBy ay = AO + Bice )| — 3 fore 
which is eqn. (7). 


(11.2) Correction Formula for the Effect of the Higher-Order 
Terms in the Poisson Series 


ee 2A 
Eqn. (11) or (12) when evaluated gives >) s(<). What 
eas 
is actually required is S(A). In the outer regions of the spectrum 
ee A 
S(A) is closely approximated by >} s(<). Nearer the centre of 
n=1 


the spectrum the higher-order terms must be corrected for, and 
perhaps the most economical device is to express S(A) in 


terms of 
256) 2,5G)> 2,8.) 


“) = x,, and assume that 


{os 


Write s(= 


oO co fos} 
3 turk (Gd Mant Cy, 2rctan chi on) 
n=1 n=1 n=1 


Comparing coefficients, C,, will be expressed in terms of all C,,,, 
where m is any factor of n (prime or composite) except 7 and 1, 
so that, proceeding stepwise, successive C,,’s can be evaluated. 
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The first twenty are as follows: C, = 1, C3 = 1,C, = 0, C; = 1, 
Co = — 1, Cc, = 1, Cs = 0, Cy = 0, Cio = — 1, Cy, = 1, 
C= 0FCis = 11 Cy Cp a Cie ei 


Gig = O59 Cio — 1; Gop — 0.) Certain general’ erules scan) be 
deduced. For example, when m is prime, C,, = 1; when m is 
a product of two primes, C,, = — 1; when m is a product of 
three primes, en 0—ale 


(11.3) Note on the Use of Transformations to Improve the 
Convergence Rate of Slowly-Converging Series 


The first recorded transformation of this kind is that due 
to Euler; it involves successive differences formed from the 
original series. The transformed series is obtained> by taking 
a sequence of entries, one from each of the difference columns, 
according to a certain selection rule, and attaching to them an 
alternating sign and a weighting factor. If the original series 
is convergent and has terms of alternating sign, and if the trans- 
formed series converges, it can be shown that both series con- 
verge to the same sum. It will frequently happen that, if the 
original series converges very slowly, the transformed series will 
converge much more rapidly. In practice, however, the trans- 
formed series may be irregular, or even asymptotically divergent. 
In the latter case a meaningful result can often be obtained by 
stopping the summation of the transformed series at its least 
term. Whatever the form of the transformed series, the process 
of taking successive differences will magnify rounding errors in 
the original series, and the resulting ‘noise’ sets one limit to the 
accuracy of the results obtainable. 

Alternative transformations have been proposed,* !>!? some 
of which are applicable when the Euler transformation gives no 
useful information. In particular, some may be used on series 
of non-alternating sign. One of the simplest and most generally 
useful is due to Lubkin;* this transformation has been used 
extensively in the present work, in conjunction with the Euler 
transformation. It has the merit that it may be applied 
repeatedly, first to the original series and then to the trans- 
formed series, and so on. 

All these transformations are best regarded as experimental, 
in the sense that in a particular numerical case it will not usually 
be possible to show by rigorous analysis that the transformed 
series are convergent or asymptotically divergent. The relia- 
bility of the result must be investigated numerically, by, for 
example, comparing the results of various transformations, or of 
the same transformation applied in various ways. One con- 
dition apparently necessary for success is that the original series 
must not be too ‘irregular’. This became apparent when an 
initial attempt was made to evaluate the first integral of expres- 
sion (6) using an associated series evaluated at intervals of 0-27, 
rather than the 7/8 subsequently used. While the resulting 
series had the appearance of descending smoothly, application 
of the Lubkin transformation immediately generated a trans- 
formed series showing violent and irregular. oscillations. The 
reason for this appears to be the incompatibility between the 
interval separating adjacent terms and the natural periodicity 
associated with the cosine and sine-integal functions in the 
integrand. 

One method often suggested for obtaining a check on the 
accuracy of a transformation to improve convergence is to 
carry out the process twice, starting with two successive terms 
of the original series. It is customary in textbook examples of 
Euler’s transformation, in particular, to demonstrate close 
agreement between two such ‘sums’, this being offered as 
evidence of reliability of the transformation. Such a satisfactory 
conclusion is, of course, to be expected when the transformed 
series converges. However, in practice, the terms of the trans- 
formed series are liable, after an initial period of convergence, 
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to settle down to a roughly constant value or even to diverge. 
In such a case useful information can be extracted from the 
transformed series only if it is, in fact, behaving like an asymp- 
totic expansion.2> This, as already remarked, can usually be 
verified only numerically. Under these circumstances it will 
not be safe to use as a check ‘sums’ obtained by starting the 
transformation at successive terms of the original series. What 
has been done in the present work is to plot out the Euler or 
Lubkin ‘sum’ against the sequence number of the first term of 
the original series used in the transformation. In all cases a 
smooth curve was thereby generated. This either trended 
monotonically towards a limit or took the form of a damped 
oscillation. It was usually possible to establish a limit of 
sufficient accuracy (i.e. to within a small fraction of a decibel). 
In a few cases, owing to shortage of initial data, the curve could 
not be extended far enough to define a limit sufficiently closely; 
the attempt to determine a-spectral level for the particular devia- 
tion frequency had then to be abandoned. 


(11.4) Effect of Coherence between Terms of the Same Order 
obtained from Various Powers, in the Taylor Expansion 

of sin u., + cos w, 
When attempting to evaluate distortion from terms of the 
power series expansion of sin pu, + cos [,, ie. : 


1 : 
1 ate Be — ahi — it si ai aia eo ° (17) 
one must consider coherence between terms of a particular 
order which derive from various powers in the series.2* Thus, 
coherent second-order terms arise not only from the second- 
power term but from all higher even-order terms. It will be: 
shown in this Section that, to allow for this, the mth-order 
power evaluated from the mth-power term has merely to be 
multiplied by a constant factor. For white-noise frequency 
modulation this factor is exp [— w%/(w,,®,,)]. The method 
used to arrive at this result involves expanding cos p, + sin p, 
in Hermite polynomials and making use of a theorem due to 
Thomson.?° 

4, is normalized by writing it as Vox(t), where Vo is the r.m.s. 
value of pw, Writing sin 4, + cos p, in the form 


sin pL, + COS My = CoHo(x) + c,Hy) + c2H2@) +. 


where H,,(x) is the Hermite polynomial of nth order with argu- 
ment x(t), we have, from the orthogonality property of Hermite 
polynomials, 

y) 


ss : T. i —x2/2 : 
Cn = ware fin (Vox) + cos (Voxle H,,(x)dx 

= 1 | [sin (Vox) + 00s Yon |(—In eRe 
ae [sin (Vox) + cos (Vox di 

eee bate 0 6 
— nh/20 I Aah m2) 

Integrating twice by parts, it becomes apparent that 
aeyp2 
Yo (18) 


hp n(n — 1) fn—2 


By direct integration it is found that 


co =e YR? 


Yona 


and r= 4h 


F 
‘sin pu, + cos p, = e~ Vii? 


: V. V2 V3 V4 
[ Hace + Ta = 51 Ha) F 3 Hs) ar rupee) Tle a | 


| and hence, from eqn. (7) of Reference 20, the autocorrelation 
function of sin My + cos p, i.e. Y(7), is given in terms of the 
_ autocorrelation function of x(t), i.e. (7), by the relation 


i 2 4 6 
[ro - Vif + ye) + Soe + SHOP +.. | 


The expression in the curly brackets is that which would be 
| obtained if V(r) were evaluated from the Taylor expansion (17), 
\ ignoring contributions to a particular order from higher-power 
I terms. Thus the effect of such contributions is given by the 
| factor e—%. 


Pe 


‘ To evaluate Vo, write w ,, in the form?? 


Om 
Wy = >> acos (Wat + doom) 


On=m 
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where w,, increases in unit steps and ¢.,, is a random phase 
angle. The stipulation that w,, should increase in unit steps, 
which simplifies the formulae by avoiding the introduction of a 
further frequency symbol, requires that a shall have the dimen- 
sions of (frequency)!/?. The r.m.s. frequency deviation is then 
given by 


(19) 


The corresponding phase modulation is 


On) a. 
Kaz D2) —— sin (Wy yt oF Pom) 


On=m Om 


so the r.m.s. value of 4, i.e. Vo, is given by 


Om 2 1/2 NM A Poe 
Vo = | & dor | a3 VOn ae) 
Sm 2 Ym V2 V (GO m) 


= es from eqn. (19) 
WOnOm 


Using this value of Vo, the exponential factor in expression (15) 
follows. 
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SUMMARY 


As an alternative to the variational method of obtaining the equiva- 
lent circuit parameters of an asymmetric waveguide junction, the 
system is solved by considering that only the first few evanescent 
modes are excited at the junction. The circuit parameters thus 
obtained agree very well with those obtained experimentally. The 
limitations of such a procedure are discussed. 


LIST OF SYMBOLS 


w = Angular frequency of electromagnetic waves. 
r, 0, z = Cylindrical co-ordinates. 
E 9 = 8-component of electric field. 
H, = r-component of magnetic field. 
b = Dimensions of the cross-section of cavity system. 
Bo, 81, 82 = Phase-change coefficients in free space, in the 
empty portion of the cavity, and in the partially 
filled portion for Ho; mode. 

Yo, Yon, Y, = Wave admittances in free space, and in the empty 
and partially filled portion of the cavity, respec- 
tively, for Ho,, mode. 

= Wavelength in the empty and partially filled 
portions of the cavity. 

“ons “&, = Attenuation coefficients in the empty and partially 

filled portions of the cavity for Hp, mode, n> 2. 

Kon = Cut-off constant in the empty portion of the cavity 
for Ho, mode. 

Ky, Ky, = Cut-off constants in the partially filled portion of 

the cavity for Ho,, mode. 
Yn = Propagation coefficient in the partially filled 
portion for Ho, mode. 


ri, ry 


Z,, Zz = Wave impedances of the principal modes in the 
empty and partially filled portions of the cavity. 
Do, Lo = Additional lengths of the transmission limes in 


the equivalent circuit. 
k = Transformer turns ratio. 


(1) INTRODUCTION 


One of the most general ways of evaluating the equivalent 
circuit parameters of a waveguide junction is by using the 
variational method developed by Schwinger.! This technique 
has been used by Miles* and Lewin? for calculating the para- 
meters of axially asymmetric waveguide junctions. Basically, 
the method consists of expressing the input impedance at the 
junction, looking into a matched termination along the direction 
of incidence, in terms of the required circuit parameters and the 
unknown field functions at the junction. It is arranged that 
the expression for the input impedance is stationary with respect 
to the variations of the assumed field functions about the correct 
functions. The circuit parameters are calculated from the 
stationary expressions thus obtained by using approximations 
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for the field functions at the junction. However, as the field 
functions are complex, the necessary calculations are very tedious. 
and no indication of the errors is given by this approach. ; 

Collin and Brown,* however, have developed a modification 
of the variational technique which minimizes the computational 
labour and removes the disadvantages mentioned above. They 
obtain the stationary expression for the input impedance at the 
junction, looking along the direction of incidence, for a short- 
circuited termination. As the input impedance for this termina- 
tion is purely imaginary, only real quantities are required in the 
calculations. From this approach an indication of the maximum 
errors in the results may also be obtained. 

In place of using the variational method, the equivalent Gael 
parameters may also be evaluated by solving the field equations: 
obtained by considering the continuity of the electromagnetic 
fields at the junction. However, as the fields on the two sides. 
of the junction are different, the continuity conditions are not 
satisfied by the principal modes alone and consequently an 
infinite number of evanescent modes are excited to satisfy the 
boundary conditions at the discontinuity. The linear equations, 
with an infinite number of unknowns, thus obtained may be 
solved only in certain special cases by using analytic methods as 
shown by Berz> and Whitehead.© However, on making the 
assumption that only the first few modes are excited at the 
junction, the system may be solved quite simply and the required 
circuit parameters calculated. Once again, using the short- 
circuited termination as used by Collin and Brown, only real 
functions are needed in the computations. 


(2) EQUIVALENT CIRCUIT PARAMETERS OF A LOSS-FREE 
JUNCTION IN A CYLINDRICAL WAVEGUIDE SUP- 
PORTING Hp; MODE 

Consider the cavity system shown in Fig. 1. It is partially 
filled to the left of the plane OA by a coaxial dielectric rod of 
permittivity «, and permeability wo and is empty to the right of 


Fig. 1.—Cavity system partially filled with a coaxial dielectric rod. 


plane OA. The radii a and 5 of the rod and the waveguide are 
such that only the Hp; mode can propagate in the system, the 
higher Hy modes being cut-off. 

The cavity system shown in Fig. 1, being the basic system o' 
a new method of dielectric measurement,’ was chosen for the 
present investigations because of its ready availability. 

The junction plane OA is essentially a junction of two dis 


[324 ] 


7 
; 


| line is the same as that in the corresponding waveguide. 


pe 


) similar waveguides and may be considered to be loss-free. Any 
) loss-free junction between two waveguides may be represented 


| by an equivalent circuit involving at most three parameters, 
| provided that each waveguide can support only one mode.8 
| Each waveguide may be represented by a transmission line, 
| provided that the phase-change coefficient in the transmission 
The 
‘system, therefore, is basically equivalent to two dissimilar trans- 


| mission lines connected by an equivalent circuit having three 
| parameters .to represent the discontinuity. 


It can be shown,? however, that any loss-free discontinuity 


| may be represented as an ideal transformer of turns ratio k at 
| certain characteristic planes. 
| at distances Dy and Ly from the actual junction plane. 
| the system of Fig. 1 is equivalent to the transmission-line circuit 


Let these terminals T, and T, be 
Hence 


shown in Fig. 2. 


t 
1 
fi 
J 
! 


' 
i) 
’ 
' 
U 
i} 


| 
1 
' 
' 
Fig. 2.—Equivalent transmission-line circuit of the cavity system. 


_ The two transmission lines are short-circuited at the ends away 
from the junction, since the system of Fig. 1, considered at 
resonance, gives electrical nodes at the two end walls. The 


|| discontinuity is characterized by three parameters, namely Do, 
‘Ip and k. The characteristic impedances of the transmission 


lines are not uniquely defined. A convenient choice is to take 
the line impedances equal to those of the principal waveguide 
modes. 

The three parameters may be evaluated from the curve of 
(D + L) plotted against either L or D, keeping the cavity at 
resonance for the various values of D and L. The extraction of 


' the parameters from the curve is explained below. 


In the circuit of Fig. 2 the impedance presented at the terminal 
T, is equal to jk?Z, tan B.(L + Lo). Hence the circuit of Fig. 2 
is simplified to that shown in Fig. 3, consisting of a lumped 


By 2y 


2 
Jk°Z, B(L+Lo) D+Do 


Fig. 3.—The simplified equivalent circuit of the cavity system. 


impedance jk?Z, tan 82(L + Ly) at one end and short-circuited 
at a distance D + Dp from that end. 
As this circuit represents a cavity system at resonance, the 


- total reactive impedance of the circuit is zero. 


Hence tan B\(D + Do) = — y’ tan B,(L + Lo) 


where y’ = k?Z,/Z,. 
It can be seen from eqn. (1) that a plot of D against L is 


(1) 


_ Tepetitive in a period of half a wavelength and is symmetrical 


about the line of slope —f,/8,;. The curve intersects this line 
at the points of its maximum and minimum slope. It may be 


shown!® that at the point of maximum slope 


D + Do a And, and Bb aa Lo => 4m, 


where m and n are odd integers. The value of the maximum 


slope is either A;/y’A2 or y’A,/Az according as y’ is greater or 


less than 1. 
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For a small discontinuity, however, y’ ~ 1, and it is very 
difficult to locate the points of maximum and minimum slopes. 
In this case, the curves of (D + L) against either D or L are 
plotted, when the maxima and minima are better defined. These 
curves are also repetitive in periods of half wavelengths and the 
equivalent circuit parameters of the waveguide junction can be 
evaluated from them. The (D+ L)/Z curve is symmetrical 
about the line of slope (A; — A,)/A,. At the point of intersection 
of the curve with its line of symmetry, and corresponding to its 
maximum slope, 


D+L+ Do + Ly = tp, + 44, 
L+I1y= 44d. 


(2) 
(3) 


and 
WHErS pag) — la Soyo oe 


Hence, the parameters Dy) and Ly may be evaluated from 
eqns. (2) and (3) as p and g are known. 

The remaining parameters, k, may be obtained from the 
maximum slope of the (D + L)/Z curve, which is given by 
1 + Ay/y‘Aq for y’ <1 and 1 + y’A,/A, for y’ > 1. 

The (D + L)/L curve, required for the evaluation of the 
equivalent circuit parameters of the junction, may be obtained 
both experimentally and theoretically. The theoretical curve 
can be evaluated either by using the modified form of variational 
method as shown by Collin and Brown, or by solving the system 
on the assumption that only the first few evanescent modes are 
excited at the junction. 


(3) THEORETICAL EVALUATION 


Consider the fields existing within the cavity system shown in 
Fig. 1. As already mentioned, the parameters of the system are 
chosen so as to enable only the Hp; mode to propagate in the 
system. The co-ordinates are chosen so that the distances to 
the right of the plane OA are considered positive and the 
distances to its left negative. 

The fields for the Hp, mode in circular waveguide are charac- 
terized by Ey, H, and H,, which are all independent of 0, and 
the nature of the discontinuity at the plane z = 0 is such that 
only the circularly symmetrical Hp, modes are excited anywhere 
in the structure. Although the higher H modes are excited at 
the junction, as explained later, these are evanescent and effec- 
tively zero at the positions of the two short-circuits. The 
propagated Hp; mode is reflected by the short-circuits, the plane 
of the reflected waves being such that Z, must vanish for z = D 
and z = — L, since the cavity is at resonance. Therefore, for 
incidence from the right of the plane OY to its left, the fields 
for the Ho; mode in the partially filled waveguide may be shown 
to have the form 


Ey = C,¢,(r) sin B(L + z) (4) 
H, = — jC, Y,$,(r) cos BL + z) (5) 


where C, is the amplitude constant and ¢,(r) is the function 
specifying the variation of electric field in a plane at right angles 
to the direction of propagation. 

Similarly, the fields for the principal mode in the empty portion 
for z> 0 are given by 


and 


Eg = ByJ,CKo,r) sin B\(D — z). (6) 
H, = jB,Yo,J,(Koir) cos B,(D — z) . (7) 
where B, is the amplitude constant and 
Bi = w*Uo¢o — Koi (8) 
and Yo. = Br YolBo (9) 
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The fields existing within the complete waveguide structure 
must be such that the tangential components of electric and 
magnetic fields are continuous over the interface plane z = 0. 
As the function ¢,(r) is not equal to the function J,(Ko,r), 
additional fields in the form of evanescent modes must exist 
within the regions z< 0 and z>0. As already mentioned, 
these fields are of the Ho, type and are effectively zero at the 
two short-circuited ends. Therefore, for z< 0, these fields are 
given by 

Ba = Ch (r eer? 


H, = C,Y,,(r)e%? 


where n takes all the values from 2 to ©0. 
the nth mode are derived in Section 8.1. 
The functions ¢,(r) are orthogonal, i.e. 


(10) 


(11) 
on, P(r) and Y,, for 


{ 
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systems. Therefore the continuity conditions at z = 0 may be 
written from eqns. (18)-(21) as 
B,J,(Koir) sin ByD + ByJ(Kogr).+ B35 (Kos) 


f = C,$,(r) sin B2L + Crh2(r) + C343(r) (22 
an 


JB, Yo13\(Koir) cos ByD — By Yo2J,(Koor) — B3¥o33i(Kos) 


= IC; Y,4,(7) cos BL a CrY2¢(r) + C3 Y343(r) (23 
b : 
Let [ rd, Koyrddr = Ay (24 
0 
where i and / are integers. 
On multiplying eqn. (22) by r¢,(r), rb2(r) and rd;(r), respec 


b tively, and integrating with respect to r within the limits r = | 
ro, b,(rdr = 0 for n 4 m (12) tor=0, and using the orthogonal relations given in eqns. (12 
0 and (13), the following equations are obtained: 
and have been normalized to satisf : : 
: i C, sin BL = BA; sin ByD + By, + B3Ay3 (25 
rp2(r)dr — i (13) Cy = B,Ar sin B,D a5 ByAr2 Sie B3Ap3 (26 
0 
Similarly, for z > 0, the fields for the higher H modes are given by C3; = B,A3; sin B\D + B,A3, + B3A33 (27 
Eo = B,J(Koprye7%"? (14) Similarly, using eqn. (23), 
H, ae B, Yond 1 Konre~ %"* (15) IC, Y; cos BoL = — jB, Yoi Ay cos B,D 
+ ByYo2412 + B3Yo3413 (28 
aoa ey eee 16 ; 2X o2412 3403413 
—C,¥, = — jB,Yo1A21 cos fyD 
Yon = — Jon YoIPo hp + BYo2422 + BoYo3423 (29 
&%p, being real if KZ, > we. : 
General expressions for the fields throughout the cavity system —C3Y3 = — jB,YA3; cos B,D 
may now be written down: + By Yo2A32 + B3¥o3433 (30 
For z< 0, From eqns. (25)-(30), it may be shown that 
Eg = Cy¢,(r) sin B(L + 2) + ZL Colter? (18) 5B,4,,(Y; cot B,L sin B,D + Yo; cos B,D) 
oe) 7 = 
H, = —JC,¥,$y(7) 008 BL +2) + C,¥iG(e (19) Tt Bada ¥s cot Pal ~ Yoo) 
and for z> 0, fing + B3A413(7¥; cot BL — Yo3)=0 . GL 
Fo = B,J,(Koyr) sin B,\(D — z) + x B,J (Konte~ 20"? (20) ByA2(¥2 sin B,D — j Yo, cos 8, D) + ByAz(¥2 + Yor) 
n= 
: 20 + B3Az,(¥2 + Yo3)=0 G2 
H, <a JB, Y015(Koir) cos B\D — Zz) —_— > BY on3 1 Konre~ “on? A | 
ae (21) B,A31(Y3 sin BjD — j Yo, cos ByD) + ByA32(¥3 + Yor) 
4 + B3A33(Y3 + Yo3) =90 G3; 
As already mentioned, an infinite number of evanescent 34sx(¥3 03) ¢ 
modes are excited to satisfy the continuity conditions of the Therefore 
—JYAy, cot P,L Ay (JY, cot ByL — Yo2) Ay3(/¥, cot ByL — Vos)! 
YA —A (Yo. + Yo) —A}3(Y3 + Yo) 
: Y3A —A3(Yoo + Y3) —A33(Yo3 + Y: 
Yo; cot B,D = 3431 . 32( Yo2 3 . 33( Yo3 3) (G4) 
Ay, A,j¥, cot BoL — Yo) Ay3(7¥; cot BoL — Yo3) 
An, —Ap(Yo2 + Yo) —A3(Yo3 + Yo) 
A31 —A3(Yo2 + Y3) —A33(Yo3 + Y3) 


electromagnetic.fields at the junction plane given by z = 0 in 
the system shown in Fig. 1. However, for simplicity it is 
assumed that only three modes, namely Ho;, Ho and Hg3, are 
needed to satisfy the continuity conditions of the electromagnetic 
fields at the boundary between the two regions in the cavity 


This equation shows that, if the constants A,;, Yo, and Y,, are 
known, a theoretical (D + L)/L curve can be plotted, thus 
enabling the evaluation of the required circuit parameters. 

The integrals of the type A; are easily evaluated by straight- 
forward integration. It will be seen from Section 8.1 that for 


| 

| the evaluation of the wave impedances, Yo, and Y,, the corre- 
|sponding cut-off constants in the empty and partially filled 
“Tegions of the waveguide must be evaluated. The method for 
evaluating the various cut-off constants is given in Section 8.2. 


(4) NUMERICAL EXAMPLE 


| A polystyrene rod of radius 0-633cm and _ permittivity, 
| €, = 2:52 was used in the system of Fig. 1. The various 
constants on the right-hand side of eqn. (34) were evaluated, 
when the following equation was obtained: 


53-09 cot B,L + 0-085 
49-66 — 0-153 cot BoL 


cot B,D = (35) 


From this equation a theoretical (D + L)/Z curve was calculated, 
ja shown, together with the experimentally determined curve, 
in Fig. 4. 


Fig. 4.—Comparison of the experimental (D + L)/L curve with the 
theoretical curve calculated on the assumption of only three modes 
at the discontinuity. 


Theoretical curve. 
seeeeee Experimental curve. 


The two curves show an extremely good agreement. The 
slight shift of the experimental curve towards the L-axis may be 
_ explained as being due to the shift in the position of the virtual 
short-circuit on the partially filled side of the cavity because of 
the hole in the end wall to admit the dielectric rod. 

- On considering the existence of only two modes instead of 
three at the junction, the following expression was obtained: 


53-09 cot B»L + 0-235 


SOE BD = 15-64 — 0-19 cot Bol 


(36) 


Eqns. (35) and (36), obtained on the assumption of three and 
two modes, respectively, show very little difference. The equi- 
valence of the two expressions and the satisfactory agreement 
between the theoretical and experimental curves shown in Fig. 4 
give support to the assumption that only the first few modes 
are excited to satisfy the continuity conditions at the junction. 
Further justifications for this are given in Section 5. 

The parameters Dy and Ly were calculated from the theoretical 
curve given in Fig. 4 using eqns. (2) and (3); from the maximum 
slope of the curve it was found that k\/(Z2/Z,) = 0-93 + 0-01. 
The characteristic impedances of the transmission lines are 
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equal to those of the wave impedances of the corresponding 
waveguides, and k, the turns ratio of the ideal transformer, is 
found to be equal to 0:99 + 0-01. Hence, & may be taken 
equal to unity within the limits of accuracy involved in the 
present calculations. 


(5) JUSTIFICATION FOR ASSUMING ONLY A FEW 
EVANESCENT MODES AT THE JUNCTION 
Consider the electromagnetic fields in partially filled portions 
of the cavity system shown in Fig. 1. For Ho, mode of propaga- 
tion, the electric and magnetic fields are given by!? 


Eo, = — fA, K pS (Ky ye”? (37) 
Hy = An pK J (Kine (38) 
Hz, = A,KinVo(Kint le" (39) 
Eo, = — joopgK | B,J (Kant) + C,Y¥1(Koyr)le~ (40) 
Fz = YnKonl B31 (Kant) + Ca¥ 1(Konrle—™ (41) 
Hy = KF,[ By Jo(Kont) + CrYo(Konrle~ »* (42) 


Yn is imaginary and equal to j8, for the propagating mode 
corresponding to n = 1, but it becomes real for n > 2 and is 
equal to «,, the attenuation coefficient. The suffixes 1 and 2 refer 
respectively to the region inside the dielectric rod and the region 
between the dielectric rod and the outer conductor. A,, B, and 
C,, are amplitude constants. 

The propagation coefficient y, is related to the cut-off con- 
stants by 


yi = K?, — we, = KZ, — we (43) 


For evanescent modes of higher order, y, becomes sufficiently 
large for the approximation K,,, = K, to be made. 

If Ki, = K>,, from the continuity of the electromagnetic fields 
at r = a, it follows from eqns. (37)-(42) that 


A, 3 {(Kjn@) = B,JKin@) + C,¥ (Kina) . (44) 
A Jo(Kin® = BrJo(Kin@) + Cy¥ (Kina) - (45) 
from which it can be seen that 
(A, — B,J (Ky ,@ = CY (Ka (46) 
and (An — By)So(Kin@) = Cr¥ (Kin) (47) 
Eqns. (46) and (47) are consistent only if 
J (Ki nDY (Kina) = Y¥1(Kin@Jo(Kin@) (48) 


But, from the well-known properties of Bessel functions, 
2 
Ji CMY (Kin — Jol Kin OYi Kin = aean #0 (49) 


Hence, the only solution of eqns. (46) and (47) is A, = B, 
and C,=0. Also, p has the same value anywhere in the 
structure, so that it is justifiable, for these high-order modes, 
to assume that eqns. (37)-(39) apply to both the regions 1 and 2. 

Therefore, in the system of Fig. 1, the electric and magnetic 
fields of the higher Ho, modes have the same pattern on both 
sides of the junction. Consequently, the evanescent modes of 
higher order are not excited because of the principle of ortho- 
gonality, and accurate evaluation of the circuit parameters may 
be made by considering the existence of only the first few modes, 
as already demonstrated. 
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On the other hand, if the dielectric rod has a permeability 
different from that of free space, Ha, and Eg, can never be equal, 
even if K,,,is approximated to K,, as they depend on the values 
of permeabilities in the two regions, as shown by egns. (37) 
and (40). Hence, as the electric fields on the two sides of the 
junction are not the same, even for very-high-order evanescent 
modes, the analysis made with a non-magnetic rod in the system 
is not applicable. 

The justifications given above also follow from purely 
physical considerations. For high-order H modes the fields are 
predominantly magnetic and therefore are not affected appre- 
ciably by the non-magnetic dielectric rod, and as a result have 
the same values as if the rod did not exist. For a ferromagnetic 
rod, however, these fields are affected by the rod and have 
different values inside it. Hence, the method discussed in the 
paper for the evaluation of equivalent circuit parameters is 
unsuitable for asymmetric waveguide junctions having dielectrics 
with magnetic properties for H modes of propagation. 
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(8) APPENDICES 
(8.1) Evaluation of d,(r), &,, and Y,, in the Partially Filled 
Portion of the Cavity 
The expressions for the transverse components of the electro- 
magnetic fields in the partially filled portion of the cavity system 
are given by eqns. (37), (38), (40) and (41), which involve three 
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amplitude constants. However, it is possible,!? by considering 
the continuity of electromagnetic fields at the surface of separa- 
tion of two dielectrics, to use only one amplitude constant for 
expressing the fields in the entire region of the system. 

The function ¢,(r) has also been defined to express the fields 
inside the waveguide system such that 


(50) 


Eq = (re? 
and H, = — Y,,(r)e7"” (51) 
From eqns. (41), (36) and (38), it may be shown that 
bt) = — joo Ki)S (Kir) O<r<a (52) 


= — Jwpod 


ep a Me 3 

" Kan So Kana)Y 1 (Kanb) — Yo(Kan@SiKonb) | 

(53) 
a=r=ab 


A, must satisfy the normalization condition given by 
eqn. (13), ie. 


2 ne ae 
a wig kK nas Kina) K,,aS(K4,4) (a phe 


K2 [ 4 1 ii 1/2 
eae —1 \ 
KGL ma? K5y, So(Kon@)¥ 1(Konb) — J, (Kanb)¥ (Kon) 
(54) 


The constants 85, «2... «, may be evaluated by substituting 
for K,, K2,, etc., in eqn. (43), since y, = j82 for n = 1 and 
Yn = &, for n > 2. 

The wave impedance Y,, is given by the ratio of the transverse 
magnetic field to that of the transverse electric field correspond- 
ing to the nth mode. Hence, from eqns. (37)-(41), 


it Ya Se 
J@Lo 
Bo Yo 
so that Y,= — = 6,— (56) 
Wo Pap. 
and Ve == jes iS (57) 
Bo 


$(~AND ¥ y) 


Fig. 5.—Intersections of the functions ¢(x) and f(y) plotted against 


the same y-axis. 


Ee $(x) 
—xX—x— Wy) 


(8.2) Evaluation of Kon, Kin and Kon 


The values of the cut-off constants are required for the evalua- 
| tion of A;;, the wave impedances and the attenuation coefficients. 
‘The evaluation of Ko, is straightforward and is given by 


Kon = Sm (58) 


where nm = 1,2... and m= 2, 3, D is the radius of the cavity 
‘and S,, is the mth root of the function J,(S). 
| For the evaluation of the constants K,, and K,, the charac- 


teristic equation!? of the partially filled region of the system is 


| used: 
P(x) = dy) . (59) 
_ 145i) 
where d(x) = nes (60) 
! 
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_ 1 ICNYiCny) = YiC)IiGny) 


HD = 5 SDV Cm) — Yoo)I.Cmy) oe 
x = K,,a, y = K,a and m = b/a. 
Also, from eqn. (43), 
x? = y? — wa? UWle, — €) « (62) 


From eqns. (61) and (62) it is possible to plot the function 4(x) 
and %(y) on the same y-axis. The two functions, being oscil- 
latory, intersect at a series of points. The various values of 
y, corresponding to the intersections, refer to the different 
Hon modes. y or K>,, corresponding to any Ho, mode having 
been found, K,,, may easily be calculated. 

A plot of the functions ¢(x) and */(y) against y for the system 
under consideration is given in Fig. 5. 
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SUMMARY 
The use of a suitably modified refractive index enables cylindrical 
lenses with squinting linear feeds to be designed by the usual 2-dimen- 
sional methods applicable to lenses with non-squinting feeds. 
An example is given of the design of a typical lens fed by a non- 
resonant slotted waveguide having a 20° squint angle. 


LIST OF SYMBOLS 
A = Free-space wavelength. 
@ = Squint angle of the linear source. 
p = Angle of refraction in the metal-plate lens medium, 
n = Refractive index of the metal-plate lens medium. 
n’ = Effective refractive index referred to the plane XOZ 
(Fig. 2). 
a, 8 = Dimensions of the lens (defined in Fig. 5). 


(1) INTRODUCTION 


In certain applications of microwave aerials it is convenient 
to use cylindrical metal-plate lenses fed by slotted-waveguide 
linear arrays. A case in point is the airborne Doppler navigation 
equipment described by Clegg and Crompton* where two 
cylindrical lenses are used, each of which collimates 3 cm radia- 
tion from two slotted arrays. The isometric drawing (Fig. 1) 
shows the two lenses with the slotted waveguides above them. 
The four radiation patterns obtained from this aerial system 
have main lobes 3° x 6° (to 3dB) and their centre-lines are 
aligned accurately in certain specified directions relative to the 
aircraft longitudinal axis and the horizontal plane. 

The lenses have apertures approximately 24in long by 12in 
wide and, because they are fed by line rather than by point 
sources, they are cylindrical, being designed for a focal length 
appropriate to the 12in aperture, say 12in or less. The design 
of lenses of this type for use with broadside linear arrays has 
been discussed by Ruze.f 

However, in order to obviate problems of bandwidth and 
matching inherent in the design of broadside arrays, the spacing 
of the slots is usually made less than half a wavelength. When 
this is done the direction of the maximum of the radiation 
pattern does not coincide with the normal to.the length of the 
array. The array is then not truly broadside and is said to 
squint. The squint angle is, of course, dependent on the slot 
spacing, the frequency and the broad dimension of the waveguide, 
but since these are all readily controllable the squint angle may 
be predetermined with considerable precision. The existence of 
the squint angle is, in fact, of assistance in obtaining the desired 
beam directions from the aerial of the Doppler navigation 


* Crece, J. E., and Crompton, J. W.: ‘Low-Power C.W. Doppler Navigational 
atl eeey Proceedings I.E.E., Paper No. 2566R, March, 1958 (405 B, Sipe 9, 
p. i 


t+ Ruze, J.: ‘Wide-Angle Metal-Plate Optics’, P i i i 
Engineers, 1950, 38, 5. 53, ptics’, Proceedings of the Institute of Radio 


Correspondence on Monographs is invited for consideration with a view to 
publication. 


Mr. Crompton is at the Weapons R i i 
| eeeira 1D pons Research Establishment, Salisbury, South 


equipment, but it somewhat complicates the design of the lenses. 
themselves, as will now be shown. 

Radiation from a microwave array is usually linearly polarized, 
the polarization (direction of the electric field) being either 
coplanar with, or perpendicular to, the length of the array. 
These two cases are shown inFigs. 2(a) and (b), each of which 
depicts diagrammatically the conical wavefront, the direction of 
the electric field and the orientation of the plates of the lens. 

In optical work, cylindrical collimating lenses are commonly 
used to transform cylindrical wavefronts into plane wavefronts 
propagating in a direction normal to the generator of the cylinder. 
In the present instance, however, the incident wavefront is 
conical and the emergent wavefront is plane, but its direction of 
propagation is tilted away from the normal, as shown in Figs. 2(a) 
and (0). 

In the system shown in Fig. 2(a), the source has a squint 
angle, 0, and its polarization is coplanar with the length of the 
array (e.g. a waveguide with slots in one of its narrow walls). 

The origin, O, of the co-ordinate system has been taken on, 
and the direction of the OY axis coincident with, the phase 
centre-line of the linear array. The OZ direction is normal to 
OY and lies in the plane of symmetry of the lens. OX is normal 
to the plane YOZ. 

The lens comprises a set of rectangular metal plates arranged 
parallel to each other and to the YOZ plane. Since the 
spacing of the plates may be varied, the phase velocity of the 
wave in the metal-plate medium, and hence the refractive index 
of the medium, is in general a discontinuous function of the 
distance x from the centre of the lens. 

The paths of two typical rays are traced through the lens 
system in Fig. 3; one lies in the plane of symmetry of the system, 
YOZ, and the other passes through the lens between an outer 
pair of metal plates. In general, the refractive index of the 
metal-plate medium differs for the two rays, and their angles of 
refraction, pp and p,, are not equal. This means that the ray 
paths through the lens are not parallel, and any attempt to 
design the lens by ray tracing results, in general, in very difficult 
3-dimensional geometry. 

Since a cylindrical lens is essentially 2-dimensional it is possible 
to avoid this 3-dimensional approach, and it will be shown that, 
by using a suitably modified refractive index, lenses of this type 
may be designed by the usual methods applicable to lenses fed 
by non-squinting arrays (see Ruze). The method is useful for 
both the types of lens shown in Figs. 2(a) and (6). 


(2) DISCUSSION 

Consider the traces of the wavefronts in a plane XOZ normal 
to the linear source. Between the feed and the lens the traces of 
the wavefronts are circles centred on the phase centre of the 
feed. Since the direction of propagation of the radiation from 
the feed is inclined everywhere at the squint angle @ to the plane 
XOZ, the apparent wavelength as measured by an observe 
confined to the plane is Asec 0. 
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Fig. 1.—An aerial system for an airborne Doppler navigation equipment using metal-plate microwave lenses fed 
by squinting linear arrays. 
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Fig. 2.—Lenses used with squinting linear sources. 


3) Polarization coplanar with the source, 
b) Polarization normal to the source, 
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LENS PLATE 
SECTION YOZ 


Fig. 3.—Ray paths through the lens. 


On entering the lens the wavefronts are refracted, the angle of 
refraction being determined by Snell’s law, 


sin@ 


it eames wy Ac, deme Ll) 


sin p 
while the wavelength in the lens in the direction of the wave 
normal is A/n. Inside the lens, therefore, the apparent wave- 
length in the plane XOZ is (A/n) sec p. 

On the far side of the lens the direction of propagation again 
makes an angle @ with the plane XOZ, and the apparent wave- 
length in this plane is A sec 0. 

The effective refractive index of the lens medium as it appears 
to an observer confined to the plane XOZ is thus 


, __ Wavelength outside the lens 
Wavelength inside the lens 
aA Seow 
(A/n) sec p 


i.e. n’ = nsec @cosp 


which, on substituting for p from eqn. (1), becomes 
n’ = secG,/(* sin 0)) ata Pl we) 


A graph showing the variation of n’ with n for various values of 
@ is given in Fig. 4. 

The lens may now be designed using conventional 2-dimensional 
formulae (see Ruze). The effective refractive indices referred to 
the plane XOZ having been determined, they must be converted 
to true refractive indices (from which the spacings of the metal 
plates may be calculated) by means of eqn. (2) or Fig. 4. An 
example of this procedure is given in Section 3. 

In the case where the polarization is parallel to the plane 
XOZ [see Fig. 2(5)], the lens plates, and therefore the directions 
of propagation within the lens, are also parallel to XOZ. The 
effective refractive index referred to the plane XOZ is now 
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Fig. 4.—Variation of effective refractive index with squint angle. 


It should be noted that in this case the lens places no constraints 
other than Snell’s law on the directions of propagation inside the 
lens and parallel to the plane XOZ. 


(3) DESIGN OF A STRAIGHT-FRONT-FACE LENS 

The method was used to design the lens aerials for the c.w. 
airborne Doppler navigational aid. These lenses are fed by 
waveguide arrays of narrow face slots having squint angles of 
about 20°. The lens aperture is approximately 24 x 12in anc 
the focal length is 12in. The lens was required to have gooc 
scanning properties in order that it could be used satisfactorily 
with two feeds disposed symmetrically 8° on either side of the 


- 


and 


: 
: 


|plane of symmetry. Abbé’s sine condition is satisfied if the lens 


|surface nearer the feed is a cylinder of radius equal to the focal 
length, and Ruze has shown that excellent scanning properties 
are achieved if the other surface is made plane. The shapes of 


| the Jens surfaces having thus been decided on, the object of the 
| design is to determine the required variation of refractive index 


across the lens, and hence the spacing of the lens plates. 


FOCUS 


RADIUS OF 
TOP SURFACE 
=FOCAL LENGTH 


Fig. 5.—Cross-section of the lens. 
The aperture dimension x is normalized with respect to the focal length of the lens. 


Referring to Fig. 5, which shows a cross-section of the lens 
by a plane parallel to XOY, the electrical path length through 
the lens at any station distant x from the centre must be equal 
to the electrical path length at the centre. To generalize the 
arithmetic in accordance with normal optical practice, the 
aperture co-ordinate, x, has been normalized with respect to 
the focal length. Thus, for this example, x = + 0-5 at the 
edges of the lens. 

Let mp be the true refractive index of the metal-plate medium 
at the centre, and n,, the true refractive index at station x. 


Then, by eqn. (2), the effective refractive indices to be used in 


equating path lengths in the plane normal to the generator of 


the cylindrical lens system are 


Ng = sec 04/(n2 — sin? 6) 
ny, = sec 0\/(n2 — sin? A) 


For equal path lengths, np8 = n,(« + 8), where « and f are 
defined in Fig. 5. 


Therefore 
mame ) 
Since the top surface is cylindrical, « and x are related thus: 
a=1—+/H — x’) (5) 


To avoid tight mechanical tolerances and excessive reflection 
from the lens surfaces, the range of true refractive indices used 
was limited to 0:5 < n< 0-75. 

Using Fig. 4 and taking 8 = 20°, we have, at the centre of the 
lens, x = 0, « = 0, m = 0-75 and my = 0-71. 

At the extremities, x = + 0-5, w = 0-134, 1.5 =0:5 and 
No.5 = 0°39. 
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Therefore 
__ 0-39 x 0-134 


Gps 


NyO 
eas 
i.e. the central thickness of the lens must be 0-17 times its focal 
length. 
The value of 8 having been determined, the effective index, 
n,, may be calculated for any value of x using eqns. (4) and (5). 
This relationship is shown in Fig. 6. The curve is next corrected 
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Fig. 6.—Method of obtaining the required plate separation at a given 
distance from the lens centre-line. 


(a) True refractive index. 
(b) Effective refractive index. 
(c) Plate separation for given refractive index (A = 3-2 cm). 


using eqn. (2), or Fig. 4, to show the true refractive index as a 
function of x. 

Curves showing the relationship between true refractive index 
and the separation of the lens plates for a particular operating 
frequency are also plotted in Fig. 6. The final design information 
needed is a curve showing the required plate separation at any 
distance from the centre. This is simply obtained from Fig. 6 
by entering at the required value of x, reading off the true 
refractive index required at this distance from the centre and 
hence the appropriate plate separation for the frequency for 
which the lens is to be used. The process is indicated by the 
arrow heads on Fig. 6. 


(4) CONCLUSION 
A simple method for the design of microwave metal-plate 
lenses for use with squinting line sources is described and this 
avoids the difficulties of 3-dimensional ray tracing. An example 
of the design of a lens for a specific application is given. 
Tests on lenses designed in this way have shown that their 
performance is in good agreement with theoretical expectation. 
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EXTENSION OF THE DUAL-INPUT DESCRIBING-FUNCTION TECHNIQUE 
TO SYSTEMS CONTAINING REACTIVE NON-LINEARITY 


By R. M. HUEY, B.Sc., B.E., O. PAWLOFF, Dipl.Ing., and T. GLUCHAROFF, Dipl.Ing., M.E. 


(The paper was first received 28th September, 1959, and in revised form 15th February, 1960, It was published as an INSTITUTION 
MOoNnoGRAPH in June, 1960.) 


SUMMARY 


Kochenburger’s describing function and also the dual-input 
describing function due to West, Douce and Livesley are well 
known. These techniques enable the graphical solution of non- 
linear differential equations in which the non-linear coefficient is 
associated with the first-order differential term to be obtained. The 
paper describes an extension of these methods, allowing the non-linear 
coefficient to be associated with any term in the differential equation. 

It is shown that the typical non-linearity presented by an iron-cored 
inductor or by a ferro-electric capacitor may be resolved into a simple 
feedback system containing a single non-linear element which is 
independent of frequency, together with elements possessing linear 
transfer functions. The resulting equivalent block diagram is suitable 
for analysis by either of the describing-function techniques. As an 
example, the dual-input technique is used to predict accurately jump 
phenomena in an iron-cored ferroresonant circuit, and the validity of 


the equivalent block diagram suggested is also checked by simulation 
on an analogue computer. 


LIST OF SYMBOLS 
N(a) = A non-linear, non-reactive output/input ratio. 
(jw) = Frequency response function. 
Vv, = Output voltage. 
v; = Input voltage. 
w = Angular frequency. 
a = Amplitude at frequency w. 
b = Amplitude at frequency nw. 
n = Integer or integral fraction. 
@ = Phase angle. 
i = Instantaneous current (with subscripts referring 
to equivalent or actual circuit elements). 
v = Instantaneous voltage (with subscripts referring 
to equivalent or actual circuit elements). 
® = Magnetic flux. 
R, L, C = Linear circuit parameters. 
RG), L@, C@ = Non-linear circuit parameters. 
G = An amplitude-dependent, frequency-indepen- 
dent gain. 
Pp = The Heaviside operator in Section 2; elsewhere, 
the Laplace complex variable. 
B = Magnetic flux density. 
H = Magnetic field intensity. 
M = Intensity of magnetization. 
bt = Real part of a complex permeability. 
D = Electric displacement. 
E = Electric field intensity. 
P = Electric polarization. 
€ = Real part of a complex permittivity. 
o = Surface charge density. 


Correspondence on.Monographs is invited for consideration with a view to 
publication. 


Messrs. Huey and Pawloff are in the Electrical Engineering School, University of 
New South Wales. 


Mr. Glucharoff is in the Electrical Engineering School, Newcastle University College, 
University of New South Wales. 


1 = Length of a magnetic path. 
d= Thickness of dielectric, Section 2; a distance 
; on the complex plane, Appendix. 
q = Electric charge. 
N = Number of-turns. 
__k = Constants in a power series. 
Rs = Equivalent resistance simulating copper loss. 
Ry = Equivalent resistance simulating core losses. 
a = Phase angle used to define a complex per- 
meability w (cos « —j sin «). 


Capital letters are used to indicate the Laplace transform of a | 
time-dependent variable, except that the Laplace transform of , 


magnetic flux ® is indicated by the symbol ®. The rationalized 
M.K.S. system of units is employed. 


(1) INTRODUCTION 


The describing-function technique developed by Kochen- — 
burger! and others allows the frequency-response method of 
analysis to be applied to stability investigations in feedback 


Fig. 1.—Separation of the response of a non-linear system into 
independent amplitude- and frequency-dependent functions. 


systems containing non-linear elements. It is best applied 
graphically by plotting the open-loop frequency response, y( jw), 
on a Nyquist diagram in which the critical point (—1, /0) has 
been replaced by a plot of —1/N(a) or describing function. 
Instability is indicated by an enclosure of, or an intersection 
with the plot of —1/N(a) by the plot of %(jw). The principal 
limitations to the describing-function analysis are: 


(a) The input to the non-linear device must be very nearly 
sinusoidal. em 

(6) The amplitude-dependent characteristics of the system must 
be capable of being isolated into a non-linear block, N(q) in Fig. 1, 
which must be completely separable from the frequency-dependent 
characteristics of the system which, in turn, must be lumped into a 
block &(ja). 


Requirement (b) also applies to the dual-input describing- 
function technique evolved by West, Douce and Livesley” and 
one of their two main examples* describes a ‘simple’ non-linear 
element (v, = v3) followed by a linear frequency-dependent net- 
work whose response falls with increasing frequency. The first 
requirement, however, has been transformed, in their case, to 
read 

(c) The input to the non-linear element must be representable, _ 
very nearly, by a dual-frequency signal 
vj=acos(wt+60)+bcosnat . .. . GI) 
where a, b and v are real. 
* Reference 2, p. 467. 


[ 334 ] 


i 


HUEY, PAWLOFF AND GLUCHAROFF: EXTENSION OF DUAL-INPUT DESCRIBING-FUNCTION TECHNIQUE 


Their technique is valuable, and their suggested analysis 
involves an examination of the system response to a small (or 


_ incremental) signal at a frequency nw in the presence of a main 


the two parameters a and @ in eqn. (1). 


signal or excitation (of which the amplitude, a, may be either 
large or small) at a frequency w. In general, a separate analysis 
is required for each selected value of n over adequate ranges of 
In the case of forced 


_ oscillations, it enables prediction of instabilities at either har- 


monic or sub-harmonic frequencies of the fundamental excitation 
(1 = integer or integral fraction), and also of jump phenomena 
(n = 1). In the case of free oscillations of feedback systems it 
is shown to predict certain instabilities of conditionally stable 


systems. 


It is the purpose of the present paper to show that their tech- 


. nique may be extended to include other functions in addition 


to those they have exemplified, all of which may be described 
as resistive non-linearities in which N(a) can be specified by a 
non-linear gain quite independently of jw. It is shown that, by 
the introduction of a suitably chosen intermediary variable, a 


typical reactive non-linearity may be represented by a simple 


equivalent block diagram in which the non-linearity is defined 
by a block from which all reactive effects have been removed. 
The resulting equivalent block diagram for the system will, in 
general, contain feedback loops additional to any already present 


_in the physical system being analysed. 


(2) SPECIFICATION OF A NON-LINEAR REACTANCE BY 
AN EQUIVALENT FEEDBACK SYSTEM 


In the most general case of-a circuit branch with non-linear 
elements, shown in Fig. 2, we may write 


d(Li) 


v= | far + rit (2) 


where any or all of the quantities C, R and L are to be considered 


as non-linear rather than as the usual linear circuit elements. 


Fig. 2.—A generalized non-linear circuit-element. 


For the moment, let these quantities be considered as functions 
of i, although it is easy to see later that any other reasonable 
specification will suffice. Using C(‘), R(@) and L(i) to define the 
non-linear capacitance, resistance and inductance, eqn. (2) may be 
re-written 


ave! 
= 2 CG af + R@i + p[L@i] (3) 


Here v and 7 are time-varying quantities and p is the Heaviside 
operator. The sort of operational process by which one may 
Temoye quantities from the square-bracketed terms in eqn. (3) 
is not at all obvious and even when such es are devised 
they are unlikely to be very generally applicable.* 

Dealing with each in turn, non-linear meutive terms such as 

Vp = R(i)i do not require any special comment.” 
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Non-linear inductive terms such as vz = p[L(ii] may be 
treated by the introduction of an intermediary variable: 
O = = (4) 
=<, . 
P 

The new variable, ®, is connected linearly with the original 
variable, vz, and is immediately recognizable as magnetic flux. 
It is not essential, however, that the intermediary variable be 


chosen to have any particular physical existence. A suitable 
relationship (Fig. 3) between the original variable, 7, and © will 


Fig. 3.—Non-linear induction in a magnetic field, or non-linear 
polarization in an electric field. 


be considered at length in the example set out in the following 
Sections. The new definition of L(ij) may be shown as an 
equivalent block diagram (Fig. 5) using the normal transfer- 
function and describing-function notation of capital letters. 
Here G is a gain due to the non-linear relationship between i 
and © and is dependent only on amplitude. It is shown in the 
following Sections that iron and copper losses may be defined 
to a good approximation by additional and separate linear blocks 
(Fig. 7). 


1 
Non-linear capacitive terms such as U¢g = ve Rac aa | may be 


treated in a similar way. The analogy iat the two cases 
is obvious from Fig. 3 and the corresponding equations* > 


B=H+M 
B (5a) 
el 
and D=e6,E+ P 
1D) Senko) (56) 
cca he 


Where one wrote L = ®/(HI) = O/J the analogous relation is 
C = q/(Ed) = q/v (1 and d are length of magnetic circuit and 
thickness of dielectric, respectively). If the B/H curve or the 
o/E curve is practically linear, L and C reduce to the usual linear 
circuit constants. The obvious intermediary variable for a non- 
linear capacitance is g, defined by 
F Ihe 

qd =| i,dt sae F (6) 

The equivalent block diagram to represent C(i) is shown in 


Fig. 4, V, being written in place of V. Specification of the 
non-linear circuit parameters may be achieved most conveniently 


; ha ; id ' 


Fig. 4.—Equivalent block diagram for the term — las CG 5] of eqn. (3). 
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by rescaling the curve of Fig. 3 with the variables gq — v (or 
® — i). 

When more than one kind of non-linearity is present in a 
system, manipulation of equivalent block diagrams in the manner 
suggested can be helpful in determining sensible approximations 
to deal with such awkward cases. In the following Sections the 
example used is that of the iron-cored inductor and the steps used 
for the computation of G follow the method set out in Reference 2. 
It is clear, however, that the process used is equally applicable to 
a capacitor with a non-linear dielectric. 


(3) DERIVATION OF EQUIVALENT BLOCK DIAGRAM OF 
AN IRON-CORED INDUCTANCE 
The derivation will be divided into three sections, an ideal 
(ossless) inductance, a non-linear inductance with copper loss, 
and a non-linear inductance with copper and iron losses. 
Throughout, variables denoted by lower-case symbols refer to 
time-varying quantities, while corresponding capital symbols 
refer to the Laplace transforms of these quantities. The analysis 
is normalized to a one-turn coil, so that NO = O. 


(3.1) Pure Inductance 
In a lossless non-linear inductance, L, as shown in Fig. 5(a), 


we have v =dO/dt or © = f vdt, whence ® = V/p. This 
simple relation is shown in block-diagram form in Fig. 5(d), 


: gia ; 
Vv (bs Oo e) 
(a) (6) 
TRANSFER DESCRIBING 
FUNCTION FUNCTION 
Vv ® I 
; aed : : . 
(Cc) 


Fig. 5.—Circuit and equivalent block diagrams of a non-linear pure 
inductance, i.e. the term p[L(i)i] of eqn. (3). 


whence the transfer function between input voltage and flux is 
®/V =1/p and this relationship holds for any inductance, 
whether linear or non-linear. 

To obtain the transfer function between input voltage and 
current, consider the equation i, = f(®). In general, i is a 
multi-valued function of ©, but the assumption of an ideal 
inductance implies that f(®) is single-valued. The assumption 


R 


R 


FROM vp =iR, 


aks 
FROM y= <2 
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of symmetry for positive and negative currents is not an undue 
restriction, so that the function may be written as a power 
series with odd terms only: 


ir, =; + k,@3 aE k,@5 ++ oe ) (7) 
where L, k,, ko, etc., are constants. 

From eqn. (7) a describing function (either the normal or the 
dual-input kind) connecting flux and current may readily be 
calculated. The function so calculated will exhibit a gain which 
is independent of frequency but dependent on amplitude. The 
resulting equivalent block diagram for a non-linear ideal induc- 
tance is shown in Fig. 5(c). 


(3.2) Inductance with Copper Loss 


In this case the non-linear~element is shown first in circuit 
form [Fig.-6(a)} as the ideal non-linear inductance, L, of Fig. 5(a) 
in series with a winding resistance, R,. The behaviour of this 
circuit may be described by the relations 


and v i = f(®) as for Fig. 5(a) 


These four relations may be formed into blocks for assembly 
into a block diagram in the normal way [Fig. 6(5)]. The — 
assembly is shown in Fig. 6(c). From this diagram either of the — 


usually desired transfer functions, ®/V or J/V, may be obtained. 


(3.3) Inductance with Core and Copper Losses 


Proceeding as before, first the circuit representation of Fig. 7(a) 
is drawn, L and R, being as in Fig. 5(a). The core losses are 
represented by a linear resistance, Ry, in parallel with the ideal 
non-linear inductance L. Justification for this representation is — 
given on pp. 17-20 of Reference 4, where it is shown that the 
energy loss per cycle, if B is sinusoidal, is given by 


2r/w 


dB 
| Hodt = 1Bhgy —— 


(8) 


where « and yu are constants defining a complex permeability, and 
the equation has been rewritten for rationalized M.K.S. units. 
Since by definition the flux is sinusoidal the peak value of v;, 
is proportional to B,,,,., and the loss in eqn. (8) may be simulated 
by a dissipation (peak v,)?/2R, in a constant resistance Ry 
placed across the voltage vy. The reasonableness of assuming 
vy, and ® to be sinusoidal is mentioned in Section 6(d). It is ’ 
important to notice that this assumption should be justified 


FROM v=v,+V, 


L 


FROM i, =(0) 


(a) : 


(Bb) 


(Cc) 


Fig. 6.—Circuit and equivalent block diagrams of a non-linear inductance with copper losses. 
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(d) 


(é) 


Fig. 7.—Circuit and equivalent block diagrams of a non-linear inductance with copper and core losses. 


afresh for each particular system or circuit which comes under 


study. 


An analysis of ferroresonant circuits by Plotkin® utilizes an 
equivalent series resistance to account for core losses. Such a 
resistance must be amplitude-dependent with respect to current 
and is less convenient for the present purpose than a fixed 
parallel resistance. 

In addition to the four relations in Section 3.2 it is necessary 
to write i = i, + iyandi,/v, = 1/Ry, which may be represented 
in block-diagram form by a summation and a block of transfer 
function 1/R;, respectively. These are added to Fig. 6(c) to 
form the equivalent block diagram of Fig. 7(b), from which 


transfer functions for J,/V, I/V or o/ V may be obtained. 
In the case when only J,/V or O/V is required, the diagram 


may be simplified. Applying the principle of superposition to 


the linear portions of Fig. 7(6), one may derive Fig. 7(c) and 
thence Fig. 7(d). 

The minor loop consisting of R, and 1/Ry in Fig. 7(d) may 
be treated as a single series element having a transfer function 


and this indicates the hysteresis losses as simply reducing the 
loop gain by a factor Ry/(Rs + Ry). The final simplification is 
to the block diagram in Fig. 7(e). It should be noted that i, 
is not available for physical measurement in the actual circuit; 
it represents the current through the idealized inductance com- 
ponent L of Fig. 7(a). 


(4) THE NON-LINEAR ELEMENT N 


A large number of non-linearities are of the general form 
shown in Fig. 3, having a linear portion for small inputs and 
then a gradual reduction in slope, and being symmetrical in the 
first and third quadrants. In many cases two terms of the series 
in eqn. (7) suffice to describe the non-linearity, and non-linear 
inductance and capacitance may be described by 


i= io + kD) 


baci 7 
or v=—2G@ + ka’) 


where Z and C are the (normalized) small-signal or initial 
inductance and capacitance respectively.* 

For the inductance which is being considered, write 
Li=@®O +k®?3, 

The procedure described by West, Douce and Livesley? was 
followed in order to calculate the necessary describing function 
for a dual-frequency input © = acos (wt + 6) + bcos nwt. 

The actual derivation is set out in Appendix 11, and the 
results for the incremental gain of the non-linearity are: 


For all values of n except n = 1 
G, => 1 + ska? 


Forn = 1 


3 


20 
ska cos (wt + 20) 


cos wf 


3 
Gi hy Ska 


The corresponding dual-input describing function for n = 1 
is given by 


1 1 
incremental gain nae, 
4 1 
 3ka? 7 4 
vise j20 
pate”) 


The single-input describing function for the same (funda- 
mental) frequency is 


1 1 


gain function int : kee 


The dual-input describing function may be plotted on the com- 
plex plane. This has been done for the particular iron-cored 
coil whose measured characteristics are shown in Section 6. 
Here Li = © + 10~-°@ and a series of circles is obtained, as 
shown in Fig. 13. 

For very small amplitudes the loci degenerate into the 
critical point (—1, j0) of normal linear analysis. For very 
large amplitudes the envelopes of the loci become asymptotic 
with the 30° lines in Fig. 10 of Reference 2 which was plotted 
for a simple cubic non-linearity. 


* The two terms g + kq7 appear to fit the knee of a typical ferro-electric non- 
linearity7 better than the two terms g + kq3. 
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If the open-loop frequency response of the linear part of the 
system enters the region of instability enclosed by the dotted 
lines in Fig. 9, instability characterized by a jump (since n = 1) 
will occur. 


() EQUIVALENT BLOCK DIAGRAM OF A FERRORESONANT 
CIRCUIT 


Consider the LCR series circuit of Fig. 8(@) in which the 
inductance Z is non-linear. The equivalent block diagram for 


R (INCLUDES Rg) 


(ec) 


Fig. 8.—Circuit and equivalent block diagrams of a ferroresonant 
circuit. 


Fig. 9.—Nyquist diagram showing separated frequency response and negative reciprocal of amplitude-dependent 
response of the system in Fig. 8. 
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this circuit may readily be drawn, utilizing the theory presented | 
in Section 3. 

The appropriate transfer function for the capacitor is 
V.JI =1/C, while the circuit relation may be written as — 
V, = V—V—Vp—FV,, and in turn this may be shown on 
the block diagram as a summation with output V;, and inputs 
+V, —Vp and —V,. The complete block diagram is shown | 
in Fig. 8(6). An alternative form, Fig. 8(c), combines R and } 
1/C, into one block of transfer function (pCR + 1)/pC. For | 
either kind of describing-function analysis, the system is separated 
into the resistive non-linearity N and the frequency-dependent 
linear portion whose transfer function is 


(pCR + 1)Ry 
pLpC(R + Ry) +1 


The latter is then plotted-(Fig. 9) on the same diagram as 

—1/G (see Fig. 13) in the way-described in Reference 2. The 
region of instability for n = 1 (i.e. jumps) may be seen directly | 
from this plot. 


(6) MEASUREMENTS ON NON-LINEAR INDUCTANCES 


To enable computations, as suggested in the previous Sections, 
to be made of the response or stability of a circuit including an 
iron-cored inductance, the following quantities must be measured 
(V and J are r.m.s. values in this Section). 

(a) Series resistance, Rs.—At low frequencies where skin effect 
is inappreciable, the d.c. resistance of the coil may be taken as Rg. 

(b) Equivalent parallel loss resistance, Ry.—By measuring the 
total losses with a wattmeter and subtracting the loss in Rg, 
the iron losses, W,, are obtained and thence Ry = V?/Wy | 
[Fig. 7(a)]. i) 

In our experience a plot of Ry versus input voltage will give 
a fairly flat straight line, ic. the equivalent resistance, Ry, is 
very nearly independent of input voltage except for small 
input voltages. This agrees with the statements quoted from 
Reference 4. Together they have been taken as justifying the 
use of a fixed value of R, in the equivalent circuit, Fig. 7(@). It 
is convenient, therefore, to make this measurement at voltages 
about half way up to the knee of the saturation curve. The input 
voltage, V, and total current, J, are measured in order to compute 
V, and I, by linear circuit theory. 
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(c) Initial inductance, L.—The same set of measurements 
serve to determine L. Thus L = V;,/wI, where I, = +/(I? — 13). 

(d) i, =f(@) curve—Determination of this curve from 
published B/H curves for the steel used is not particularly satis- 
factory, since any air-gap which may be present will alter the 
shape of the ®/i curve. A fiuxmeter may be used, but the 
authors’ experience indicates that the curve can best be plJotted 
from measured values of J, and V,,,., for a sinusoidal applied 
voltage v. 


d® 


sin wt 
If = % = cos wt, ® = | dt = 


It is easy to show that, provided that R, is small, v, ~ v, while 
even for moderate values of R, the distortion created in the 
waveform of v, is not large although numerically we must take 
Vy, = V(V? — Vp). 

The measured initial inductance L, the V,,../ Imax Curve and 
the equivalent hysteresis resistance, Ry, should be con- 
sidered when fitting together graphically to obtain a suitable 
numerical choice of constants LZ and & to fit best the equation 
Li, = © + kO3, 

In their investigation the authors obtained the following 
values using an inductance with a conventional Stalloy laminated 
core without air-gap—actually, a filament-transformer primary 
winding: 

i 22 
a= On 


The resulting simulation of hysteresis loss on an analogue 
computer appears to be novel and a paper elaborating this 
aspect is in course of preparation. 


Rs = 46 ohms 
Ry = 8000 ohms 


(7) AGREEMENT BETWEEN JUMPS FOUND IN ACTUAL AND 

SIMULATED MODEL OF AN IRON-CORED LC CIRCUIT 

A ferroresonant circuit, Fig. 8(@), was made up using the 
iron-cored inductor whose characteristics are given at the end of 
Section 6. The occurrence of jumps in such non-linear circuits 
may be displayed very precisely for one frequency at a time by 
plotting families of v/i characteristics. 

This form of presentation will be used to compare the jumps 
found by measurement on an actual iron-cored LC circuit with 
those found by simulation on an analogue computer of the 
proposed equivalent block diagrams (Fig. 8) for the same circuit. 

A comparison is shown in Fig. 10 at one frequency (50c/s) 
for results of measurements on the actual model and measure- 
ments on the simulated model with the real time scale slowed by a 
factor of 50. The jump on the actual model disappeared at 
somewhat below R = 500 ohms, and on the simulated model at 
just over R = 500 ohms. The agreement between the ampli- 
tudes at which jumps occurred, both upward and downward, is 
seen to be very close. It is concluded that this comparison 
demonstrates 

(a) The validity of the equivalent block diagram shown in Fig. 7 
for the non-linear inductor with both copper and core losses. 

(b) That the methods used to measure the parameters of the iron- 
cored inductor were correctly chosen. 

(c) That the simulation used in the analogue computer is valid 
over a wide range of amplitudes. 

These conclusions will be valid over a range of frequency 
which includes significant harmonics and sub-harmonics, 


(8) AGREEMENT BETWEEN REGIONS OF INSTABILITY 
FOUND FROM ACTUAL MODEL AND FROM EQUIVA- 
LENT BLOCK DIAGRAM 

For arrangements such as the ferroresonant circuit of Fig. 8(a) 
characteristics may be plotted in terms of parameters other than 
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Fig. 10.—Comparison of jumps displayed by actual model and 
observed on computer-simulated model of Fig. 8(c). 


— Actual model. 
---- Computer-simulated model. 


v and i in order to display the jumps. One such obvious para- 
meter is the excitation frequency, and it is also appropriate to 
choose one of the circuit parameters for this purpose. In the 
present investigation the circuit parameter chosen is the series 
resistance, R. 

A comparison is displayed in Fig. 11 for the results of measure- 
ments on the simulated model and those extracted from the 


ro) 
} 


16 1000 


100 
FREQUENCY, c/s 


Fig. 11.—Plot of stable and unstable regions on a frequency series- 
resistance plane, comparing jumps in actual model and jumps 
predicted by dual-input describing function of Fig. 9. 


x Simulated. 
O Calculated. 


calculation of the region of jumps using the dual-input describing 
function (see Fig. 9). In each case a marked point indicates 
instability. Approximate contours have been drawn separating 
the unstable or jump region (with the cloud of points) from the 
stable region. The agreement appears reasonable. 

It is concluded that this comparison and that of Section 7 
demonstrate that the equivalent block diagram of Fig. 7 for an 
iron-cored inductor, together with the use of simulation or com- 
putation by the dual-input describing-function technique, can 
predict its circuit behaviour over wide ranges of amplitude and 
frequency. 
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(9) CONCLUSIONS 


A technique has been presented whereby methods of non- 
linear analysis which are valid only for resistive non-linearities 
may be extended to reactive non-linearities. 

Application of this technique to devices possessing non-linear 
inductance and/or non-linear capacitance is suggested. For a 
particular non-linear inductor used in a ferroresonant circuit, 
experimental results verify the theoretical analysis. 
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(11) APPENDIX 
Derivation of the Describing Functions given in Section 4 


Let the non-linear characteristic be Li = © + k®3 and let 


there be a dual-frequency input given by 


® = acos (wt + 0) + bcos nwt (10) 
Then substituting and expanding: 
Li = acos (wt + 0) + bcos nwt 
3 
+ ko @ + 2b?) cos (wt + 6) + ke a? + b*) cos nwt 


a b3 
+ ke cos 3(wt + 0) + ke cos 3nwt 


3a2b 


ts Sarre cos [(m + 2)wt + 20] + cos [( — 2)wt — 26} 


3ab 
the Ee [Qn + Iwt + 6] + cos [(2n — 1)wr — 6]} 
Lace, Wetter tea 1) 
For easy identification let the terms of eqn. (11) be numbered 
(1) to (10) (see also Table 1 of Reference 2). 


(a) Normal Describing Function (Frequency = =). 
7 


When 7 has any value except 4, 1 or 3 the output component 
of angular frequency w is 


3 
@ + @ = 2e0s (wt + 8) + KE? + 267) cos (wt + 0) 
The input signal of this frequency is acos (wt + @) and the 


apparent gain is therefore 1 + k}(a + 2b) and there is no phase 
shift. 
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If the second input is removed (i.e. b = 0), the apparent gain 
for the single-frequency input reduces to 


G, = 1+ kid? ‘anol ay | 


which is the negative reciprocal of the normal describing function | 
for this non-linear characteristic. Further, even if b is present | 
(provided it is small so that 2b < qa”) the apparent gain at. 

angular frequency w is still 1 + k3a?. | 


(b) Incremental Describing Function (Frequency = ae n= 1or3), j 


When 7 has any value except 1 or 3 the output component © 
of angular frequency nw is 


(2) ae (4) = bcos nwt + ka (20? + b?) cos nwt ; | 
The input signal at this frequency is b cos nwt and the apparent | ; 
gain is therefore 1 + k3(2a” + b?). 
For b small so that b* < 2a? this expression reduces to 

3 im 
G,=1+ oe (13) 
which may be termed the incremental gain of the non-linearity 
at angular frequency nw and which is valid except for nm = 1 or 3. 


The incremental describing function is the negative reciprocal of / 
the above gain. 


nw 
(c) Incremental Describing Function (Frequency = = 


When n = 3 the output components of frequency nw are 


Q) + @) + @) = bcos 3wt + KO + b?) cos 3ut 


7a 


aa 
+ ke cos 3(wt + 8) 


However, the term () was initially present due to the input 
acos (wt +), and hence the incremental gain for the signal 
2 


3 
bcos 3wt, where b is small, reduces to 1 + =, the same 


expression as in (b). As far as incremental gain is concerned, 
therefore, we need consider only the two cases set out in (5) 
and (d). 

(d) Incremental Describing Function (Frequency = x i — 
When n = 1 the output component of angular frequency nw 
isa) +@)+@G)+@+©@) + U0. Of these, the terms : 
@) and G) were initially present due to the input a cos (wt+6), 
before the second signal bcos wt was injected (provided that 

2b? < a’). 

The incremental gain for the second signal is thus the ratio 
of the terms (2) + (4) ao (8) + 10 to the input bcos wt, 
and on the further assumption that db is sufficiently small so that 
b < 2a (enabling term lo, to be neglected) the incremental gain 
reduces to 

3a” cos (wt + 26) 


Ga1 tee 4 ee — = ee 
cos wt 


(14) 

The locus of the incremental gain as the —— angle @ is 
res 

he from 0 to 277 is a circle with centre 1 + poset and radius 


ee [see Fig. 8 of Reference 2]. 


FUNCTION TECHNIQUE TO SYSTEMS CONTAINING REACTIVE NON-LINEARITY 


Fig. 12.—Condition for enclosure of the (—1, 0) point. 
P is the point (1 + k$a)(x + jy) 


| It is clear that the value of G is independent of b so long as 
| b is kept small. The incremental open-loop gain (for small 
| signals of frequency nw; n = 1) for the whole system may thus 
be defined as the product of G and the frequency response (jw) 
of the linear part of the system. The function Gb(jw) may thus 
be treated as linear with regard to small signals of fre- 
quency nw; n= 1. Following the argument in Section 3.1 of 
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Reference 2, let y(wj) = x + jy be the frequency response of the 
linear part of the system. The incremental open-loop gain for 
this frequency is thus a circle at centre (1 + k#a*)(x + jy) and 


: 3a si oy: 
radius a (x? + y*)'2, The condition for this circle to enclose 


the (—1, j0) point on the frequency-response complex plane may 
be derived from Fig. 12. 
The distance d of P from the (—1, j0) point is given by 


d? = (1 + k3a%?y? + (1 + k302)?x? — 21 + k3a2)x +1. (15) 


The limiting condition for stability may be obtained by 
equating d? to r” and solving for a: 


(1 + k3a’)y? + (1 + k$a?)?x? — 211 + ka?)x +1 
k?-2a4(x? a y?) 


(16) 


Alternatively, it is convenient to plot the frequency-response 
function, (jw), and the incremental describing function, —1/G, 
on the same complex plane. A detailed plot of —1/G is shown 
in Fig. 13 and the combined plot in Fig. 9. These two Figures 
should be compared with Figs. 10 and 12(a), respectively, of 
Reference 2. 


Fig. 13.—Plot on the complex plane of the incremental describing function 
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INTERMODULATION ON AMPLITUDE-MODULATED MULTI-CHANNEL 
LINE LINKS 


By J. C. H. DAVIS, M.A., and H. O. FRIEDHEIM, B.Sc., Associate Member. 


(The paper was first received 7th May, in revised form 16th November, 1959, and in final form 4th March, 1960. It was published as an INSTITUTION — 
MonoGRAPH in June, 1960.) 


SUMMARY 

The paper develops a method for estimating the total intermodula- 
tion noise power falling into any channel in the transmission band of 
an a.m. multi-channel line system with many repeater sections in 
tandem. These sections may be composed of widely varying lengths 
of cable imperfectly equalized by non-identical amplifiers whose 
in-band feedback, output load impedance and output network response 
all vary with frequency. The whole system is loaded in such a way 
that the signal levels at each intermodulation source are also functions 
of frequency. 

After developing the basic theory, methods are given for estimating 
the system performance before building an amplifier and also when a 
model amplifier is available. These methods are more general than 
those previously published and are illustrated by examples. 


LIST OF PRINCIPAL SYMBOLS 


c = Number of regulated r.f. links in a system (at the 
ends of which frequency translation occurs). 
D;, D, = Vectors representing an intermodulation product 
after the first and nth amplifier, respectively. 
f = Frequency. 

F, = Effective feedback for an rth-order intermodulation 

product. 

&, = Coefficient of v” in the characteristic valve equation. 

k = Psophometric weighting factor. 

m = Number of speech channels in the system. 

M = Multi-channel peak factor. 

n = Number of repeaters in tandem in a system. 

Po = Speech factor (mean speech power divided by stan- 

dard test-tone power). 

P, = Psophometrically weighted intermodulation noise 
power of rth-order products of one type falling 
into a disturbed channel at a 0dBm0 point. 

Link addition function. 
= rth-harmonic margin of distorting valve, measured 
in a resistive load with voltage V, between grid 
and cathode without feedback. 
= V,/V, = Normalized voltage. 
V = Fundamental signal voltage between grid and cathode 
of the distorting valve. ; 
z, = Distribution function (containing quantities to be 
summed when evaluating P,). 
f = Transmission phase between corresponding points in 
successive repeater sections. 
v = Product phase—a phase angle associated with each 
intermodulation product. 
o = Standard deviation. 
p =(f—f)(fr — f\) = Normalized frequency. 
7 = Constant time delay. 
$ = B — tw = Difference phase. 
w = Angular frequency. 
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(1) INTRODUCTION 


An a.m. communication system is non-linear if various — 
signals interact with each other to produce new signals, i.e. — 
if harmonic and intermodulation terms are present which appear ~ 
as noise in the channels. 

Several authors! have examined special cases of the problem — 
of intermodulation. This paper re-examines some aspects of the — 
problem for a more general practical case and shows how a more 
detailed knowledge of the system may ease its design. 

The general system discussed here consists of repeater sections 
of widely different lengths whose losses are imperfectly equalized 
by passive networks and feedback amplifiers of unequal non- 
linear behaviour. Their in-band feedback, output load impe- 
dance and output network response all vary with frequency, and 
they may contain more than one predominant source of inter- 
modulation. The general system is loaded in such a way that 
the nominal signal levels at each intermodulation source are also 
functions of frequency. 

The problem divides into three main parts: the calculation of 
the amplitude of a particular intermodulation product in one © 
amplifier (the generation problem); the effect of connecting many 
such amplifiers in tandem (the transmission problem); and the 
summation of all products of one type falling into a given channel 
(the summation problem). 


? 


} 


(2) TRANSMISSION PROBLEM 
(2.1) Phase Functions 


Every communication system is non-linear, but, in fact, the 
intermodulation products are kept several orders of magnitude 
below speech signals. A first-degree non-linear system is 
assumed, where the intermodulation products of one source do 
not themselves generate further intermodulation products at a 
later source. Such a system can in theory be replaced by a 
completely linear system with sources of signal-dependent inter- _ 
modulation noise appearing at each amplifier. The sequence of — 
addition of these signals is immaterial. ’ 

This first-degree non-linear system does not fully describe a 
practical system, and exceptions will be discussed later. 

For the purpose of noise intermodulation planning, multi- 
channel speech signals can be represented by white noise in 
each channel of the same mean power over a prescribed time 
interval as an equivalent sinusoidal test signal.!» !° 

Consider fundamental signals of the form v,= A, cos (w,t + ,) 
at an intermodulation source, giving, amongst many others, a 
product of angular frequency w», where wg is the sum of p 
positive and q negative frequency terms. 


Wo = (wi +2 +... +0) — (wf +wy +... +) 


==) BY a ae 
P q 
The full expression for this intermodulation signal is 
ny = k(AjA3... AM AYAZ ... AZ) cos (wot + yo) (2) 
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where yp = Dy’ — Dy” and k, is a constant depending only 


p q 

| on the properties of the intermodulation source. Both the 

' fundamental signals and the product undergo transmission phase 
changes f(w,) and B(wo), respectively, before reaching the next 

| corresponding intermodulation source in the next amplifier. 

| Here a new product 7, of angular frequency wo is formed from 
the same speech signals, the phase difference between 72 and 
7, being the product phase v, where 


ge rei’ yA (0)| «- abech HAs. iv 3) 


In a practical cable system, the transmission phase function 
B(w) is the sum of a small non-linear phase frequency charac- 
teristic #(w) and a large linear phase frequency characteristic 
Tw, corresponding to a constant time delay, 7. After sub- 
stituting B(w) = d(w) + Tw in eqn. (3), 


| Peete ica $0) - Bey a) 


| For intermodulation calculations, the transmission phase f, 
_- which is awkward to handle, can be replaced by the difference 
phase ¢, which is much easier to handle. Typically, in a 6-mile 
repeatered 0-375in coaxial cable, B at 4Mc/s is about 30077. 
Section 11.1 shows how this angle can be measured to +4°, but 
a curve of f against frequency cannot be read to such accuracy. 
Instead, by choosing a convenient slope 7 and subtracting tw, 
the difference phase ¢ can be plotted. A typical ¢ curve is 
shown in Fig. 1. By using eqn. (4), the product phase v can 
_ be calculated quickly for any combination. 


f, fo 
FREQUENCY, f 


Fig. 1.—Typical difference phase function ¢y. 


It has been found that, for a given system, fully equalized 
repeater sections of whatever lengths have practically identical 
$(w) functions, although very different values of 7+ must be 
chosen for each case. Although the cable and the variety of 
equalizers or simulators have very different loss characteristics 
above the band, this introduces an in-band phase change which 
is very nearly proportional to frequency. However, below the 
band, lines and equalizers have very similar loss characteristics. 
This is just as well, since dissimilar characteristics would pro- 
duce in-band phase characteristics inversely proportional to 
frequency.® 

Extensive measurements on actual repeatered coaxial-line links 
have confirmed that the difference phase function ¢(w) is sur- 
prisingly invariant (about +5°) between widely varying equalized 
repeater sections for a given system. 


(2.2) Ideal System 


An ideal system has the following properties: it is first-degree 
non-linear; all sections have the same difference phase function 
¢(w), although the transmission phase function f(w) varies 
widely between sections: all sections are perfectly amplitude 
equalized at all in-band frequencies; and all repeaters have 
identical intermodulation generation characteristics. 

In this ideal system a new individual product of frequency fo, 
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due to the same fundamentals, is generated at every successive 

amplifier, all of the same amplitude but displaced from each 

other by the product phase v. Assuming an initial product of 

amplitude D,, the resultant vector D,,, after n repeaters, is given by 
Pn rea BNY in—1y/2 Se tla & (5) 
D, ~~ sind ; 


The amplitude of this function is given in Fig. 2. 


NUMBER OF REPEATERS, n 


Fig. 2.—Ideal link addition function. 


If v= 0, D,/D, = n, i.e. algebraic addition takes place. If 
vy = + 7, there is cancellation at successive repeaters. 

For all other values of v, |D,/Dj,| has a maximum of cosec 4. 
If an ideal system can be so designed that 47 < v< $m, D, 
will never exceed D, by more than 3 dB at any point. 

For second-order and some third-order products a system can 
be thus designed by making the ¢/frequency curve approximate 
to a constant value near $= 7. This is best achieved by 
introducing an odd number of inverting stages in each amplifier, 
rather than by poling successive amplifiers. 

The so-called group 3/1 products (see Section 4.3) of the form 


ho=fi +h —fy . . . . . Py (6) 


all frequencies being positive, have a product phase 


We Oy oe Oa Ogre i. ahd) 
This important group tends to v = 0 and it is usually difficult 
to prevent their algebraic addition. 


(2.3) The Practical System 


The above analysis has considered primary products formed 
directly from the intermodulation of fundamentals only. In a 
practical system these in turn intermodulate at successive ampli- 
fiers with both fundamentals and other products, giving 
secondary products. All are negligible except those secondary 
third-order products which are formed by intermodulation of 
fundamentals and primary second-order products, which may 
be of a magnitude not very different from identical primary 
third-order products. If the system is designed so that v = 0 
both for the primary third-order product and for the primary 
second-order products which form it, D,/D, is proportional to 
n(n — 1). Ina long system so designed, secondary products of 
the type fo =fi + /2 —/3 will predominate over the same 
primary type. This can easily be avoided by designing the 
system to avoid v = 0 for primary second-order products, in 
which case the secondary products are swamped by primary 
products after a few repeaters. 

Effects of variations in ¢, which are rarely more than 5°, are 
entirely negligible. 

In all modern coaxial systems, actual signal levels must not 
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vary by more than +2dB from nominal at any point in the 
system at any transmission band frequency due to any cause, 
including ageing. It is prudent to allow a safety factor of 1-25 
for the whole link, owing to imperfect equalization and higher- 
degree non-linearity effects for those products for which v is 
within 5° of zero. For all other values of v, the overall effect 
is negligible. 

The major difference between ideal and practical systems is 
the variation in amplifier intermodulation amplitudes. This 
changes with old and new valves and feedback, but the phase 
remains almost constant. Differences of 10dB in amplitude are 
common between third-order products from similar amplifiers 
with new valves under standard test conditions. 

The vector representing an intermodulation product in any 
amplifier can be considered as the sum of a mean and an error 
vector. It is assumed that individual links are equipped with 
amplifiers chosen at random from a very large population with a 
mean vector D, and a standard deviation of oD;. D, satisfies 
eqn. (5). A number of links, each equipped with a sufficiently 
large number, n, of amplifiers will have resultant error vectors 
of indeterminate phase, whose amplitudes,’ usually of Gaussian 
distribution, have a standard deviation oD,,/n. 

Assuming algebraic addition of mean and error vectors, but 
neglecting any other previously discussed practical effects, 


ae cosecdv toi/n ... . (8) 
D, 

With a system divided into c r.f. equalized links, at the ends of 
which frequency translation occurs, each with a large number of 
amplifiers, and taking the safety factor 1-25 into account, the 
link addition function Q can therefore be written as 


Dy, 
Q= D, (9) 
When» = 0, a Te - (10) 
and whenv = 7+ 7/2, Q=o/n Mal) 


These results differ from those of Brockbank and Wass? by 
the significant factor o. 

We have insufficient information about the amplitude distribu- 
tion of these error vectors in aged systems under different main- 
tenance conditions, except that for all products o is less than 
0-5, and perhaps much less. 

Figs. 3-6 show that eqns. (5), (10) and (11) form a reliable 
description of a practical system. They are the result of measure- 


Fig. 3.—Measured link addition function. 


Second-order products in a white noise loaded system. 
© Measured at 534kc/s. 
x Measured at 1002 ke/s. 
A Measured at 2438 ke/s. 
A Calculated, vy = 160°. 
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Fig. 4.—Third-order product; » = 2°. 
© Measured. 


x Calculated. 


. 5.—Third-order product; »v = 36°. 


© Measured. 
x Calculated. 


STATION, n 


(See Re eM ASSN) 


Fig. 6.—Second-order product; »v = 168°. 


© Measured. 
x Calculated. 


ments on a route containing 10 repeaters which were normal 
production models and had been running for 5 months. Fig. 3 
shows second-order products on the system loaded with white 
noise. Even at the tenth amplifier the error component is small 
compared with the resultant of the mean vectors. 

Fig. 4 shows a third-order product of the fo =f; +h —fg 
type. The anomaly at the second amplifier is assumed to be 
due to secondary intermodulation terms. 


(3) GENERATION PROBLEM AND DESIGN FORMULA 

If full advantage is to be taken of eqns. (10) and (11), they 
must be included in the design formula from which the sum of 
all products of any type falling into a given channel at the end 
of the route can be calculated. It is therefore most convenient 
not to sum at the output of each amplifier but to find the ampli- 
tudes of the various vectors when they reach the system audio 
output point and to sum them there. In discussing the general 


| in each amplifier. 
| the grid-cathode voltage v by the characteristic equation: 


|case described in Section 1 one must return to first principles, 
| ie. the characteristic equation of the non-linear device. 


An ideal pentode is assumed to be the intermodulation source 
The signal output current, i, is related to 


i=gotgywt+ew?t+ewrt+...+28,0". (12) 


| where g, are measurable positive real constants independent of 


the anode circuit. 
Consider. an rth-order r-tone product of amplitude J, and 


' frequency fo resulting from the intermodulation of sinusoidal 


signals of frequencies f/f, fy, f3 ...f-, and having grid-cathode 


| voltages V;, V2, V3...V,. These voltages are assumed to be 


those corresponding to 0 dBr test tone levels. It has been shown? 


_ that 
i= SAAC > Ate | Seen aay (13) 
| This product has a frequency of 
HN BE Ae) Sea) ae ee eee (14) 


The signal Vo at frequency fp produces a fundamental output 
current g,Vo, so that the ratio of product to signal current (the 
product margin) at fo is 

r! &r Vi Vah3 «: . V, 
Qr-1 gy Vo 


This ratio is independent of the anode circuit and is the same 


at any point of the repeater section, i.e. at the anode, at the 


output terminals of the output network, anywhere along the line 
and at the grid of the next distortion source. 

In a feedback amplifier this ratio will be reduced by the 
effective feedback F. at frequency fo. For any second-order 
product, the effective feedback is practically the same as the 
return difference on the distortion source, but for third-order 
products the effective feedback is less than the return difference®: 9 
by about 10dB in the case of pentode-type valves. 

After m successive amplifiers the various products of the same 
kind have added up in the way described in Section 2.3, so that 
the margin will be 

r! or Va VoV goo (OM 
aa 2 Vo F, 


The signal is now assumed to be demodulated and brought to the 
0dBm0 audio point without distortion. 

The mean-speech voltage! is a fraction, +/po, of the standard 
test level voltage. po is a function of the number of speech 
channels, 7, and is at present taken to be!® 


10 log) Pp = —15dB m> 240 (15) 


Strictly speaking, eqns. (15) and (16) apply to the case where 
all values of V;, V2... V, are of equal amplitude, but there is 
reason to believe that they also apply to any practical system 
where V is a function of frequency. 

By using this speech factor po, the various sets such as 
(Vyw/Po, V2\/Po, V3\/Po - - - V;A/Po) Modulating into frequency 
fo can be assumed to be unrelated in time, so that they add like 
powers. 

Finally, a summation must be made of all products of the 
same order and type yielding frequency fo, indicated symbolically 
by &, below. Details of the summation processes are given in 
Section 4. 

Introducing a psophometric weighting factor, k, at present 
defined as 

10 logy) k = — 4dB for a 4kc/s channel (17) 


: 
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and remembering that at the 0dBm0 point the speech power is 
not 1 but po milliwatts, the psophometrically weighted inter- 
modulation noise power due to all permissible products of one 
possible type of rth order falling into a disturbed channel of 
transmission frequency fo at the 0dBm0 audio output point is 
given by 


kp rig, , Vi V2V3 ee V, 2 Kae, 
F2 arg, Naa) milliwatts . (18) 


It is convenient to refer all grid voltages to one arbitrary 
voltage Vz, and to define a normalized voltage u by 
Hs 
eh 2 


At a grid-cathode voltage, V,, the ratio of the rth harmonic 
power to the fundamental power into any resistive anode load 


is given by 
2 
i= Sr y20r-v 
r 2r-lg, d 


It is an interesting fact (Section 9), not quite fotlowing from the 
3/2 power law, that for all pentode-type valves the average values 
of the factor (g,/2r—'g,)? are 


P, = 


(19) 


Up 


(20) 


2 


10 logio (32) <j 
1 
v) 


S1 


It is also convenient (Section 4) to express the summation in 
the form of a distribution factor z, defined by 


2 Ds 
ya? 4 m Zp 
aft '0,) = . 
~ 


Fs 
where m is the number of speech channels in the system. 
Substituting in eqn. (18) gives 


03d By. (21) 


(22) 


UyUnu3.. 


(23) 


uro 


kt.,pim’—'z, 
- de milliwatts 
lif 


This is the desired design formula. 
example is given in Section 11.2. 

It is essential that both f, and z, be referred to the same 
reference level. Should either ¢, or z, be given referred to Vy 
or uy, and z; or t, be given referred to Vz or ug, they must be 
brought to the same reference level by the following relationship 
obtained from eqns. (19), (20) and (23): 


ug 2(r—1) eae ts zy pe. ip: 
fe) ( Va Z> fis 
In the special case where anode load, output network response 
and feedback are all constant over the transmission band, 
eqn. (24) is identical in form with the Brockbank and Wass 
formula.” 
Should a repeater contain multiple sources of intermodulation, 
it is advisable to carry out separate calculations for each source. 
In the case of transistors, even allowing for multiple inter- 
modulation sources in each transistor, it is not strictly sufficient 
to replace grid voltage by base or emitter current in eqn. (12). 
The non-linear behaviour of transistors and medium internal 
impedance devices, such as triodes, is more complex and has 
been expressed by a characteristic equation containing derivatives 
and powers of derivatives of the input excitation."! However, 
line amplifiers of a 60kc/s to 1-4 Mc/s transistor system using 
either diffused base or Mesa transistors have behaved like valve 
amplifiers. 


P, (24) 


A detailed system design 


(25) 
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(4) SUMMATION PROBLEM 


(4.1) Conventions 


Before the summation in eqn. (23) can be performed, all 
possible combinations of the frequencies involved must be found. 
Only two-tone second-order and three-tone third-order products 
will be considered, since all other products have been shown? to 
be negligible in comparison. 

Each channel is referred to by its transmission frequency f 
and has a bandwidth b. All frequencies are taken to be 
positive. f,, f, and f, are signal frequencies, fo the resulting 
product frequency, and f; and f, the lowest and highest fre- 
quencies of the transmission band respectively. In all cases 
0<fhi< Sa fy Se fo< f, and f, > fy. 


(4.2) Second-Order Products 
With the above restrictions there are only two groups, namely 


Ja tis —fo=0 (26) 
Sa —ty —fo= 90 (27) 
All other combinations are equivalent to these two. Fig. 7 


shows a model of eqns. (26) and (27) to find the required ranges 
of f, and f, for given fj, fg and fo. All values of f, and f, 
contributing to eqn. (26) lie on ST, and those contributing to 
eqn. (27) lie on UV. The inclusion of the boundary line MR 
given by f, = f, introduces negligible errors. It is obvious that 


R 


fp 


Fig. 7.—Second-order group model. 
Co-ordinates 
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' 
these ranges depend upon the ratio f,/4. If/ < 2f;, no second- 
order products fall within the band. ; 

Assuming u, and Q; to be known, and taking f, to be the 
dependent variable, it is easy, for any one disturbed channel fo, 
to find the products (w,4,0,5,—f,)° and (ugu,Qa,—»,— .)° for all 
permissible values of f, for (4, +f, —fo = 0) and (4, -—f, — 


{ 
( 
fotitonutotiaeeda 

| 
f 


a 


Fig. 8.—Second-order products for groups fa + fh — fo = 0. 


fo = 9) products respectively. They can be plotted against f, 
as in Fig. 8. From eqn. (23), 


4b < area under curve 


ws (fr aay) tise 


(4.3) Third-Order Products 


With the above conventions there are only three groups as 
shown in Table 1. ’ 

Its restrictions and other useful information can easily be 
obtained from Fig. 9, which is a geometrical model for finding 
required ranges of f,, f, and f, for the equations of Table 1 
and for given f;, f, and fy. The f, and f, scales are linear and 
identical, and 4/2 times the length of the sliding linear f, scale. 
For any value of f,, lines at —45° inside MNR represent the 
locus of f, and f,. The f,-cursors of groups 3/1 and 3/2 carry 
the complete f, scale, the limits of f being given by their coinci- 
dence with point M. The /,-scale on the group 3/3 cursor is 
limited between f; and 43/9, which may be a more severe restric- 
tion than that imposed by the point M. For groups 3/2 and 
3/3, the number of products falling into a channel fy depends 
upon f; — f; and the ratio f,/f;, but for group 3/1 it depends 
only upon f, — fy. 

Assuming Q; and uy to be known, and taking f, to be the depen- 
dent variable, it is easy to find the product (u,u,uU-Qu,5, +0, +f)" 
for any one group for all permissible combinations modulating 
into fy. This product can be plotted as in the 3-dimensional 
models of Fig. 10, over the base in the f, f, plane corresponding 
to the f, and f, ranges of Fig. 9. From eqn. (23) 


23 = (28) 


36b? x volume over the f,f, plane 
(h — fu}, 

For all cases, z can thus be found by numerical, graphical or, 

in simple cases, analytical integration (see Sections 11.3 and 11.4). 


(29) 


Phe a 


Table 1 
THIRD-ORDER GROUPS 


Typical product 


Equation pliaseliy 


fa + fo —fe—fo =0 0° 


fat+fo—fet+fo=0 
fat+fot+fe—fo=0 


ang? 
+30° 


Permitted range of /, 
for given fo 


fi <fe <fo 


fo + 2fi < fe <fo 
Si < fe < tfo 
fe < fo — 2ft 


Limits of f; for given f, and fo 


Hfhot+fd<fe<foth—-fhifii<fhe<fith—-ho 
(fo + fo) < fa <friffi the —fo<fe<fh2 
c —fo) <fa<fe—fothi 


Sa > fo > fe 
Ufo —fi) <fa<fo—-fi—Se 
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Fig. 9.—Third-order group model. 


Co-ordinates 


(5) EXPERIMENTAL LABORATORY TEST METHOD 


By using up to three oscillators, a model amplifier and a good 
wave analyser, the integrated signal/intermodulation-noise power 
ratio of one type falling into a disturbed channel fp can be found 
experimentally by adjusting output levels to the required nominal 
levels, measuring the nominal-signal/actual-noise ratios of a 
carefully selected combination of test frequencies and following 
the summation procedure of the previous Section. A certain 
Q function must be assumed. 

Normally, for a given disturbed channel fo, about 4 and 16 
measurements suffice to find the total second-order and group 
3/1 products, respectively. The graphical error is usually of 
the order of +10% (or 1 dB), the same order as the experimental 
error. This method gives an excellent knowledge of the ampli- 
fier’s non-linear performance, is very versatile and is much more 
reliable during design than any single harmonic or two-tone 
measurement. The complete system is best tested with a noise 
loading set,!2:13 which is of limited usefulness when testing a 
single amplifier. Overloading tends to occur before third-order 
products can be separated out, and, even if this is not the case, 
there is no known method of separating group 3/1 from groups 
3/2 and 3/3 products. 


(6) TOTAL POWER LAW 


Starting from the characteristic equation (12), a much used 
law—the total power law—has been demonstrated? for the 
special case where in-band feedback, anode load and output 
network response are all constant. It states that the total rth- 
order output power at frequencies both inside and outside the 
transmission band is proportional to the total fundamental 
output power raised to the power r, irrespective of the frequency 
characteristics of the fundamental output power. 

In the general case considered here, this law no longer applies 


Fig. 10.—Three-dimensional model of Fig. 9. 


(a) Group 3/1: fa + fo —fe — fo = 9. 


Co-ordinate 
a 


4(fo + fi) (fo + fi) 
fi 
Pla | 

| 36 +f) Hho +f) 


$f 
4 


fo 


(b) Group 3/2: fa + fo —fe + fo = 9. 


Co-ordinate i 


fa c 


f ix fo + 2f; fi 
BE ar oA 4(fi — fo) 
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when referred to output power. By arguments identical with 
those of Reference 2 the following general law is derived: 


3 GAY = (> ve) Pk. a0) 
f=0 A=1 


where V3, = Fundamental grid-cathode test voltage of an in-band 
channel. 
k, = Constant. 
F,, = Effective return difference on the grid at the fre- 
quency of J,. 
I, = rth-order anode current of frequency f with feedback 
applied. 


Again this summation is independent of the frequency charac- 
m 

teristic of V. Of course, >) (V,2) is the mean-square of the 
A=1 


complex fundamental grid-cathode voltage. 

The modified total power law of eqn. (30) is useful in system 
planning. 

It is possible to derive the system design formula (24) for the 
general case from the total power law, but difficulties arise when 
trying to specify a reference level for ¢, [eqn. (20)]. 


(7) POWER-HANDLING CAPACITY 


The amplifier must be able to handle without overloading an 
output power corresponding to a sinusoidal grid-cathode voltage 
Vingx(f-m.S.) given by 


V frp: UDG MV Pep) ons gece mmchgile® nales 1) 


Here, M is the multi-channel peak factor, defined in Reference 1, 
and (V7), is the mean-square grid test voltage. From eqn. (19), 


ue 
Va = (a) Va ee er a2) 


Eqn. (31) applies to systems of 60 or more channels where the 
nominal equivalent grid power varies smoothly over the trans- 
mission band by not more than 10dB. This overall excursion 
can be increased as the number of channels increases. Eqn. (31) 
may or may not apply to other systems. 


(8) CONCLUSIONS 


The theory and methods described give an accurate description 
of practical multi-channel a.m. repeatered coaxial-cable systems 
carrying speech. At each stage in the development of a system, 
they provide as accurate an estimate of the intermodulation 
noise in each channel as the practical available information 
warrants. 

Examples have been worked in order to obtain a measure of 
the sensitivity of the total noise to changes in the many para- 
meters. While, of course, each design must be treated on its 
own, the following rules of thumb have emerged. The in-band 
frequency characteristics of both feedback and output network 
response can be left largely to the amplifier designer’s con- 
venience, provided that they approach the practical maximum 
efficiency. Pre-emphasis can usually be applied to compensate 
for both. It is usually easier to choose a pre-emphasis charac- 
teristic to suit a given amplifier than to make an amplifier suit a 
preconceived pre-emphasis characteristic. Once it has been 
chosen, the total noise is not significantly affected by deviations 
of +2dB or so. Pre-emphasis can only redistribute the total 
thermal and intermodulation noise powers to give a rather inde- 
terminate optimum. If in a first theoretical design run, after flat 
level adjustment, the mean total noise power over the transmis- 
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sion band exceeds the specification value, neither changes in the | 
achievable feedback nor the pre-emphasis characteristics will | 
usually bring it into specification all over the band. 
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(11) APPENDICES 


(11.1) Measurement of the Transmission and Difference 
Phase Functions 


The transmission phase of a typical repeater section changes 
by 27 some hundreds of times over the transmission frequency | 
band. Looping back after the first repeater, or in experimental 
installations using one normal section-length loop, puts the 
transmit and receive terminals a few feet apart. If an output 
signal is compared with the input signal, a cancellation will 
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Fig. 11.—Circuit for the measurement of transmission phase. 


occur at all frequencies corresponding to a transmission phase 


of (2n — 1)z, provided that the loop is equalized. 


Fig. 11 shows the schematic of the experimental layout. The 


| first balance point slightly below the transmit band is found and 


its frequency monitored accurately. Balance frequencies are 
obtained at intervals of 27. A straight-line fit of the measured 


| phase/frequency characteristic is estimated. At each of the 


balance frequencies the difference in phase shift between the 
straight line value and the measured value is calculated, giving a 


| first difference phase ¢(f), with a total range of less than 7. 
- This can now be plotted, and a straight line can be fitted by eye, 
_ the difference being the required difference phase function (/). 


This method, given correct earthing arrangements, showed up 
spurious resonances of 3°-4° very clearly at a total transmission 
phase angle of some 50000°. By using the low-pass filters, 
balance points were readily repeated by different operators to 


_ +8c/s at 4Mce/s. 


(11.2) Detailed System Design Example 


System Specification. 
Transmission band: f; = 0:2 Mc/s; fp = 6 Mc/s. 
Number of channels: m2 = 1450. 
Channel bandwidth: 6 = 4kc/s. 
Number of regulated r.f. links: c = 9. 
Number of repeaters: n = 252. 
Number of repeaters per regulated r.f. link: n/c = 28. 
Difference phase function: 6 = constant = 164°. 
Psophometric weighting factor: k = 0:4, or —4dB. 
Speech coefficient: pp = 0:03, or —15dB. 
Multi-channel peak factor: M = 20, or +13 dB. 


Pentode-Type Output Valve Characteristics. 


Slope: g; = 15mA/volt. 
At 1 volt (r.m.s.) grid voltage: 


2nd harmonic margin: 10 logy % tei volt) = — 13 dB; devia- 
tion, 02 = +/0-2. 
3rd harmonic margin: 10 logo t3 (v=tvolty = — 24 dB. 


Amplifier Characteristic (see Table 2). 


Bode-type output network (Fig. 12): anode load at 200kce/s: 
Ro = 300 ohms. 


Z(w) = RWW) +jXW) 


Fig. 12.—Bode network. 


Table 2 


AMPLIFIER CHARACTERISTICS 


Insertion Effective feedback Provisional | Normalized 
Frequency vain of aoe ot aes Reena frequenc 
y; nee uhut uae os tases (rf AM s : fi) 
Me/s dB dB dB dBr 
0:2 0 44 34 —25 0 
1+2 0 42 32 —23::3 0:17 
P| 0:2 37 27 21°5 0:33 
4 2 32 22 -16°3 0:67 
5 4 29 19 —12:7 0-83 
6" 6 28 18 =—7 l 


The problem is to find the total intermodulation noise in the 
above channels at a 0dBm0 audio point at the end of the system, 
adjusting the transmission levels, if necessary, for a better noise 
distribution, and to find the required overload point. 

Step 1.—Fix a reference channel. The lowest frequency at 
p; = O will be taken as the reference channel. 

Step 2.—Find the harmonic margins f, and f; at the reference 
channel py = 0 and reference voltage Vz. 

In a Bode network, half the available output power flows into 
the load. 


Fundamental power output for 1-volt grid voltage 
= $¢7Ro milliwatts. 
= 34mW or +15:3dBm. 
Nominal output power S$; for V, grid voltage 
= — 25dBm. 
Ratio of these powers = 40:3 dB. 
From eqn. (20) and the above, 
10 logig t2 = 10 logo fz (varvolty — 40°3 = — 53-3 dB. 
10 logio t3 = Paigiodts rtye%) —2 x 40:3 = — 104-6dB. 


Step 3.—Find u2, the squared normalized grid-voltage charac- 
teristics. The reference channel is given by py = 0; at this 
frequency u3, = 1, by definition, corresponding to an output 
level of S; = — 25dBr and a network insertion gain of «; 
= OdB; at any other frequency, therefore, 

10 logo v3 = S, + 25 — a; decibels. 

This is shown in Table 3. 


Table 3 


2 
10 logyo Up 


Step 4.—Find the distribution functions z. and 23);. 


Since #, is constant and nearly 180°, the line transmission 
function Q? is constant and can be taken through the summation 
sign of eqn. (23). In this example, the variation of the u 2/fre- 
quency characteristic with frequency, p, is linear. Although the 
system has band-pass characteristics, little error is introduced 
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Fig. 13.—Grid loading function ug = 10 i 


Reference point: ug = 1 atop = 0. 


10 LOG,9(z2/93), dB 


0-8 1-0 


(e) 0-2 


Fig. 14.—Distribution function z2/Q3 of Fig. 13. 


a@=10dB 


OG «1:0 


Fig. 15.—Distribution function z3/;/ roLtn of Fig. 13. 


by using the low-pass templates of Figs. 13-15. They too have 
been drawn relative to a reference level p = 0 so that no level 
correction is necessary (Table 4). 

If templates for this u2 characteristic are not available, the 
distribution functions z, and z3,;, must now be obtained (see 
Sections 11.3 and 11.4). 


Step 5.—Find the total second-order noise, P,. For all 
second-order terms v = + 164°. From eqns. (11) and (24), 


C= ney EP a) 
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Table 4 


10 logio ait ; 


10 logio => 
2 


tokpimno3zy 
202 
F3Q3 


= — 38-5 + 10 logy aiptBm0 
. pha 


Step 6.—Find the total group 3/1 noise, P3/;. 


10 logio Po ti} logyo 


(4) 


For all group 3/1 products, vy = 0. From eqns. (10) and (24), 


1-25n)? 

Gyre (5) 

t3kpam(1 -25)*n*z3)4 

101 Pa On ee 

O810 £ 3/1 O810 cF203), 
= —49-5 + 10 logy —,dBm0 . (36) 
Q3F3 

Step 7.—Find any other intermodulation noise. None was 


thought to be significant. 


Step 8.—Find the thermal noise, P,, per channel at the 0dBm0 
point. 

Formulae for doing so are well known and need not be repro- 
duced here. In this case, a knowledge of the arrival levels at 
the input of the amplifier panel and the characteristics of the 
input valve, etc., is required. Feedback has no effect. For this 
example we assume that P,, the psophometrically weighted 
thermal noise power per channel at the 0dBm0 output audio 
point, is as given in Table 5. 


Table 5 


Step 9.—Find the total noise, P, per channel. 


The noise powers being unrelated, add like 
the total noise per channel is given by 


10 logo P = 10 logo (Pz + Pp + P3y, +...)dBm0 (37) 


powers. Thus 


Step 10.—Level adjustment. 

It is required, say, to keep P below —51dBm0. In this 
example, third-order noise predominates. Lowering all transmit 
levels by 4dB, i.e. at an output level of S, = (S; — 4)dBr, 
Table 6 is obtained. 


AMPLITUDE-MODULATED 
Table 6 


It is seen that P is below the required level everywhere in the 
band. There is no appreciable total noise change between 
transmit levels S, and (S, — 5)dBr in any channel, P, pre- 
dominating over P3,, as the transmit level is lowered. This is 


| quite a typical result. 
| Step 11.—Overload point. 


' By simple integration of the u2 characteristic it is found that 
its average value is given by 10 logig (u7/u2) gp = + 5-9dB 
above the reference point at frequency p = 0. 

The amplifier must be able to handle the grid voltage V,,,,.. 


_ From egns. (31) and (32), 


=) 

- —) ¥3 38 
mpoM (3) G8) 
From Step 3, at f; = 200kc/s the value u3 = 1 corresponds 

to an output level S;,, = — 25dBr. After the level adjustment 

of Step 10, it corresponds to an output level of S,,, = — 29 dBr. 

The overload point at 200 ke/s, therefore, corresponds to an out- 


Table 7 


Me/s 
0-2 
a 
2-1 
4 
5 
6 


put level of 10 logy [mpoM(w?/u3) or] + Soy decibels relative 
to ImW. At all other frequencies, the minimum overload point 
a, at the output of the repeater is, therefore, given by (Table 7) 


ur 
- d’ av 
= + 6-7 + a; decibels relative to 1 mW (39) 
(11.3) Calculation of Distribution Functions z, by Analytical 
Integration 
(11.3.1) Second-Order Products. 


be rae pe or (x —/fo) for an 
CG, + fp —fo = 0) or an (4, —f, —fo = 9) product, respec- 
tively. The limits of f, can be read off Fie. 8. From egn. (28), 


_ 46x area under the curve of Fig. 8 
wf. — fi) 


= 
oi 


4b 
= Aa 70 [the 2Fis faa, fo 


—- [did 4 O2 er) 
‘ot. 
0<fi<f.x<h 


(40) 
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Each integral must be taken as zero if its lower limit exceeds 
its upper. 
(11.3.2) Group 3/1 Products. 


If f.=x and f,=y, f, takes a value w= x-+/f)—y. The 
limits on f, and f, can be read off Fig. 10(@). For a given fo, 
from egn. (29), 


36b* x volume V of Fig. 10(a) 


2341 = 


u-( fr =i 
where Ba [raya + ark rade (40) 
x2 “y2 4 
A= Bibs g MOR argon ge - - 
4 =fth—hfo WH=x+h—-f 
x2 =f ¥2 = 3% + fo) 
%3=hf ¥3=h 
x =f, +h —fo ye = x +S) 
and 0<fi<fo.xyv<h 


(11.3.3) Example. 


A low-pass system of normalized passband frequencies p; =0 
and p; = 1 has a constant difference phase ¢(p). The nor- 
malized grid voltage u, is given by 

a == e*Ao— j-th (43) 
ie. the plot of 10 log;9 u2 against linear frequency, p, is a 
straight line with a total rise of « decibels or A nepers over the 
band (Fig. 13). 

Find expressions for z, and Z3,, for a disturbed channel, p, 
where 0< p<1. The reference level is u4,=1 at p=0. 
Since ¢(p) is constant for all frequencies, O* can oe taken outside 
the integration signs. 

From eqn. (40), 


ua(P2 — Pi), _ [“2Axe2Ale—Ydy + ik e2Axg2 Ady 
403 2 to 
Fr 5p}. tA 
O 2p de 1] (44) 
When A = 0 
igs = a) 
o3 4(1 —§ (45) 
Eqn. (44) is plotted in Fig. 14. 
Finding 23). 
From eqns. (41) and (42), 
= 2 l-—e .~x+e 1 
u5(02 pv Z3/1 =| pees pres 
3603); (x+0)/2 —e~(x+p)/2 
where A = ¢74¥¢2A@rt+e—y)g2Ax 
— ¢2A(e+2x) 
Solving 
Za(P) _ [1 — 4p + (44 — 44p + Net — 2640-0] 
Q3, 8A 
(46) 
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When 4 = 0, (47) 


SNe Reape airs hes 
OF) 7 et ee = els 


Eqn. (46) is plotted in Fig. 15. 


(11.4) Finding Distribution Functions by Graphical Integration 


The method of finding the distribution functions by graphical 
integration will be illustrated by an example. 

Given that a system of normalized band frequencies x = f/f, 
has: 
transmit band: x, = 1, x; = 0°1 
phase characteristic: Ja) = 160° 
squared normalized grid-voltage characteristic u2: 


(48) 
(49) 


0-1< x< 0:5: 10 logy) uz = 0 decibels . 
0:-5< x< 1: 101log,) u2 = 20 (x — 0-5) decibels 
Find zy and 23); at x = 0°8. 


Since 4, is constant, Q3 and 0%), can be taken outside the 
integration signs. The reference level is u7 = 1 at x = 0-1. 


Finding Zp. 
Table 8 is derived from Fig. 8 and eqns. (48) and (49). 


Table 8 


Frequency Level 


10 logig u2 |10 logio uz |20 logio wat 


Graphical integration of (u,u,)? over the x, range from 0-4 
to 0:7 and 0:9 to 1-0 gives an area of 1:2 scaled units. From 
eqn. (28), 


2 4x1-2 


at 2; 4x 1-2 5. 
Q3 Cs X1)Ui. 8) 


Wom 


Finding 23). 
Choosing 4 values of x,, the ranges of x, are given in Table 9. 
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Table 9 


As long as the integration is performed over these ranges, the 
test frequencies need not include the limiting values of x,. 


Table 10 


Frequency 


ar /) 


(Uattgtte)” 


x 


Xa 


& 


lee KS 


roo 


BA! NAD! CONF 


athe) 


Oo] oo] COM] COON 
2o| oo] coo] coo 
wrvo ~1 00 o\~1 co WR 
SO] wal anan|] coo 


Leen) 
ee 
na 


It is obvious from Table 10 that values for x, below 0-5 are 
negligible. By graphical integration over the base of Fig. 10(a), 
the volume is 7-2 scaled units. Hence, from eqn. (29), 


36 X volume enh Well 


23/1 si ay! 
(x2 — x4)"u.2, (0-9)? x 4 


On 


(11.5) Effects of Non-Linear Difference Phase Functions 


In most practical coaxial systems the difference phase ¢ can 
be made to lie within the range 180° + 40° over the transmis- 
sion band. In these cases negligible errors in the total group 2 
and group 3 noise powers are introduced by taking ¢ = 180°. 

In the general case, however, every factor (u,Up)* OF (UgUpll,)*, 
etc., in a summation must be weighted by its relevant QO? function, 
found from eqns. (4), (8), (9), (10) and (11), before the final 
summation is undertaken. 
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SUMMARY 


In the study of eddy-current distribution in solid cores subjected to 
| a pulsating or rotating magnetic field a general 2-dimensional current 
| distribution exists and is created by a magnetizing winding that 
| restricts the current flow through it in only one direction. Under such 

situations, the method of evaluation of the equivalent impedance of 

the system as a whole is difficult to visualize and has not so far been 
| attempted in the literature. Such an evaluation calls for a concept 
| of the power factor of the magnetizing winding. This is the special 
feature of the paper. 

The paper further examines the usefulness of this concept for the 
evaluation of eddy-current loss in solid cores and thus offers an 
alternative method. 

To give more validity to several of the formulae deduced in the 
paper, the analysis is applied to compute the performance charac- 
teristics of a solid-rotor induction machine and certain conclusions 
are drawn. 


(1) LIST: OF PRINCIPAL SYMBOLS 


The rationalized M.K.S. system of units is used throughout 
the paper. 


B,, By, B, = x-, y- and z-components of the magnetic flux 
density at the point (x, y, z), Wb/m?. 
B,, B,, B, = Amplitudes of the components of the magnetic 
flux density, Wb/m/?. 
E,,, E,, E, = x-, y- and z-components of the electrical intensity 
ah hae at the point (x, y, z), V/m. 
E,,, Ey, E, = Amplitudes of the components of electrical 
intensity, V/m. 
H,,, H,, H, = x-, y- and z-components of the magnetizing force, 
AT/m. 
H,., HY Hf, = Amplitudes of the components of magnetizing 
force, AT/m. 
J, Jy, J, = x-, y- and z-components of the current density, 
amp/m?. 
J, J,, J, = Amplitudes of the components of current density, 
amp/m2. 
w = 27f = Angular frequency, rad/s. 
p = Resistivity, ohm-m. 
bo = Permeability of free space. 
ft = Permeability of the iron core, H/m. 
7 = Pole pitch. 
s = Fractional slip, w/w. 


(2) INTRODUCTION 


In the study of the eddy-current distribution in solid cores 
subjected to a pulsating or rotating magnetic field, the following 
cases are of special importance: 

(a) An infinite half-space of solid iron subjected to a pulsating 
magnetic field in one direction. 

(b) A toroid of solid iron of circular section subjected to a 
pulsating field. 
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(c) A solid-iron core of infinite width subjected to a travelling 
wave on its surface. 

(d) A solid-iron core of finite width subjected to a travelling field 
on its surface. 

(e) Case (c) subjected to a pulsating field. 

(f) Case (d) subjected to a pulsating field. 

For all these cases a magnetizing winding is necessary. Con- 
sequently, we must obtain relationships between the e.m/f. 
induced in the winding and the current through it. The 
problem is thus one of determining the equivalent circuit of 
the system as a whole in terms of impedance and power factor. 

For each of the cases, the field distribution inside the core is 
created by a magnetizing winding that restricts the current 
through it in only one direction. For cases (a) and (5) the 
directions of the eddy currents are all parallel to the current in 
the magnetizing winding, although they have an attenuation and 
a phase shift in the direction normal to the winding. It is still 
possible to determine!»* the relative phase shift between an 
‘equivalent current’ in the exciting winding and the e.m.f. induced 
in it. For the other cases, the unidirectional current in the 
exciting winding creates a 2-dimensional current-density distribu- 
tion in planes parallel to the plane of the magnetizing winding. 
The method of evaluating the equivalent impedance of the 
system as a whole is then difficult to visualize and has not so 
far been attempted. It calls for the concept of a power factor 
of the magnetizing winding. This is the special feature of the 
paper. 

The paper further examines the usefulness of this concept for 
the evaluation of eddy-current loss in solid cores and thus offers 
an alternative method. 

Lastly, in order to give more validity to several of the formulae 
deduced in the paper, the analysis is applied to compute the 
performance characteristics of a solid-rotor induction machine 
assuming linear range of operation. 

The analysis is based on the assumption of constant per- 
meability of the core. 


(3) FIELD EQUATIONS 

Consider the co-ordinate system in which the surface of the 
iron is in the xy-plane, the z-direction extending into the material 
normal to the surface. Without loss of generality the mag- 
netizing winding is assumed to be uniformly distributed on the 
surface. The current through the winding is confined to direc- 
tions parallel to the x-axis, inducing a pulsating or travelling 
magnetic field in the y-direction. 

The equations that govern the magnetizing force H, the flux 
density B and the current density J, at any point inside the 
medium (ignoring the displacement current) are the charac- 
teristic equations of Maxwell: 


Cun ii — Ji 


oB 
rea eee om nese ttl) 


divB=0 


[ 353 ] 
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The equations take this form using the system of units referred 
to in Section 1. Also, E = pJ and B = wH are the equations 
that govern the electric and magnetic properties of the material. 
For the assumption of constant permeability, these equations 
reduce to the form 


curl curl H = — — — Ni op sg Attia (4) 


(4) FIELD DISTRIBUTION IN SOLID MAGNETIC CORES 
DUE TO TIME-VARYING FIELDS 
The solution of the differential eqn. (2) is obtained from a 
knowledge of the boundary, namely the geometrical configura- 
tion, of the core and the nature of the time-varying field acting 
on it. 


(4.1) Distribution due to a Pulsating Field on an Infinite 
Half-Space of Solid Iron 
The half-space of solid iron extending to infinity in the x, y 
and z directions is subjected to a pulsating field at the surface 
in the y-direction having the form 


Ay = [Hy],-0 = Ae 


Obviously H, = H, = 0, and H, alone exists and is independent 
of x and y. Hence, from eqn. (2), 


2 
a =i laa) Sierra (3) 
leading to the solution: 
Epee SE ei—— 0) 7 
A, = Ho exp (jwt — nz) 
and J, = N'A exp (jwt — Xz) ( (4) 
J, =J,=0 
where 72 ra 


(4.2) Field Distribution in an Infinitely-Long Solid Cylindrical 
Core of Circular Section subjected to a Pulsating Field 
Choosing the cylindrical co-ordinate system (r, 0, z) with z-axis 
coaxial with that of the cylinder and making use of the symmetry 
of the system, it is seen that H, alone exists and is independent 


of @and z. Using eqn. (2), we finally have 
wp. 
r 7 a(G in) = i( p ) H; 
This leads to the distribution: 
= He: — 0 ) 
A, = cho i(V/i)Br]ei°# 
and Je) (5) 
Jo =IWV Bei G/i/)Pr]e* 
where [See ee 
p J 
c = Constant determined by the magnetizing force at the 
surface. 


(4.3) Field Distribution due to a Travelling Magnetic Ficld 
on an Infinite Half-Space of Solid Iron 


Consider an infinite half-space of iron with a sinusoidally 
distributed magnetic field on its surface defined by: 


HH aaa [H,].-0 TF Hy exp (= tra wt) 
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Clearly H,, = 0, and H, and H, alone exist and are independent 


of x. Hence, from eqn. (2), 
Oy OTe, (Ope 
Sth } 
02H, — fay ) 
=: 5 (8 
a a me Las ) 
Solving the above es . 
0 
H, = —i(=) Ho exp le —wt) — rz] 
H, = Hp exp [1% — at) -22| 
and J, = —— 2H 1% exp j = — wt) = rs] | 
Tp. 
J, =J,=0 
2 1/2 
where = _ = <r) = « — jB, say 
TNs Wp 


One can recognize, at this stage, that the expression for J, 
for this 1-dimensional case can be obtained in a more straight- 
forward manner by using the principle that the induced 
e.m.f. is the rate of cutting of flux; the direction of this e.m.f. is 
governed by the right-hand rule, ie. FE, = — Bw. Hence, 
J, = — (vp/p)H,. Since v = w/z and substituting for H, we 
are led to the same expression for J,, as in eqn. (6). 


(4.4) Field Distribution due to a Travelling Magnetic Field 
on the Surface of a Block of Iron (see Reference 2) 


Consider the block of iron extending to infinity in both 
y- and z-directions and bounded by the planes x = + 4h. 
In general, the magnetic field travelling at the surface may be 
of the form 


HI, = [H,].~0 are! f(x) exp j(= ns wt) 


where f(x) defines the distribution along the x-direction at the 
surface. If Hj) at the surface is independent of x, then f(x) 
defines a rectangular distribution along the x-direction. Con- 
sequently, the expression for H,) becomes 


4 


iy Hp cos (2r + n= exp (= a wt) 
te 


1 
007 (2r + 1) 


= >} c¢ cos On-- yee: 
r=0 h 


where Y = exp (™ — wt); and c, = * LW ees = 


= “aye 
For this type of field, inside the material, H, is of the form 


ys = c, cos (2r + 1) em 


where A2 — (2r + 1? < z 


satisfying eqn. (2). 


The condition div H = 0 necessitates the choice of H,. and 
H, in the forms: 


H, = Ya, sin Qr + Ieee 


H, = YXb, cos (2r + Ne 


satisfying the relationship 
Cr 0 i 
Qr+1)7a, +i(7) he Wa ate 


| Knowing the constants c,, the problem is one of determining 
the constants a, and b,. Clearly, J,(=J, 9) at the surface 
|should be zero. Furthermore, for the type of boundary con- 
| dition assumed and since the medium is homogeneous and 
isotropic involving one mode of attenuation in the z-direction, 
'J, must be zero everywhere inside the medium. As a 


| consequence, 
fm 
~i(Z)a =0 


| Solving for a, and b, we finally have 


—Qr + 17, 


| 


‘p— 


f (7a) 


ie 0 
where 
r 7 
a, = 5 (-1y —___*____, 
ath ; Bisse am 
Or +) Q+5+% 
4 7 A, 
b, ee a ae ef) 


2 
(Qr +1) | @r Greg 


ee DD 
Pd Pri 
Gr+ ners IP t | 


ir, => (2r a6 IF cy "si Na, 


BO 4. 1 
ong et) et eed A 
|e ieelgeer a Z| 
Dk yer ye tend 
and 4=[@r+0 Fi a ag = 24 


= («, — jB,), say 
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(4.5) Field Distribution due to a Pulsating Field Sinusoidally 
Distributed in Space on a Block of Iron 


Consider the block of iron referred to in Section 4.4. The 
pulsating magnetic field at the surface may be defined as 


Ho = [H, z=0 — 


aH (= 1)’ or “- 7 298 |e + 1) ad sin == git 


Following the procedure outlined in Section 4.4 we finally 
have 


> 


H,, = ¥) a, sin | er aF y=] sin TY exp (jwt — v,z) 
= h T 
meee: cos [er “+ =| cos = exp (jwt — v,z) 
ei o C,, COS ay +1 7 sin sin Y exp (jwt — v,z) (82) 
= 24 os | (2r + 1) oe cos “2 exp (jwt — v,z) 
= h 
Jy= Dye sin a + ye | cos a exp (jwt — v,z) 
J, Ps 0 J 
where 
aoe OT ae 
7 
(2r + 1)? RB Sh =| 
: 4 , 
Die ie EEE eT TR 
(2r + 1) Jers Ia a 
4 1 
Sigel 5, ql 
1 r (8b) 
20 uanaeamereae 
(r-l) |e a 15 aie | 
? Sf4\ 7 ow . 1 
Boe ep al 
Cre Wess Rp Ae 7 
and 


1/2 
= [@ tI saa re] 


Note that v, = A, = «, + JB, [eqn. (75)]. 


(4.6) Field Distribution due to an Alternating Field Sinusoidally 
Distributed in Space on an Infinite Half-Space of Iron 


Clearly, for this case, H,, = 0 everywhere and J, =J,=0. 
Furthermore, H, and H, inside the medium are independent of x. 
The type of field at the surface can be defined as 


Hz ‘ay [H,].—0 =F Ay sin = glot 
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Hence, inside the medium, H, is of the form: 


H, = Hsin = exp [(jwt — vz)] 


where a eae + its 
T P 
Following the steps outlined in Section 4.3, we finally have 
lL == ) 
Hy, = — Layer cos ss exp (jwt — vz) 
7 “Te 


A, = Ho sin = exp (jwt — vz) 


eS) 
= j(2E\ Hy cos es exp (jwt — vz) 
P 7 “an 
J, = 
et j 


where 


1/2 uf 
v= (% Ce) =X feqn. (6)] 


Alternatively, as in Section 4.3, for this 1-dimensional case 
where all the currents are axial, the expression for J, can be 
obtained by making use of the principle that the induced e.m.f. 
is the rate of change of flux linkages; the direction of the e.mf. 
being governed by Lenz’s Jaw. 

Now 


Hence 


Therefore J, = — i(~e) Ho cos BR exp (jwt — vz) 
T- 


as in eqn. (9). 


(S) THE CONCEPT OF POWER FACTOR OF THE 
MAGNETIZING WINDING AND ITS IMPLICATIONS 


Two methods of approach are possible for the evaluation of 
eddy-current loss in the core. 


Method 1. 


pa ZI, [led 


where P, is the average loss over one cycle of period T. The 
integration is over the volume v of the material. For a harmonic 
variation of J, the above expression simplifies to 


P= 4) Jf od? +4 + Jda0 


Method 2. 


The energy flow in the interval of time T into the material 
of volume v, bounded by the surface S is, using the Poynting 
vector, 


We NJ, J Te x H). dS]at 
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The average flux of energy per cycle of period 7, i.e. the power 
loss, is 


pee af [te x H).dS|dt 


where E and Hare the vectors on the plane of the surface dS. If 
E=E£ysinwt 
H = Aysin (wt — ) 
it follows that 


P= | EA sin 8 cos xs dS 
S 
where 6 = Angle between the vectors E and H. 
ys = (Time) phase difference between E and H. 


In all the cases discussed in-Section 4 the power transfer by 
the magnetizing winding must appear as the total loss in the 
core. This power is equal to the product of the voltage required 
to balance the induced e.m.f. in the winding, the current through 
the winding and the power factor of the winding. In general, 
the problem is one of determining the induced e.m.f. and the 
current in the winding. 


(5.1) Concept of Power Factor for 1-Dimensional Distribution 
Consider first the distribution outlined in Section 4.1 and 
defined by eqn. (4). The e.m.f. induced in the winding per unit 
length in the x-direction is the same as the electrical intensity 
Exo, at the iron surface. Thus 
Exo = pJgg = NV pHe!*! 


Therefore —E,9 is the voltage applied per unit length of the 
magnetizing winding. The current in the magnetizing winding 
per unit length in the y-direction is —Hyo (=Hpe/*"). Thus the 
average power loss per unit surface area is 


Pe, = AB oH Cos (Exo, H, yo) 
= Mp|X He) Ho cos (7) 
SS Pp nN 2 


the power factor being cos 7/4. 

Consider, next, the case examined in Section 4.2. Clearly, 
using eqn. (5), the induced e.m.f. per unit axial length of the 
magnetizing winding is given by 


(277a) Eg = 2j>/(j)rapBcJol jx/ (i) Bale’ 
where a = Radius of the section. 
Also, 


—H, = Current per unit length in the z-direction, when the 
magnetizing winding is replaced by an equivalent 
current sheet, 


= — eJof jv/(j)Bale/" 
Hence the loss per unit axial length is 
Ca 4(2QmaEe) A, zo COS bo 


where % = Phase angle between Egg and H,». 
cos ff = Power factor of the winding. 


(10) 


It is worth examining certain practical situations in which the 
field distributions derived in Section 4.3-4.6 may be assumed 
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to exist. Consider, for example, an induction machine with a 
solid-iron rotor. The distributed winding on the stator can be 
made to produce a sinusoidally distributed magnetic field rotating 
in space or alternating along one axis depending upon the type 
of connections employed. The problem of primary concern in 
such machines is the evaluation of rotor power factor and its 
impedance. Without loss of generality we can neglect the effect 
of air-gap. This 1:1 correspondence between the practical 
machine and the cases examined in Sections 4.3-4.6 will be 
helpful for the future development of the concept of the power 
factor of the magnetizing winding. 

The case examined in Section 4.3 refers to a situation in 
| which the rotor currents are all axial. Using eqns. (6), the 
| induced e.m.f. per axial length of the magnetizing winding is 
| Vio = pJxo. Also, —Hyo is the current per unit length in the 

y-direction. From the arguments employed earlier, wo, the 
| phase angle between J,9 and Hypo, is arg (jA) where A = « — jf. 


cop 
2 « p|A| 


If z/7 is small, cos > 1/4/2 and corresponds to the power 
factor for the case dealt with in Section 4.1. 
Also P,; = Loss per unit surface area 


= FE,o Hy cos Yo 


=a, @) (FY 8 


(5.2) Concept of Power Factor for a 2-Dimensional 
Distribution—Rotating Field 


From the previous Section we have gathered enough ideas 
to develop the concept of the power factor of the magnetizing 
winding for the general case discussed in Section 4.4. In 
practice, this refers to the distribution in the solid rotor having 
finite axial length without end-rings. 


ile. cos fg = (11a) 


(115) 


(5.2.1) Evaluation of Loss. 

For the field distribution defined by eqns. (7a) and (7b) the 
evaluation of the power loss may be based on the Poynting 
vector. Since E, and H, are each sinusoidally distributed in 
space along the x-axis, the loss per unit surface area is 


Pog = 4D (Exo Ayo, C08 tor — EyorH xo, COS P07) 
where 749, and 9, are the phase angles between Ey9, and Hyo,, 
and between £,9, and H,o,, respectively. In other words, 
P.4 = ca = (ab, — fG,) 
where the bar stands for the conjugate. 


Making use of the relationships between the coefficients given 
in eqn. (7b) we have finally 


re =42 ee — 0b, (12) 


(5.2.2) Physical Interpretation of Eqn. (12). 

Eqn. (12) could have been deduced from physical considera- 
tions as follows: Clearly, the current-carrying winding could be 
considered in terms of a current sheet on the surface of the iron, 
all currents being axial, ic. along the x-direction. The e.m.f. 
induced in such a sheet will have only one direction and hence 


will be given by the product of radial flux density and the 
velocity of the travelling field at the surface, i.e. 


- (CE) Ho 


ERY 


This induced e.m.f. has a sinusoidal distribution in the x-direc- 
tion. Hence the average power transferred per unit surface area 
of the winding is 


ae ob, 


42 X — 


which is the same as in eqn. (12). 


(5.2.3) Concept of Power Factor of the Magnetizing Winding. 

For the case examined in Section 4.4, H,) is independent of x. 
Therefore, the e.m.f. induced in the equivalent current sheet is 
also independent of x, and is given by 


WUT 
Von Tia 770 


(13) 


Furthermore, Hy is sinusoidally distributed in the x-direction 
and has the significance of the current in the sheet per unit 
peripheral length. The average power transferred per unit 
surface area due to the (2r + 1)th harmonic of this current, 
—Hyo,, is given by 


h[2 

aM GE: H oy) cos tho, 

where yo, is the phase angle of Ayo, 
2 (-1) - 

Pa =18| 022 se | 


ora 4B VA), say 


(14) 


Hence the total loss is 


whete H,, = =e 


— Hox (14) 


qe ih tae 
(2r + 1)? c + IY ae S 


One can recognize that H,, has the physical significance of 
the current in the magnetizing winding. The reasoning is as 
follows: The current in the sheet per unit length in the y-direction 
is —H, and is sinusoidally distributed in the x-direction. 
Hence the current drawn from the source per unit length is 
given by 


1 pH 
—-_| Ay dx 
hJ—np° 


which results in the same expression as in eqn. (14). ' 
In a similar manner, for a boundary condition when Hypo is 
independent of x, it can be shown that 


— 1 wpr sol 
Rea G 082 Vor | 
= =A (Ho f) (15) 
: 2 (-—1) 
where Vin = — (- z = . (16) 


For this case V,, has the physical significance of the e.m.f. 
induced per unit axial length of the winding. This follows from 
the fact that the e.m.f. induced per unit axial length is 


h/2 


— | (SF) H dx 
h/2 
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which leads to the same expression as in eqn. (16) on substitution 
for Ho. 
Eqns. (12) and (13) can be rewritten in the vector form as 


Hy = Hay / $0 


Hence —cos zp is the power factor of the magnetizing winding. 
In a similar manner, the power factor when Hyp is independent 
of x can be evaluated using eqns. (15) and (16). 


(5.2.4) Evaluation of Loss based on the Concept of Power Factor. 


Let A, = a, — jB, = |A,|e, say 
Then sin ¢, = ee and 8, = wil 
Daa er ap 


The phase angle between the individual terms of Vo and H,, is, 
arg (jA,) = (ee 
[eqn. (13)] lags Vo by 5 = — dy. 
be cos iC = $,) = sin a In order to evaluate the loss per 


#)s ic. the rth term in the series for H,, 


Therefore the power factor will 


unit surface area we use the formula 
foe} 
P.4 =4Vo | Heol sin ¢, (rth term) 
os 


Using eqns. (14) and (7b), on simplification and reduction it is 
seen that 


ram 8 (5) (H) ad 


PEAT 55 (OE OREO | 
o,(2r + | @ ets Vy as 5] 


(17) 


The same expression for loss can also be obtained by making 
use of the Poynting vector. Alternatively, use of eqn. (12) leads 
to an identical expression. The same expression has been 
deduced by Carter? using method 1, as indicated earlier. 


(5.2.5) Impedance of the Exciting Winding. 


The equivalent impedance per unit length in the x- and 
y-directions will be given by 


Z=— 
Eg 


on conjugates of the quantities are chosen for reasons stated 
elow. 


If E = Epei*giot 
T= Ipeieiot 
then ee 0, =7 
On the other hand, if 
E = Epeitig—Jot 
if = Ipet2g—Jot 
Eo E 
then = Ge 0, —0, = = 
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{ 


The type of field considered is of the form exp | oD (= — wn) | ) 


Using eqns. (14) and (7d) 


2 
ape ee eS 
(2r + 1)? |e = Ia Ds =) 
where . (18) 
1, =o, +8; 4 
Let 


Z=R+jX=Z/ ho 


Then cos yp is the overall power factor of the iron. 

So far as the authors are aware an interpretation of a general 
field distribution leading finally to the concept of the power — 
factor of the magnetizing winding has not so far been attempted. 


(5.3) Concept of Power Factor for a General 2-Dimensional 
Field Distribution—Alternating Field 


In this Section, we shall develop the concept of power factor 
and associated quantities for the type of field distribution dis- 
cussed in Section 4.5. Following the method outlined in Sec- 
tion 5.2, the loss based on the Poynting vector is given by 


[eo 
PKC E ory, COS hyo, — Eyo-Hxo, COS 297) 


when the quantities have the significance stated earlier. It may 
be borne in mind that E,. and H, are each sinusoidally distributed 
in space along both the x- and y-directions. 


Using eqns. curt 
1 (dr br — fra) 
1 WILT Ne 
=—- roo _yen ue by 
ne ) c, has the significance of an induced e.m.f. 


Here —j (FS 


Using the method outlined in Section 5.2, we finally have: 
Ps 4A Vo ax), say 


. 1 Z A 
where Hy DAEs) Yoh =H Lt $0 09) 
and ee i(-=) He (20) 
7 . 
Hence = é — to) and cos yp is the power factor of the 


magnetizing winding. Also, H,, and Vo have the significance 
of current and e.m.f., respectively, of the winding. 

To evaluate the loss based on the concept of power factor 
we can see that 


= A, = a, + jp, = |A,|ei# 


Also, Fes 4Vo 2 | Hal rt term sin d, (21) 


On simplification and reduction it is seen that 


Pes = 4P 4 


This same expression giving identical values of loss and 
‘power factor could have been deduced from Section 5.2 directly 
| by considering two rotating fields, each of amplitude 4H, and 
‘rotating in opposite directions. 

Enough has been said to pass over without much discussion 
jon the evaluation of loss and the parameters of the exciting 
| winding for the case referred to in Section 4.6. 


| (6) EQUATIONS OF PERFORMANCE OF AN INDUCTION 

MACHINE WITH SOLID IRON ROTOR (LINEAR THEORY) 
We will now apply the results of the foregoing analysis to 
| determine the performance of an induction machine with solid- 
| iron rotor. The basic assumptions are as follows: 

(a) The polyphase induction machine has balanced windings and 
operates on a balanced polyphase system of voltages applied to the 
stator. 

(6) Because of chording and distribution of the windings the 
stator current is assumed to establish a sinusoidal distribution of 
the magnetostatic potential at the stator surface. This implies that 

‘the harmonic voltages induced by the space harmonics of the air-gap 
flux-density distributions are ignored. 

(c) The magnetizing force at the rotor surface is also a sinusoidal 
function in space. 


(6.1) Method 1: Based on Field Distribution due to Pulsating 
Flux on Infinite Half-Space (cf. Section 4.1) 


A simple approach to the analysis of this machine is to treat 
_ this as a 1-dimensional problem where the currents are all axial. 
| We can analyse the performance of this machine on the basis of 
|| an infinite half-space of iron subjected to a pulsating field having 
|| a frequency f, equal to the slip frequency of the rotor; i.e. 
| f = Sho. 

Choose the co-ordinate system as in Section 3, with the 
| surface of the rotor in the xy-plane, the z-axis normal to it, the 
| pulsating field being along the y-direction. Clearly, since the 
| flux per pole divides itself into two equal parts, the pulsating 
_ flux normal to any xz-plane is one half the flux per pole. Thus 
_ this is hDo, say, where h is the axial length of the rotor. Know- 
' ing ® it is a simple matter to fix the magnetizing force, Ayo, 
at the surface using eqn. (4). 


| Hy _ (pq il? 
pe ee (Fe) EH, 
0 l | a» 0 
' (i) Power Factor. 
____ The rotor power factor is 1/4/2, as discussed in Section 5. 


_ Gi) Equivalent Rotor Current referred to the Stator. 


The magnetizing force at the rotor surface has an amplitude 
Hp and is sinusoidally distributed in the y-direction. Hence the 
magnetostatic potential (which has the significance of ampere- 
turns per pole in this case) at the rotor surface will be 


T T 
(G) Ho (average) = (=) Ho 
The ampere-turns/pole due to an equivalent stator current will be 


1m 4 
3 D aNegleg v2 


where m = Number of stator phases. 
p = Number of poles, 
N.g = Effective number of stator turns per phase. 
Equating these two expressions we have 


a es eh Se 


Hopt  _——- Ho D 
2/QmNez  2/Q)mNag 


where D is the rotor diameter. 


Ig = I; (say) = 
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Alternatively, the equivalent current of the rotor referred to 
the stator can be deduced as follows: The rotor may be con- 
sidered to consist of 7D ‘conductors’, each of unit width and 
carrying a current whose amplitude is Hy. The transformation 
ratio is then 2mN,g/7D. Since Ho/1/2 is the r.m.s. current per 
rotor ‘conductor’ of unit width, the equivalent current of the 
rotor referred to the stator is 


7DH 
I = ————— amperes per phase 


2y/(2)mNeg 


(iii) Stator Current. 


The stator current per phase could be determined by adding 
vectorially I’ to the no-load current, Jo. 


(iv) Torque. 

The torque in synchronous watts can be evaluated on the 
basis of loss calculations or from the total power input to the 
rotor. In either case, 


, 


nom 


synchronous watts 
where V, = Air-gap voltages/phase = 2hayD)N¢ 
(v) Rotor Impedance. 


The equivalent impedance of the rotor referred to the stator 
is given by 


z= = / 45° 
fe 
4mw hDoNig 
= ASS 
mDHo ae 


Alternatively, the rotor can be considered to have m ‘conductors’ 
of width 7D/m carrying a current of amplitude (7D/m)Hp. The 
impedance of each conductor of axial length h is 


mhw Vo in 
7DHo Vial 


Since w = sw and the ratio of transformation is now 2.7, 
the impedance referred to the stator becomes 


2 
ve mhw®(2N.4) 45° 


Se at stDHo 
which yields the same expression as before. Knowing Dp, the 
relevant quantities could be computed for any assumed values 
of s. 


(6.2) Method 2. Based on Field Distribution due to a Travelling 
Flux on Infinite Half-Space (cf. Section 4.3) 


The preceding analysis refers to a 1-dimensional problem. 
We will now examine the nature of the expressions based on 
the field distribution due to a travelling field on the surface of 
an infinite half-space of iron where only the x-component of the 
currents exist (see Sections 4.3 and 5.1). Using steps identical 
to those of method 1, the results could be summarized as 
follows: 

For assumed values of Hp and s the following quantities could 
be computed. 


(i) Equivalent Rotor Current referred to the Stator. 


ks AnD 


SS F, amp/phase 
nny 
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(ii) Air-gap Voltage per Phase. 
V= 22 wophHyNeg 


(iii) Equivalent Rotor Impedance per Phase. 


ree Aj wophmN Ze 


r 


wD 
= |Z,| 90 — $0 


where A = |Aleito = « + j8 


(iv) Rotor Power Factor. 


cos G - to) = sin dy = 


weet 
p 2a 
(vi) Torque in Synchronous Watts. 


Dh 


i mV,I, sin do — ante 


where P,; is given by eqn. (110). 


(6.3) Method 3. Based on a General 2-Dimensional 
Field Distribution (cf. Section 4.4) 


The analysis could be based on a more generalized field dis- 
tribution as discussed in Sections 4.3 and 5.2. The following 
are based on assumed values of Hp and s. 

(i) Equivalent Rotor Current. 

im aD 
2n/(2QmNeg 

where H,, is defined by eqn. (13). 


[, HA, amperes per phase 
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(ii) Air-Gap Voltage]Phase. 
V,= 2= wophNeg Ho 


Gii) Equivalent Rotor Impedance referred to the Stator. 


Making use of eqn. (18), for an impedance Z of a rotor 
‘conductor’ of unit length in the x- and y-directions, we have 


ad hm2N 7)" A 
> aDs i 


= |Z;| / po, say 


(iv) Rotor Power Factor. 


Zz; 


The rotor power factor is cos po. 


(v) Torque in Synchronous Watts. 


where P,4 is defined by eqn. (17). 
For a proper application of these results the following steps 
are suggested: 


(a) Choose AH and a particular value of s. 
_ (b) Keeping s constant vary Ho over a range and obtain Vj, J/, 
Z;, T and cos yo. 
(c) Choose other values of s and repeat the calculations. 


By cross reference to the family of curves relating V,; and H,, 
in terms of the parameter, s, we could compute the performance 
of the machine. 

Two particular cases arise in the performance of the machine: 

(i) When it operates under a given induced e.m.f. (air-gap 
voltage) Vj. 


(ii) When it operates under a constant applied voltage V at the 
stator terminals. 


Table 1 


PERFORMANCE CALCULATIONS FOR SOLID-ROTOR INDUCTION MACHINE 


Slip 


Method 1 Hyo x 10-2 
i 


Specifications and Constants. 


3h.p. 400-volt 3 phase delta-connected; 4 poles; 50c/s; stator winding factor, 0-9%; 
effective number of turns per phase, 426-2; stator impedance (8-88 + j12-33) ohms; 
rotor diameter, 0-139m; pole pitch, 0-1091m; active axial length, 0:0927m; 


magnetizing current (phase), 1-31 ofa. —81°. 


Mild-steel rotor of resistivity 18-5 x 10-8 ohm-m, and permeability of 300 x 10-6 


(assumed). 


ie = Equivalent rotor current referred to the stator, amp/phase. 
Vv; = Induced e.m.f. in the stator winding. 


cos Yo = Rotor power factor. 
T = Torque, synchronous watts. 
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In the first case, the method outlined so far can directly be 
applied. In the second case we make use of the relationship 


Y= VU, + PRs + ix) 
where the quantities have the usual significance, or 
V~ V; + leper + Es cos Po(Ry + x1 tan ko 


Bearing in mind the relationships that exist between J; and Ho 
and between V; and Hp, it is a simple matter to fix V; and J; 
for an assumed slip. 


(7) EXAMPLE 


In order to give more validity to several of the formulae 
deduced in the paper, computations are made to determine the 
performance of an induction machine with a mild-steel solid 
rotor. The relevant quantities pertaining to the machine and a 
summary of the results of the calculations are given in Table 1. 


| 
(8) CONCLUSIONS 


For the cases discussed in the paper it has been possible to 
determine the equivalent circuit of the system as a whole in 
terms of impedance and power factor. This determination has 
been based on a concept of power factor for the magnetizing 
winding which is responsible for a general 2-dimensional field 
distribution in the core. Furthermore, this concept has proved 
extremely useful for the evaluation of eddy-current loss in solid 
cores, and hence, in particular, for determining the characteristics 
' of a solid-rotor induction machine when operating in the linear 
range of the magnetization curve. 

The performance calculations of this machine, based on 
methods 1 and 2, yield substantially the same results for the 
range of operations considered. This justifies the conclusion 
that, without loss of generality, the analysis of such machines 
can be based on the simpler method 1. Referring next to the 
performance calculations based on method 3, it may be noted 
that the power factor, for the range of operation considered, is 
0-707, which is the same as obtained by using the infinite half- 
space analysis. However, the equivalent rotor current and 
torque are reduced, and the ratio of reduction with respect to 


the other two methods is substantially a constant. Consequently, 
these quantities can be obtained directly by using either of the 
first two simple methods with a suitable alteration in the resis- 
tivity of the specimen. 

The rotors of solid-rotor induction machines may have 
extensions exceeding the active length of the stator iron. Also, 
copper or steel end-rings may be provided on both sides for 
such types of construction to improve the performance. Judging 
from the results of Table 1, it may be concluded that the infinite 
half-space analysis with a modified resistivity of the rotor 
material must suffice for’ determining the machine performance. 

Finally, it should be understood that the analysis of solid- 
rotor induction machines has been chosen mainly to serve as an 
illustration and to give validity to the various formulae developed 
in the paper and not with a view to offering an analysis of the 
performance of such machines. These machines operate under 
conditions of extreme saturation, even at low slips, and hence 
their analysis is a separate and distinct problem, calling for the 
evaluation of eddy-current loss, under saturation conditions, in 
solid ferromagnetic cores subjected to an alternating or rotating 
magnetic field. 4 
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SUMMARY 


Radiation from an axial magnetic line or slot source on the surface 
of a corrugated cylinder is considered. It is indicated that the power 
radiated in a given mode for the structure depends critically on the 
surface reactance and the circumference of the cylinder. In fact, for 
certain values of these parameters, particular modes are strongly excited 
and contain most of the radiated power. Numerical results are pre- 
sented for several interesting cases. i 

The analysis is extended to an elliptic cylinder whose surface also 
possesses an inductive reactance. In order to facilitate the solution 
it is necessary to assume a special azimuthal variation of the surface 
reactance. For the model as chosen, strong resonance characteristics 
are again obtained. This model may be adapted to study the problem 
of a corrugated panel on a flat metallic ground plane which is excited 
by a parallel slot source. 


(1) INTRODUCTION 


It is now well known that a corrugated surface or a dielectric- 
coated metallic plane will support a wave which propagates 
along the interface and does not radiate.!_ At the risk of over- 
simplification, this wave will be called a surface wave if for TM 
waves the surface is purely inductive and if for TE waves the 
surface is purely capacitive. Even if the surface is partly curved, 
it has been shown”? that the wave excited on the structure, by 
a dipole for example, bears a close resemblance to that on a 
lossless surface. The bending of the guiding surface tends to 
produce leakage of energy in the normal direction. The struc- 
ture of the field in the case of large radii of curvature is not 
appreciably changed near the surface. 

When the radius of curvature is not large, it is expected that 
leakage from the structure will play a major role. An example 
is a corrugated or dielectric-coated cylinder with a circumference 
of only a few wavelengths. Such a model was studied by the 
authors* for a slot or magnetic current excitation, where it was 
shown that the radiation patterns exhibit enhanced lobes as a 
result of resonance phenomena. The case of a circular cylinder 
with anisotropic boundary conditions under electric dipole 
excitation has also been considered.> Recently, Cullen® has 
indicated that such a cylinder excited by an axial (electric) line 
source may be strongly resonated if the (capacitive) surface 
reactance is chosen in a certain fashion. It is the purpose of 
the present paper to pursue these matters further. 


(2) THE CIRCULAR CYLINDER MODEL 


A circular cylinder of radius a@ whose surface impedance 
(looking inward) is purely inductive is considered first. To 
make the problem completely 2-dimensional in nature, the source 
is taken to be a magnetic line source of strength K volts and is 
located at r = a, which is the surface of the cylinder with respect 
to a cylindrical co-ordinate system (p, ¢, z). The electric field 
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of this structure has only a ¢-component in the far zone (i.e. | 
p > A) and is given by*” 


2\'2 
Ey = 6eqok (=) e-iko +/MQ($) . . 


where €9 = the permittivity offree space ~ 8-854 x 10-12 
w = 27 X frequency 
k = 27/wavelength 


5 OS, ae, cosmpeag 
OP) % ay H,(x) + G.H,,(x) 


(2) 


G, = Xx, / 70 
X = Surface reactance 
No = Intrinsic impedance of free space ~ 12077 ohms 
x = ka = 2ma/X 
H,,(x) = (cylindrical) Hankel function of second kind, usually 
designated H?(x) 
Hix) = dH,,(x)/dx 


Numerical values of Q(¢) were given by Wait and Conda‘ for 
¢ in the range 0-180°, x = 2, 3 and 8, and several values of 
G, in the range between 0 and 0-3. It was observed that in 
several cases the function |Q(¢)| varied in a pronounced manner 
with ¢. This is not surprising, since, for certain values of m, 
the summand of the series representation becomes large when 
H,,(x) + G.H,,(x) is small. Cullen® in an analogous problem 
has suggested that, if G, were chosen in an appropriate manner, 
the pattern function |Q(¢)| may vary almost like cos m¢. To 
demonstrate this, it is noted that for real values of G, and x, 


[H,.@) + GAX)|? = Sn) + CInCOPr 
te [Y n(x) at GY n(x) » 3) 


The ‘term involving the Y functions dominates the right-hand 
side of eqn. (3). It is zero when 


Yin(X) | 
i. ae ie 
or when xG, = tan B,, 
i XY 
where Bm = are tan | Y,(@) | a 


For example, if x = 3, 


Bo = 248-45° 8, = 111-94 — B, = 82-94" 
B3= 64:°61° B,= 65-92? B, =74-30° 
Bg = 78:57 By = 80:81° Bs = 82-22° 


and so on. If the term corresponding to m = 6 is to be pre- 
dominant, it follows that G, = $ tan 78-57° = 1-65, correspond- 
ing to an inductive surface reactance X = 1207G, = 622 ohms. 
In this case, the pattern function, Q(¢), is almost proportional 
to cos $6. 
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|the asterisk denoting a complex conjugate. 
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The total power radiated from the structure is proportional to 
the quantity 


2m 
ps J armors ©) 


This can be 
rewritten 


co 
P= Pm 


m=0 


(7) 


| where p,, is the power associated with each mode and is given by 


Em 1 


Pm ~ 32 [HG + G.H,,@/? ‘ 


(8) 


where x = ka. 

To illustrate the relative amounts of power in the various 
modes for a typical resonance condition, p,, is listed for 
fy = 1:65.and x = 3: 


Po =0°16  p, = 0-27 
Py; =0:°33 ps = 0:28 
p, = 0°32 pe = 146 

P3 = 0230 P7 = 9:033 


with the remaining terms decreasing very rapidly beyond this 
point. It is noticed that most of the radiated power is in one 
mode. 

The variation of p,, as a function of surface reactance, G,, 


‘for several mode numbers is shown in Fig. 1 for ka = 3. It 
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Fig. 1.—Resonance effect for a reactive cylinder with line source 
excitation, ka = 3. 


may be noted that the resonance effect becomes marked for 
higher mode numbers. This is illustrated more effectively in 
Fig. 2 for a larger cylinder for which ka = 6. 

It may be easily shown that the function Q(¢) also charac- 
terizes the azimuthal pattern of an electric current line source 
located on the surface of the cylinder. As mentioned, this was 
the model chosen by Cullen. Then G, = Yn, where Y is the 
surface susceptance atr = a. ‘Thus, the results in Figs. 1 and 2 
are also applicable to this case. 

The specific form of the radiation pattern function, Q(¢), is 
shown in Fig. 3 for ka = 3 and G, = 1-649 corresponding to 
the resonance for m = 6. It is seen that there is a close resem- 
blance to the function cos 6¢. In the forward direction (i.e. 
near ¢ = 0°) the other modes contaminate the ideal pattern to 
some extent. The effect is, however, quite small. 
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Fig. 2.—Resonance effect for a reactive cylinder with line source 
excitation, ka = 6. 
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Fig. 3.—Radiation pattern for a reactive cylinder at a resonance, 
Ge = 1-649, ka = 3. 
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Fig. 4.—Shape of the resonance curve for the reactive cylinder, 
G = 11-6491 + 6), ka = 3(1 + 0). 
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The influence of a small change of frequency from its resonance 
value is also of interest. For example, if the relative change of 
frequency is 6, the value of ka changes in the first example 
from 3 to 3(1 + 6). If the cylinder is corrugated the inductive 
reactance will also be approximately proportional to frequency.* 
Thus, for a relative frequency change or increment, 6, the value 
of G, changes from its resonance value of 1-649 to 1:649(1 + 6). 
The subsequent ‘de-tuning’ is illustrated in Fig. 4, where the 
power, p,,,, is plotted as a function of the frequency increment, }. 
This illustrates well the sharpness of the resonance curve for 
m= 6. The power in the other modes is also changed, of 
course, but not to the same extent. 


(3) THE ELLIPTIC CYLINDER MODEL 


A rather obvious extension of the previous analysis is to an 
elliptic cylinder with a corrugated surface. As in the case of the 
circular cylinder, the surface impedance of the elliptic cylinder 
is assumed to be specified. Unfortunately, the problem becomes 
very complicated if the impedance is a constant, since all the 
modes are then coupled by the boundary condition. The 
resulting equation to be solved then involves an infinite deter- 
minant. This difficulty can be circumvented if the surface 
impedance varies around the cylinder in a particular fashion. 
The method was used previously in a closely related problem,® so 
it is not necessary to go through the derivation in detail. 

The specific model is an elliptic cylinder of minor axis 2a 
and major axis 2b. If the cylinder axis is coincident with the 
z-axis of a rectangular co-ordinate system (x, y, z), the surface 
of the cylinder is specified by x?/b* + y?/a*=1. It is now 
convenient to introduce elliptic cylinder co-ordinates (u, v, z) 
which are defined by the following transformation: 


x = dcoshucosv 
y = d sinh u sin v 
Z=—Z 


where 2d is the distance between the foci of the (confocal) 
ellipses which are located atx = + d,y=0. Thenb =dcosh up 
and a =dsinh ug, where u = up is the surface of the elliptic 
cylinder. 

An axial magnetic line source, K, is located on the surface of 
the cylinder at co-ordinates u = ug andv =Vp. The boundary 
condition is then given by 


1 
H. =S= — — = 
E Zo” at u = Up 
The specific form of the surface impedance function is taken 
to be 
cosh up 


Z(v) = Ue aaa ie cos2 y)i2 


(9) 


where 7) ~ 1207 ohms and G, is the relative surface reactance 
at v =7/2. For present purposes G, is taken real and is 
analogous to the relative reactance, G,, in the circular cylinder 
case. For this boundary condition the field external to the 
elliptic cylinder is given by 


© 242 2742 

ee ek S Se, 0,,(k7d7, U9) SeOme d 7) 
m=0 Ng°(k d ) 
. He 02(k2d2, u)jT 10 

He, 02(k*d?, uo) — THe, 02”(k?d?, uo) Go) 
1 
h Tire eee = 
1 cae Z(7/2) jkd cosh ug G, kd cosh ug 
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The quantities Se,,(k2d?, v) and So,,(k?d?, v) are the even an 
odd angular Mathieu functions® respectively, of argument k 
and v. He? (k?d?, ug) and Ho?(k?d?, uo) are even and odd. 
radial Mathieu functions respectively, of the fourth kind, of 
argument k*d? and up. The prime over the radial function 
indicates a derivative with respect to uy. N¢,(k?d?) and N9,(k7d7) 
are the normalization factors for even and odd angular Mathieu ~ 
functions, and they are functions of k?d?. The summation 
indicated is over all integral values of m and in general includes 
both even and odd functions (as indicated by the double suffix — 
€, Om). ‘ 

The power radiated per unit length is readily obtained by ~ 
integrating the radial component of the Poynting vector around ~ 


a concentric circular cylinder of infinite radius. That is, 
21 
P= 4no-lim | H,H¥pdp . (1) 
: o> 9 - 


7 


in terms of cylindrical co-ordinates (p, $, z). To perform this — 
integration it should be noted that 


2 
| Se, 0,,42d2, w)Se, 0,(k2d2, v)dv 
0 


= Ne, 0,,(k*d”) if m=n 


S(O Wi OeAa? (12) 
and lim |He, 02(k?d?, uo)|? = ah (13) © 
u>oo kp 

Thus, 
PY) ew > 1 T?[Se, 0,(k2d?, v9) |? (14) 
V2 2 nto N2°(k?d?) |He, o2 — THe, 02”|? 


where the argument of the radial functions is understood to be 
(k*d?, up). The source is now located at the centre of the 
broad face (i.e. v9 = 77/2). Furthermore, the elliptic cylinder is 
allowed to degenerate into a strip (i.e. b—>0 and a—d) of width 
2d. The equation for the radiated power now reduces to 


Via gage oe 
1 
SWINGS 0 pe 16 
fe Ne [hea ' ( kdG JeaN ( ) 
m e. i Sem ve 
fot = 02) 40a 
1 
and (DS 17 
m Nal (LY + (St nae y] (17) 
Sb Sond San Seat 
for m= 1, 3,5... The functions fom, fom Sem aNd gom are 


the ‘joining factors’ and are tabulated as a function of k?d?. 
They are related to the radial Mathieu functions of argument 
(k*d?, 0) in the following manner :? 


Lien 


Hef? = He?” = — fem 
em (18) 
Ho? = + jgsn Ho?’ = 1 = fom 
Som 


The function p,, is thus a measure of the power which goes 
into the m’th mode. Taking (kd)* = 12 and 36, p,, is plotted 
as a function of the relative surface reactance, G,, for various 
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Fig. 5.—Resonance effect for a reactive strip with line source 
excitation, (kd)? = 12, vo = 7/2. 
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Fig. 6.—Resonance effect for a reactive strip with line source 
excitation, (kd)2 = 36, vp = 7/2. 


values of m. The curves shown in Figs. 5 and 6 are very similar 
to those for the circular cylinder. For certain values of G, the 
radiated power tends to be concentrated in a particular mode. 
For this limiting case of a strip, the surface impedance should 
have the functional form 


x? 


—1/2 
Z@) =jnG(1—m) (19) 


which is a special case of eqn. (9) when uy = 0. The relative 
surface reactance thus rises from its central value, G,, to infinity 
at the edge. Physically, such a behaviour is not realizable, but 
if the elliptic cylinder has a small but finite thickness the singu- 
larity at the edge is removed. 

The azimuthal behaviour of the field in a given mode number 
is proportional to the function Se, 0,,(k*d?, v). In the far field, 
v may be replaced by the azimuth angle ¢. Furthermore, since 
the source is located at the centre of the broad face, the even- 
order modes are associated only with the function Se,,(k7d?, ) 
and the odd-order modes are associated only with So,,(k7d?, ¢). 

The preceding discussion has been limited to a magnetic line 
source on the surface of a reactive elliptic cylinder. The same 
solution is applicable to an electric line source if the surface 
admittance of the cylinder has the form 


: cosh ug cub jath 
YO)'= Gi 106 cosh? Ug — cos? v)'/2 Zw) 


(20) 
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Thus, G, is the relative surface susceptance at v = 7/2. In the 
case of the strip, the above simplifies to 
x2 -1/2 1 
¥(x) = (ilno)G (1 a a) Eee 
(x) = Gi/no)G, Pp Z@) (21) 


For G, real and positive, the surface thus exhibits a capacitive 
reactance. 

A particularly interesting situation exists if, instead of an 
isolated elliptic cylinder, we consider a semi-elliptical boss on a 
perfectly conducting ground plane. For example, in terms of 
elliptic-cylinder co-ordinates the ground plane is defined by 
v =0 and z, and u> up. The elliptical boss is defined by 
u=Uy and O<vu<7. The solution for this problem is a 
very simple extension of the preceding. In the case of a mag- 
netic line source, K, at v = Vp the formula for the external field, 
H,, is identical with eqn. (10) for the isolated elliptic cylinder, 
except that K is replaced by 2K and the odd Mathieu functions 
are discarded. This comes about because the boundary con- 
dition requires that the normal derivative of H, be zero on the 
ground plane. On the other hand, the corresponding solution 
for the electric current J contains only odd Mathieu functions, 
since E, is to be zero on the ground plane. 

The limiting case of the elliptical boss when the minor axis 
approaches zero is a panel of width 2d on the flat ground plane. 
The surface reactance varies across this panel in a special way. 
For the magnetic line source it must vary as (1 — x?/d?)—1/2 
as x ranges from 0 to +d. A physical structure which may 
approximate to the required variation of surface reactance for 
the magnetic line source is shown in Fig. 7. The structure 


Bay pier LINE SOURCE 


© 


Fig. 7.—Cross-section of a corrugated panel which provides a 
variable surface reactance. 


consists essentially of a number of parallel grooves of depth / 
cut ina metal plate. The periodicity, d, and the width, w, of the 
grooves are taken to be very small compared with the wavelength. 
It is known that such a structure may be macroscopically repre- 
sented by a surface whose average surface reactance is given by 


X(%) = "Nos tan kl 


In obtaining this simple formula it is assumed that / is a constant. 
In this case it varies with x; however, this should not modify the 
argument to any extent if the relative variation of / from one 
groove to the next is small. 

Now the required variation of X(x) is specified by 


Xx) = m06,(1 — ai 


Thus, the required depth of the grooves is obtained from the 
relation 


kl = arc tan Rex + fa] (22) 
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This would indicate that / has some nominal value at the centre 
of the panel and increases to near A/4 at the edges. A corrugated 
structure of this kind should exhibit the desired form of the 
reactance variation to any desired degree of precision if the 
number of grooves is sufficiently large. 

The corresponding structure for the case of an electric line 
source is not as simple to synthesize. An approximate form 
might be a dielectric panel whose thickness varied from a 
maximum at the centre to a small value at the edges. 


(4) CONCLUSIONS 


On the basis of the results presented here, it appears that a 
cylindrical structure which has a reactive surface may be strongly 
resonated by an axial source. While the models chosen here are 
2-dimensional in form, similar effects can be demonstrated for 
3-dimensional structures. For example, a sphere which has 
latitudinal corrugations may be strongly resonated by a centrally 
located electric dipole source. The resulting pattern of these 
modes is described by the Legendre polynomial P,, (cos @) in 
analogy to cos n¢ for the circular cylinder model. The results 
for the spherical corrugated model will be contained in a 
subsequent paper. 
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DISCUSSION ON 
‘TRANSIENT RESPONSE OF BAND-PASS FILTERS TO MODULATED SIGNALS’* 


Messrs. J. W. Head and C. G. Mayo (communicated): We 
congratulate Mr. Mayne on his use of operational calculus, as 
opposed to symbolic calculus, but feel that his attention should 
be drawn to two papers on the more general subject of frequency 
modulation, which includes Mr. Mayne’s suddenly-applied 
carrier as a special case. 

Frequency modulation was discussed in a concise and elegant 
manner by van der Pol,“ and more recently various methods of 
dealing with the subject were compared by the writers,2 who 
found that the operational approach had significant advantages 
of conciseness and clarity; this approach made it possible to 
distinguish clearly between distortion and mere delay in the 
general case. 

We also consider that Caqué’s operational calculus (principally 
known through the work of Jeffreys) based on the operators 


t 
Qh) = [hdr p= Q7! (A) 
0 


is significantly different from Heaviside’s operational calculus 
(based on p = d/dt), and that the differences are to the disadvan- 
tage of the former. Eqn. (A) implies two processes: integration 
and selection of what has to be integrated. It is preferable to 
have these processes explicitly disentangled, and to write eqn. (A) 
in Heaviside’s language: 


Qh(t) = | hGH) de 


* Mayne, D. Q.: Monograph No, 331 E, March, 1959 (see 106 C, p. 144). 


(B) 


where H(z) is Heaviside’s unit step, zero for 7 < 0 and unity for 
7 > 0, so that the integration sign is used only for integrating all 
of the intergrand that there is up to a particular time, t, and the 
integrand itself carries the information that it happens to be 
zero for t negative. When this is done, however, eqn. (B) makes 
clear that the operand of Q is not h(7) but h(7)H(s). If the 
integrating operator p~! has lower limit —co as in eqn. (B) 
instead of zero as in eqn. (A), all algebraic manipulations of 
functions of p are reversible and can be carried out in any order, 
whereas the corresponding operations with the operator Q in 
eqn. (A) may or may not involve the values of h(7) and its 
derivatives when 7 = 0 according to the order in which they are 
carried out. 

Mr. D. Q. Mayne (in reply): The monograph by Messrs. Head 
and Mayo8 which I have read with interest, has a more general 
aim than that of mine, which was mainly concerned with suitable 
approximations for the modulation function and the application 
of these to a particular type of filter. No restrictions were 
placed on the modulation function of the input signal, and in fact 
the rather severe case of step modulation was considered, whereas 
Head and Mayo, by stipulating that the modulation function 
can be expanded in terms of its derivatives, derive further useful 
results in a simple and illuminating way. However, I fully concur 
with the opinion expressed in their monograph that the opera- 
tional calculus has been discarded rather prematurely in favour of 
symbolic calculus on the mistaken ground of lack of rigour. 
Dalton (Reference 11 in my monograph) has shown how the 


operational calculus may be rigorously applied to ordinary and 
partial differential equations. 

| The first problem in the use of operational calculus is the 
choice of the primary operator. Jeffrey has used Q, defined in 
“eqn. (A). The resultant equation in Q incorporates all the initial 
constants and can be manipulated as desired, provided only 
that the Q operator or any part of it is not interchanged in order 
with the operand which is a function of ¢. The final solution is 
obtained by expanding in powers of Q or by a partial-fraction 
expansion. — 

| For convenience in setting up the operational equations 
|p = 1/Q may be used (p #d/dt). Thus Qf(t) = f(t) — f(0), 
|so that pQf(*) =f = pf — pf(0). Higher derivatives 
| will be correspondingly replaced by functions of p which include 
| the values of the function and of the appropriate derivatives at 
| t = 0, as is done in symbolic calculus. If p is understood as 
| D = d/dt, however, the comment made by Head and Mayo is 
_ true as Q and D are not commutative. 

| Head and Mayo, if I understand their contribution correctly, 


| t 
propose a different primary operator p, where Shi) = i h(t). dr. 
—o 


Now p x e@ =f: i.e. D SD 
p p 
Also : 


3 x Df® = f@ — f(—2) 


ie. 1/p xX D =1 only if f(—%) = 0. If this is so 1/p and D 
are commutative and we can replace D by p where we under- 


t 
stand p = d/dt and 1/p = [i )dr. The use of this operator 


would seem to give a solution suitable for those cases where the 
forcing function can be regarded as a stationary time series. 
Expansion in positive powers of p is also permissible. The 
difference between the various approaches can be illustrated 
briefly. 
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di 


ESE ate, 
dt 


v=iR+L 

Using operator D, 
ON : 
i=S TTD FED’ v = Cexp(—af) + exp (an | 7 oP (ar)dt 


a = R/L, C = an arbitrary constant. 


t 
Using the operator Q = { (dr, p = 1/Q, 
0 


v=iR+L.p.i—L.p.i(@) 


Therefore ; 


i = exp (—at) | 7 exp (o7)dr — i(0) exp (—at) 
0 


t 
Using the operator 1/p = | Od p —aldt 


t 
lt 1 a vy 
i Re Te exp (—ar) | Z exp (at)dr 


48.0 


The last two approaches are complementary, the former being an 
extension of the latter whereby v in the latter is split up into 
».H(—1t) + v. H(t). The response to v . H(—?) gives the terms 
involving the initial conditions in the former approach. 
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EXPLICIT FORM OF F.M. DISTORTION PRODUCTS WITH WHITE-NOISE MODULATION* 
EXTENSION AND CORRECTION 
By R. G. MepHUuRST, B.Sc., and J. H. Roserts, B.Sc. 
(Communication received 11th May, 1960.) 


Monograph No. 352 presented formulae for the distortion/signal 
ratio in the top channel of a trunk radio system employing f.d.m. 
frequency modulation when the signal passes through a transmission 
network whose characteristics (amplitude and/or phase) are non-linear 
with frequency. The formulae apply when the amplitude and phase 
characteristics are expressed as power series in frequency (measured 
from the carrier frequency). This information is important for the 
design of amplifiers and demodulators. 

The formulae given covered amplifier phase characteristics and dis- 
criminator amplitude characteristics up to sixth degree; amplifier ampli- 
tude characteristics and discriminator phase characteristics were, 
however, covered only up to fourth degree, which will not be adequate 
for many purposes. The data required to fill this gap have now been 
evaluated using the methods already described in the Monograph. 
It is seen from expression (7) of the Monograph that, by considering 
the same orders of distortion as in the earlier work, formulae are 
obtained giving the distortion due to amplifier amplitude and dis- 
criminator phase characteristics up to the seventh degree. During the 


* Monograph No. 352 E, January, 1960 (see 107 C, p. 120). 


This note is a communication from the Staff of the Research Laboratories of the 
General Electric Company Limited, Wembley, England. 


course of this further analysis (which was again carried out with the 
help of an Hec 2M digital computer), programming and computational 
errors were discovered in the earlier work. These invalidate certain 
of the entries in Table 1 of Monograph 352; in consequence, all of 
the original formulae have been recomputed. Table 1 on pages 368 
and 369 shows the complete set of formulae, including those already 
published in the Monograph, corrected where necessary, the symbols 
having the same significance as before. 

Extensive checks have been applied to all the formulae shown in 
the Table, and they are now believed to be error-free. In a private 
communication, Dr. R. Magnusson, of Chalmers University of 
Technology, Gétebog S, Sweden, has very kindly informed us of the 
results of his independent derivation (by a different method) of the 
formulae for amplifier phase and discriminator amplitude charac- 
teristics up to sixth degree, and also for amplifier amplitude and 
discriminator phase characteristics to the same degree. The former 
agree exactly with the formulae in the Table, as also do the latter with 
the portions of the present formulae remaining after equating the 
seventh-degree coefficients to zero. 

The authors wish to thank Mr. F. W. Parker and Miss Christine 
Gregory of the G.E.C. Computer Service for carrying through the 
very extensive digital computer work, 
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